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REALCOMPACT CONVERGENCE ORDERED SPACES

JUNG WAN NaM, Hvo IL CHor aND BAE Hoon PARK

In this paper, we deal with the Wallman-type ordered
realcompactification of a convex convergence ordered space
which is a generalization of an ordered realcompactification
of topological ordered space.

For a convex convergence ordered space (X, <, —), let
Xi={(dlz), i{2NI2=XYUUT, DUF, 9) is a maximal
closed bifilter with the countable intersection property on
X such that FV/@ fails to converge}, and give the conver-
gence structure —*»> on X* and order relation <% on X*,
Then we obtain the Wallman-typc ordered realcompactifica-

tion (X*, <(* —*5) for a convex convergence ordered space

Deeinition 1. If 7 (resp. %) is a decreasing (resp. in-
creasing) (closed) filter on X, then a pair (%, %) is cailed
a (closed) bifilter on X if ¥/ 9 exists where ¥/% is the
filter generated by {FNGIF=F and G=¥%}. A bifilter
(%,%) on X is said to converge if the {ilter F/% con-
verges in X. If F\/% has an adherent point in X, then we
say that the bifilter (¥,%) has an adherent point in X.

For FEF(X), we denote by i(¥) the filter generated
by {{(F)F=%} where i(F) is increasing set, the filters
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d{(%) and ¢(¥) are defined analogously.

A filter ¥ is called a convex filter if it has a filterbase
of convex sets, i.e., ¢(F)=%. Note that ¥ is a convex
filter iff F=i(F)Vd(F). The bifilter (F,%) is called
convex if V¥ is a convex filter on X. A convergence
ordered space (X, <,—) is said to be comnvex if every
convex bifilter converges in X.

Given a convergence ordered space (X, <, —), let 4=
{(x, y)lx <y} be the graph of the partial order < on X.

For filters ¥,% on X, define ¥ © ¢ to mean that

(FXx@VA#£g, ie., (FXG)NI+¢ for FEF and GEY.

DErFINITION 2. Let (X <, —) be a convergence ardered
space. Then (X, <, —) is said to be Tl—ordered‘if F—zx,
F @y implies that = <y, and similarly, if Gz, y©O &
implies that y < x. If =<y whenever F——z, $—-y,
and ¥ @ %, then (X, <, —) is defined to he T ,-ordered.

DerINITION 3. Let X and Y be convergence ordered spaces,
If f: X—Y is an order isomorphism and homeomorphic
embedding, and if Y is compact and f(X) is dense in Y,
then (Y, f) will be called a convergence ordered compacti-
fication of X.

DeriniTiON 4. Let (X, <,—) be a convergence ordered
space. Then (X, <, —) is called a realcompact convergence
ordered space if every maximal closed bifilter with countable
intersection property converges in X. In definition of a
convergence ordered compactification of X, if Y is realcom-
pact convergence ordered space then (Y, f) is called a
convergence ordered realcompactification of (X, <, —).
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In [6] and [7], a Wallman-type ordered compactification

is given in the topological setting. These ideas are used
here,

THEOREM 5. Let (X, <, —) be a Tj-ordered convergence

space. Then for each x&X, (d'(x),i'(x)) 1s a maximal

closed bifilter with the countable intersection property.

PrOOF. Suppose that (¥, %) is a closed bifilter on X such
that (d{x), i(x))C(F,9). Then d(2)CF and i(2)TG.
If F=% then there exists a decreasing closed set F\&F
with F;, C F. Since F, is decreasing, F,=d(F}). We know
that d(F)Ni(x)# ¢. Hence x=d(F)).

It follows that d(x)Sd(F)C F. Thus Fed(z), so ¥ &
d{zx). Similarly, ¢ Zi{x). Therefore (d{zx), i(x)) is a
maximal closed bifilter. It is obvious that it has the countable

intersection property.

From now on, the space is a 7T,-ordered convergence
space. Let X'={(¥F,9)|(F,%) is a maximal closed bifilter
with the countable intersection property on X such that
FVE fails to converge}.

Define X*={(d(z), i(z))|z=X}U X’ and an order re-
lation <* on X* as follows: (F1, &) <*(F.,%,) if and
only if ¥, & ¥, and 4, C %, for any (.0/71,91) and (?2,92)
in X* Then (X* <*) is a partially ordered set.

For given decreasing subset A and increasing subset B of
(X, <), we define the sets A={(F,9) = X*¥|AcF} and
Bi={(¥,9)=X*Bcg).

Let F (resp. %) be a decreasing (re:sp. increasing) filter
on X. Then F9(resp. %) denotes the filter on X* whose
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base is {Fe|Fe %} (resp.{G:GE¥)).

DEeriNITION 6. We define a convergence structure —*> on
X* as follows: For a filter # on X¥*,

(1) X—2>(d(x),i(x)) in X* if and only if there exists a
{ilter ¥~z in X such that (dF)NVEF) CH,;

(2) H—25(F,9) in X* (F,9)=X’ if and only if Fiv/
G H.

Then (X*, <*, —*3) is called a convergence ordered space.

