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REALCOMPACT CONVERGENCE ORDERED SPACES

Jung Wan Nam, Hyo II Choi and Bae Hoon Park

1口 난paper, we deal wirli the Wallman-tjrpe ordered 
호ealcompactification of a convex convergence ordered space 
which is a generalization of an ordered realcompactification 
of topological ordered space,

F。호 a convex convergence ordered space （X, <, let 
x*=｛（0S）, fU））i^ex）u｛（y,會）i（罗，乡）is a maximal 

closed bifilter with the countable intersection property on 
X such 반i&f 乎7号 fails to converge）, and give the conver- 
gence structure 一笠｝ on X* and order relation M* on X*. 
Then we obtain the Wallman-type ordered realcompactifica- 
tion （X*, M*,二马）for a convex convergence ordered space 
（X, <, t）.

Definition 1. If 爭（resp.乡）is a. decreasing （resp. in- 
creasing） （closed） filter on X, then a pair （歹，，）is called 
a （closed） bifilter on X if 笋'、/乡 exists where is the 
filter generated by ｛F「|G成W歹 and G士乡｝. A bifilter 
（y,乡）on X is said to converge if the filter 歹'財‘乡 con­
verges in X. If 手、has an adherent point in X, then we 
say that the bifilter （罗,乡）has an adherent point in X.

For 贸WE（X）, we denote by 认目‘、） 나姑 filter generated 
by 0（F）成w歹｝ where z（F） is increasing set； the filters
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八）and c（贫）are defined analogously.
A filter 贫 is called a convex filter if it has a filterbase 

of convex sets, i. e., c（贫）=笋.Note that is a convex 
filter iff 贫=，（笋）\/火罗）.The bifilter（九乡）is called 
convex if 贫、/乡 is a convex filter on X、A convergence 
ordered space （X, , —>） is said to be convex if every 
convex bifilter converges in X.

Given a convergence ordered space （瓦 M, t）, let = 
{（zU）SM：y} be the graph of the partial order < on X.

For filters 贫，乡 on X, define y © to mean that 
（贫 x 會）'/才免饱 i.e・，（FxG） n J w© for Fw.爭 and Gw夠

Definition 2. Let （XM,—） be a convergj&nce ordernd 
space. Then （X, M,一））is said to be T^-ordered if 罗-一成:, 

箏 implies 바and similarly, if 乡--- 板:, :5© 乡
implies that y If x <^y whenever %---- 屹,乡-一一

and 贫（M）乡，then （X, M —） is defined to be Tordered.

Definition 3. Let X and Y be convergence ordered spaces. 
If f- X---- > Y is an order isomorphism and homeomorphic
embedding, and if Y is compact and f{X） is dense in Y, 
then （y,y）will be called a convergence ordered compacti­
fication of X.

Definition 4. Let （X, -十）be a convergence ordered
space. Then （X, Mf） is called a realcompact convergence 
ordered space if every maximal closed bifilter with countable 
intersection property converges in X. In definition of a 
convergence ordered compactification of X, if Y is realcom­
pact convergence ordered space then （Y,/） is called a 
convergence ordered realcompactification of （X,
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In [6] and E7], a Wallman-type ordered compactification 
is given in the topological setting. These ideas are used 
here.

Theorem 5- Let （X, —） be a Ti-ordered convergence

space. Then for each zwX, is a maximal
closed bifilter with the countable intersection property.

Proof. Suppose that （贫,乡）is a closed bifilter on X such 
that /怂））Q（贫,乡）.Then 日愆）$贫 and 夠

If F包箏 then there exists a decreasing closed set 码W笑 

with Fi CF. Since Fr is decreasing, Fi = d（F1）. We know 
that d（F＜）认、e）手 S Hence

It follows that c/（z）으 a（/"）으」F. Thus EWcj（z）, so 歹 J 

日怂）. Similarly,乡；，怂）. Therefore （涉怂），％怂））is a 

maximal closed bifilter. It is obvious that it has the countable 
intersection property.

From now on, the space is a Tx-ordered convergence 
space. Let）（" = ｛（罗,乡）|（贫,乡）is a maximal closed bifilter 
with the countable intersection property on X such that 
贫\/乡 fails to converge｝.