THeEorREM 7. Let (X,<,—) be a convergence ordered
space. Then A=d{A) and AC X is closed in X if A¢ is
closed in X*,

Proor. Suppose that A7 is closed in X*. Let xe4. Then
there exists a filter F«—x such that A= %. Thus (dF)NA

GFYi—*s(d(z), i{x)) and A'=(dF)?. Hence we have a
filter (dF )N/ (EF Y —2>(d(x), i(x)) such that A= (dF)\/
(GF)i, that is, (d(x), i(2))=A?=A? and so d(2)C A4,
i.e., xS A, since A is decreasing. Thus A is closed in X.

THeoREM 8. Let (X,<,—) be a T,-ordered convergence
space. Then (X*, <¥* —*5) is a realcompact convergence
ordered space.

ProoF. Let (#,%#) be a maximal closed bifilter with the
countable intersection property, and F(resp. ¥) be the
filter generated by {AC X|Ai=}, A=d(A)} (resp. {BC
XiBe¥, B=i(B)}). Then ¥ (resp. ¢) is a decreasing
{resp. increasing) closed filter with the countable intersec-
tion property. If F& %, F=d(F) and G&%, G=i(G) then
Fic}M and G'=%¥. Since (KX, %) is a bifilter, FING # ¢
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and so we have some maximal closed bhifilter (Jn, )=F 4
Gt Hence FNG #£ ¢. Therefore (F,%) is a closed bifilter.
Suppose that (7, %)) is a closed bifilter with the countabie
intersection property on X such that (¥,4)C(F,, 9. Ui
A=d(AYe %, such that A& F, then X—A is increasing
and since i(x) is a increasing closed set for some x=X— A,
X—A=%C % It is contradiction to the fact F,V¥, # 2.
Thus (¥,%) is a maximal closed bifilter. If F\. é—ux
in X, then (J, H)—>(d(2), i(x)) in X%, since (F9, &)
C(H, H). 1t F/% fails to converge in X, then (%,8)=X’
and so (H,H)—2>(F,%) in X*. Therefore (X*, <% —5)

is a realcompact convergence ordered space.

TaeoreM 9. Let (X, <, —>) be a convex T,-ordered con-
vergence space. Then the natural map ¢: (X, <, - »)—>
(X*, <* —*5) is a dense embedding.

ProoF. Suppose that F——x in X. Then ¢(F)2D ¢ (dF\/
tF) 20 dFINVGEFIDEF) > (F)-*> 6 (x) in X*
Thus ¢ is a continuous function. Suppose that ¢(F)—*>»
é(x) in X*. Then ¢ (F) 2 (d%)'\/(i%)' for some $———
in X. Thus F D¢ H{d%) V(I =6 ((dGYN) V61 ((i& )
=d%\/ i%—> x, since X is convex. Hence ¢ is an embe-
dding. Let (F,9)EX’, then ¢(F V@ 2Ud(FVE)' V
GEFVy=F> 7, since (¥,9)=(d(FVY), i(FVE)).
Thus ¢(F V &) —2>(F,9) in X*. We conclude that ¢ is a
dense embedding.

By Theorem 8 and Theorem 9, we have the following.

THEOREM 10. Let (X, <,—) be a convex T-ordered con-

vergence space. Then (X*, <* —*5) is a realcompactification
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of (X, ).

Suppose that (%,%) and (¥, %) are two bifilters. We
define the relation <* on X* as follow: (F,%) @ (X, X
if GVH + ¢.

DEeriNtTION 11. Let (X, <,—) be a T\-ordered(resp. 7,-
ordered) convergence space. Then (X, <,—) is said to be
strongly T,-ordered (reps. strongly Ti-ordered) if

(1) if dF, iF)~—x and (A7, iF) S (H,X), then

(d(x), ilz))<* (M, K5
(2) if dF,iF)—x and (K, X)DdF,iF), then
(H, Xy <* (d(=),i(x)).

THEOREM 12. Let (X,<,—) be a convex convergence
space. If X is strongly 7 -ordered, then X* is 7' -ordered.

ProoF. Suppose that X is T;-ordered. Let J{%(d'(a:),
i(2)) and ¥ @ (d(y), i(y)). Then there exists a filter
F — x such that (dF)YV (EF)C M4, and so (dF )V
GFY @ (d(y), i(»). It follows that {((dF) N (GF)*) %

d(), i{y))}N 4¥# ¢ for each F&F, where 4% is the
graph of order in X*. This implies that there exists a

maximal closed bifilter (70, N)<* (d(3), i(¥)) such that
dFem and iFeEN for each F&F. By definition of <¥,

d{y)S M and N Si(y). Thus d{(y)EM and iFEN for each
Fe %, Since M, 1) is a bifilter, {F N d(¥) #¢ for each
F=%. Hence we have a z&F with z < y for each Fe¥F.

This means that #©@y. Since X is T)-ordered and ¥ —-zx,
7@y, and z<y Thus (d(x),i{z)) <* (), (3)).
Similarly, if ¥—t>(d(2),i(2)) in X* and (d(),i(y))®
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H, then (d(),i(y))<*(d(x),i(x)). The natural map

S is increasing.