Define X*=｛（c/（z）,，（#;））成UX｝U X/ and an order re­

lation on X* as follows：（贫& 乡（贫2,乡2） if and 
only if 贫2 으贫 1 and 务 으 乡2 for any （贫、乡D and （身，乡2） 
in X*. Then （X*, M*） is a partially ordered set.

For given decreasing subset A and increasing subset B of 
（X, M）, we define the sets 出= ｛（身”, g）uX씨Au歹｝ and

｛（九 乡）WX씨乡｝.

Let 贫（resp.乡）be a decreasing （resp. increasing） filter 
on X. Then ^（resp.罗）denotes the filter on X* whose 
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base is {Fd\Fe^r} （resp. {G，|Gu乡}）・

Definition 6・ We define a convergence structure •亠송 on 
X* as follows： For a filter 乩 on X*,

（1） 形二t（0怂）H（z）） in X* if and only if there exists a 

filter —in X such that （涉罗）'\/（公多）'JE；

（2） 乩亠孩'給 in X% （无 乡）WX，if and only if 시 
部J扎

Then （X*, M*，~호^） is called a convergence ordered space.

Theorem 7. Let （X, M，—*） be a convergence ordered 
space. Then A = d（A） and X is closed in X if Ad is 
closed in X*.

Proof. Suppose that Ad is closed in X*. Let xzA. Then 
there exists a filter 歹《--- x such that /1U贫.Thus （4尹）”/\

0身）一二스以怂）, f（x）） and 厶虹（日罗）匕 Hence we have a 

filter （日身"），\/0身）—二스（0怂）, /（z）） such that &七（d歹）」\/ 

（讶）七 that is, （0怂），i（x））^Ad = Ad and so A,

i. e., since A is decreasing. Thus A is closed in X,

Theorem 8. Let （X,二一，）be a 幻-ordered convergence 
space. Then （X*, M*, =» is a realcompact convergence 
ordered space.

Proof. Let（无，％'） be a maximal closed bifilter with the 
countable intersection property, and ^（resp.乡）be the 
filter generated by {A C X\Ad^M,. A = J（A）） （resp. {B CZ

B=i（B、）}、）. Then 筝（resp.乡）is a decreasing 
（resp. increasing） closed filter with the countable intersect 
tion property. If Fey, F=d（F） and Gw乡，G=/（G） then 
Fy菽 and Gy%・ Since （%%） is a bifilter,
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and so we have some maximal closed bifilter
G七 Hence FOG 彳느 ©. Therefore （罗，乡） is a closed bifilter. 
Suppose that （贫i,%】） is a 시osed bifilter with the countable 
intersection property on X such that （罗，乡）（二（贫】，乡】）. If 
』4 = c/（/l）U身"such that A牢宇“ then X— A is increasing 
and since，（z） is a increasing closed set for some zwX — A, 
一*一4伝乡 匚 乡1. It is contradiction to the fact 手N%겨二 饥 
Thus （罗，乡）is a maximal closed bifilter. If 笋''乡---&

in X, 나（%%）二그（日愆）, 心）） in X*, since （身V 乡） 

£（%%）. If 身”'/乡 fails to converge in X, then （贫，乡） 

and so （贫，乡）in X*. Therefore （X*, <*, ^>）
is a realcompact conve호gence ordered space.

Theorem 9. Let （X, <, —>） be a convex Ti~ordered con­
vergence space. Then the natural map ^5: （X,二 f）--- *

（X*, M*, —二스） is a dense embedding.

Proof. Suppose that ----』in X. Then 罗）卫 © （』質''/

讶、그。（日贫） V © （讶） 그 "V > （讶），亠 0 （⑦） in X*. 
Thus © is a continuous function. Suppose that © （歹）一스스 

g） in X*. Then © （贫）卫（0乡泌 \/（澎），for some 乡一 z 
In X. Thus 歹 그 <厂（（踣泌 \/（场），） = 厂（（彭）』）\/尸（（0"） 

=d冶、\J 谓--- > J；, since X is convex. Hence © is an embe­
dding. Let （歹，乡）UX，，then 队尹V乡），（心为V乡））』\/ 

（z•（贫V乡）），=尹〉实since （贫，乡）=（日（贫V乡），，（步、/乡））. 

Thus ©（预 V 乡）—4（歹，乡）in X*・ We conclude that <4 is a 
dense embedding.

By Theorem 8 and Theorem 9, we have the following.

Theorem 10. Let （X, Ml*） be a convex Ti-ordered con­
vergence space. Then （X*, is a realcompactification
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of （X,G

Suppose that （贫，乡）and （%%） are two bifilters. We 
define the relation M* on X* as follow-（笑，乡）@ （成,%） 

if 97 我 기二 饥

Definition II. Let （X, M, 一））be a ^-ordered（resp. T2- 
ordered） convex흥ence space. Then （瓦 M —*） is said to be 
strongly T^-ordered （reps, strongly T2~ordered） if

（1） if（0炙 坊）一a and （jy,讶）@ （払％）, then
（0（z）3怂））M* （无，買）

（2） if （0贫3贫）一f and 彼，％） @（d贫3贫），then 
（払急）（03）3怂））.

Theorem 12. Let （X,二一＞）be a convex convergence 
space. If X is strongly /[-ordered, then X* is Tx-ordered.

Proof. Suppose that X is ^-ordered. Let 二스（成z）, 

i（，、）and X © C^（y\，（由））.Then there exists a filter 

%——* x such that V Q多）匚北，and so （d贫）』\/

@ {d{y）9 /（，））. It follows that {（（JF ）d f） （«F）1） X 

z（y））}n 4* W © for each Fu贫，where 4* is the 
graph of order in X*・ This implies that there exists a 

maximal closed bifilter （77當 （心:y）,，（:y）） such that
dF^lK and iF^TL for each FeF. By definition of M*, 

涉（y）W 〃乙 and nUi（y）. Thus and iF^TL for each
Fw贫.Since （加？2） is a bifilter, iF A d（3） Ng for each 
Fw贫.Hence we have a zUF with z M $ for each Fu贸. 

This means that 贫Since X is ^-ordered and 贫--- *xr
y © y, and x Thus （』怂）3怂））M*（成:y）, z（：y））・ 

Similarly, if 无-马（W怂）3怂））in X* and （泛⑶）,』&））（© 
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04” then （成3）, i（3，））M*（a（z）,，（z））. The natural map 
f is increasing.

Suppose that 34.二*、筝，乡），（贫，乡）UX，and 无@（0怂）3怂））. 

Then 贫“ \/乡，①（0 怂），我z））. This means that there exists 

a maximal closed bifilter （〃l, 7Z）w7*U Gl with （77l, 72） <* 
（d（z）, z（x）） for each Fu多 and Gwg. If Gu乡 then 

怂）.Thus G^i（x'）. Since Fw丸，and d（*）w7兀， 

F n d{x）ELln. For Fu贫 and Gw乡，Q（z）F 1 G 球 ©, 

since （〃" 7Z） is a maximal closed bifilter. Thus 日（z）S，天 

and so c心:）W贫.Therefore （贫，乡）M* （日怂），心;））. 

Similarly, if 虬 亠〈笋, a꼬d 毙 ① （贫, 多）, （元 給

GX' and （d怂），，怂））（0）及，then （0怂），/怂））M* （身‘,乡）.

Suppose that 影=乂贫，乡），（贫，乡）uX' and 31 ©

Then 贫'\/乡'（M）（J, g） It follows that there exists a 
maximal closed bifilter （J几,n、）UF。A G£ for each Fu贸 and 
GW乡 such that （洌，7Z） M* （身，‘7）. If SU/, thenSw沆 and 
S Cl Fw三m. Since （771, 7Z） is a maximal closed bifilter, Sp\F 

G 球。for each Fu贫 and Gw乡.Thus Sw贫 and so 
。匚歹.If Gu 乡 then Gene 7. Thus 号 J丁 Therefore 
（^, <* （J, 7）. Similarly, if 无亠（罗,多），（贫，乡）wX，

and then 07） M* （贫,乡）.