Suppose that ¥ —>(F, ), (F,9)=X’ and X (d(z),i(x)).

Then %4V % © (d(x),i(x)). This means that there exists
a maximal closed bifilter (Jn, )<k (J G* with (N, ) <*
(d(z), i(x)) for each FEF and GE9%. 1f Ge9 then
GenCilz). Thus GCilx). Since FEM and d(x)Em,
FNd(xysh. For FEF and G&¥%, d(z) N FN G+,
since (M, /1) is a maximal closed bifilter. Thus d{(z)&=F
and so d{x) T F. Therefore (F,9) <* (d(x), ilx)).

TN 3 * H ¢ 4 I ST O ;o PN
Similarly, if ¥ —_‘(y’.‘?)-m—}** and AT, 8, (7.5

&X' and (d{x), i(2)) @ X, then (d(x), ilz)) <*(F,2).

Suppose that ¥—*>(7,%), (F,9<=X and ¥ D (4, 7).
Then 1V & ©@ (4,7). It follows that there exists a
maximal closed bifilter (Jn, N)=F? N Gi for each F= % and
GE@ such that (I, N) <* (4, 7). If S=4, then SE/ and
SN Fe&Mm. Since (M, N) is a maximal closed bifilter, SN F
NG +#¢ for cach FEF and G=%. Thus S&F and so
SCEF. If G=% then G&n & 7. Thus $ < 7. Therefore
(F,8) <*(4,7). Similarly, if ¥—*(F,9), (¥, 9eX’

and (4, 7) @ X, then (4,7)<* (F,9).

Suppose that {—£>(d(z), i(2)) and X Q(47), (47)
€X'. Then F—z and dF)Y'V (F) (4, 7). There
exists a maximal closed bifilter (Jn, )= (dF) N (iF)* for
each FEF such that (n,N) <* (4, 7). Since iFcNn 7
and A&, iFN S#¢ for each FE% and S=j4. Thus
(dF.,iF) @ (4, 7). Since X is convex, (dF,iF)—z.
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Therefore (d(z), i(x)) <*(4, 7). Similarly, if # —*>
(d(x), i{x)) and (S, TVOH, (4 T)EX, then (4 7)
<*(d (x),i(x)).

We conclude that (X*,<* —*») is a T,-ordered conver-

gence space. It is obvious that if X* is T,-ordered then X
is Ty-ordered.

TreoreM 13. Let (X,<,—) be a convex convergence
ordered space. If (X, <,—) is strongly 7,-ordered, then
(X*, <* —*5) is T,-ordered.

PROOF. Suppose that ¥ —*» (d(x), i(x)), % —=> (d (),
i(;»)) and X @ . Then there exist F—x, $—3 such
that @F)*V ({F )@ (d9)? V(%) Thus we have two
maximal closed bifilters (1, VY= (EF)Y N GF) and (4, 7)E
(dGY N (EG)F such that (n, ) <* (4, 7) for each FEF
and GE%. It follows that dFejn, iFeEn, dGE4 and
:G=7, and JE M, NE 7. Thus dG& S S /n and iFEN.
This means that iF NdG Z ¢ for each F&% and G&4.
Therefore ¥ @ %. Since X is Te-ordered, x <y and so

(i{z), i(x)) <*(@d(y), ().

Suppose that X—*>(d(z), i(2)), ¥ —=>(4,T), (4 TE
S and ¥ ¥. Then there exists F—x with (dF)V
CFYCTH, and SV T S K. For each FeF, S=/ and
TT, {{dFYNGF))} x (SN T:31N4d*# ¢ and so there
exist (M, WYEWEF)Y* N (GF) and (%, 9)=S? N T+ such that
Un, ) <*(U. V). Since iFENCS Y and Sy T, iF V
S # ¢ by definition of a bifilter (%,%"). Hence (dF,iF)

@ (4,7) and (dF,iF)——x. It follows that (d(z), i(x))
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<E (5T

Suppose that KX *-(7,%), #—>>(/,7) and (¥,9),

(6 7VEX" and X% 3¢, Then Fe\' G S H and JV 77
C . Wehave (M. TVEF' N Gt and (¥,97)€8 N T+ with
() <* (. Y) for each Fe%, Ge¥%, S=4 and 7'
If S&f then S . Thus S FG=#¢ for each
FEF and GEY, and so SE7. 1f GE% then GENCY.
Thus GOSN T+# ¢ for each S=4 and T7=7. Hence G=
. Therefore (7,%) <*(J, 7).

Suppose that H—>(4,7), (LEX, F—=@lw),
[(z)) and # @ 9. Then there exists ¥—ox with (d.5)"
NVEF Y and 4NV T S K. For each Fe ¥, Se= A,
ard Te7, there exist (N, N)=S" N T+ and (%, 9= (dF)”

(@R with (I, ) <% (%, 7). Tt {ollows that S, TGN
di'€y/, iF€Y, 9 m, and N &Y. Thus dF /7 # ¢,

and so (4, 7) @ (dF,iF). Hence (4, 7) <* (d(z),i(x)).
\We conclude that X* is T,-ordered.
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