Suppose that 弟二>（0（丄），心）、）and （07）
UX‘. Then %•一一and 0尹）'\/。贫）嘔）（身，7）. There 
exists a maximal closed bifilter （〃l, 0F）U） （£2?）> for
each FW贸 such that （〃l, 7Z） M* （/, "）. Since iF^Tl C 7 
and』J iF （、\ S#=<j> for each and Su/. Thus
（日贫3笋）（즣） （J, 7）. Since X is convex, （0贫3笋）一一>x.
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Therefore Similarly, if 竟一日
（浏怂），z•怂））and （J； 7）©^, 07）WX〈 then 07） 

M*（d（z）3（z））.

We conclude that （X*, V*, - * ＞） is a ^-ordered conver­
gence space. It is obvious that if X* is Tj-ordered then X 
is Ti-ordered.

Theorem 13. Let （X5 ＜, —*） be a convex convergence 
ordered space. If （X, —＞） is strongly T2~ordered, then
（X*, 亠＞）is T2-ordered.

Proof. Suppose that 我一츠（d怂）, % —J （心:y）,

z（5）） and 无（M）%。Then there exist 笋--- 乡--------such
that 以歹）d \/（i身）® （日乡）』\/（i乡）七 Thus we have two 
maximal closed bifilters （〃當？Z）W（&Fy Cl （zF）1 and 
（dGy Q QGy such that （』，7） for each Fw笑
and Gw#・ It follows that dFW恥 iFu几 dGuJ and 
iGe7, and 〃當几匚ThusJ 匸沆 and iF^Tl. 
This means that IF f） dG 긔二。for each and Gw旨.
Therefore 歹（M）乡. Since X is T2-ordered, J? ＜ and so 
愆怂），沧））M*（』（V）,心））.

Suppose than我二t（0怂），扌怂）），％丄307）, 07）U 

X，and 彩（M）買서- Then there exists 笋---- 心 with {d^Y V
O J 払 and 才 V7J%. For each Fw笋，Se/ and 
7七7 {""）』「）（.iF）1} X （Sd fl T1}} and so there
exist（m」L）U（dFy（zF）1 and （么罗广）伝辨「）卩 such that 
g 71） （弘 *、、）. Since 诬顷二 V and Se아，C 讥, 讶 V 
s by definition of a bifilter （么 ?"）. Hence 어啓、讶、） 

愆（』,7） and （日贫3哭）一一心.It follows that （0（z）,，怂））

%25ef%25bc%2588%25e6%2597%25a5%25e8%25b4%25ab3%25e5%2593%25ad%25ef%25bc%2589%25e4%25b8%2580%25e4%25b8%2580%25e5%25bf%2583.It
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V* 07）.

Suppose that 无一J（罗，乡），％亠>（/,7） and （贫,乡）， 

（0 7） EX' and X @ X- Then 尹 \/ 多巨見 and 器 V 7 
J%。We have 이丁顷、）或 n & and （勿，贫）US 17" with 
（，比，7Z）M*（W for each 珏三贫,Gw乡，SwJ and Te7. 
If Sw，J then Sw三电 CZ 771. Thus S （、、F G 尹 © for each 

贫 and GU乡，and so Sw贫.If Gw弩 then GUflJW. 
Thus G fi 5 A T丰 © for each SwJ and 7‘U7. Hence Gw 
厂 Therefore （身指）M* 07）.

Suppose that 宠宀（』，"，），（J,"）uX‘，云宀以&）, 

g：、）、） and 扣©i 咒.Then there exists T-一with （日歹）’ 

贫），，为 and 妒7”二我.For each Fw歹，SW厶 
ar-d 7'g7, there exist （协，72）曰多「）Tl and （切，罗’）W（日F）'' 
CdiF）1 with （771,71） <* （么？C. It follows that Sw 页，T（=H, 
4FU勿，?TeT, % J 沆，and 71 C ^r. Thus dF V 7 P, 

and so （/, 7）每，0罗‘,切）.Hence （/, "） M*（0（至）H（$））. 
^Ve conclude that X* is T2-ordered.
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