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SOME PROPERTIES OF COMPLETELY POSITIVE MAP

AN Hyun KiMm

1. Introduction

In 1], Arveson stated that the correspondence between
commutant of #(a) and the set of completely positive maps
is an affine order isomorphism. This note states that the
extension of B-valued inner product can not be carried
out for even the simplest sort of pre-Hilbert B-module
unless B is at least an AW#*-algebra [Theorem 2.9].

In §3, in addition to Arveson’s statements, it is also
given that the correspondence preserves convex combina-
tions [Theorem 3.5] and an equivalence condition for
completely positive map [ Theorem 3.67.

2. Preliminaries

DEeriNiTiON 2.1. Let B be a C*-algebra. A pre-Hilbert
B-module is a right B-module X equipped with a conjugate
bilinear map { , >: XX X—B satisfying:

() {x,2) >0 VX,

(it) (z,2) =0 only if x =0 ;

(ii1) {z, ) = {(y, x)* for xr,y & X ;

(iv) (x'b,y) ={x,3)b for 2,y X, b B.
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The map (, ) will be called a B-valued inner product

on X,

Exampre 2.2. If J is a right ideal of B, then J becomes
a pre-Hibert B-module when we define {, ) by {x, y)=y*x
for z, vy J.

For a pre-Hilbert B-module X, define ||+|lx on X by
lzlix=11(z, 212,

ProrosITION 2.3. |||y is a norm on X and satisfies:
(1) [z bllx <|lzll4l}l] for & X, bEB |

(it) Lz, yr* Lz, ¥ <Iyl|*lzx, x) for x,y € X

(ii1) J1{z, W < Nl divllx for z,y € X,

Proor. [5],{8].

DeFINITION 2.4, A pre-Hilbert B-module X which is
complete with respect to [[+|[; will be called a Hilbert B-
module,

RemARK 2.5. For a pre-Hilbert B-module X, we let
01(X) denote the set of operators 77 B(X) for which
there is an operator T*SB(X) such that {Tx, y)={x, T*y)
for 2,y &€ X. That is 01(X) is the set of bounded operators
on X which possess bounded adjoint with respect to the
B-valued inner product. It is easy to see that for T &
01(X), the adjoint 7T* is unique and belongs to 07(X), so
0:(X) is a x-algebra with involution T—T'%,

Lemma 2.6. 01(X) consists of entirely module maps.

e, if Te0(X), then T(z6)=(Tx) b for z& X,
b e B.
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Proor. Take 3 & X. Then by properties of B-valued
inner product,

(T(x-b), yy=Lx-b, T*»
={x, T*y)b
={Tx, ¥2b={(Tx)b,3.

For the balance of this section, A will be a C*-algebra,
B a closed *-subalgebra of A, X a pre-Hilbert B-module,
and Y a pre-Hilbert A-module.

LeMMa 2.7. For a linear map 7: X — Y the followings
are equivalent:
(i} T is a bounded module map of B.
(11) There is a real K >0 such that (Ta, Tx), <
Kz, x)p for z & X.

ProoF. [1],{51.

We let X’ denote the set of bounded B-module maps of
X into B. By 2.7(with A=B=Y), X' is precisely the set
of linear maps 7 : X — B for which there is a real K >(
such that t(x)* t(a) < K{x,x) for z & X. Each z &€ X
gives rise to 2 map £ & X’ defined by £(y)={y,z) for
yE X, We will call X self-dual if X = X’. According to
(5, p.451], X’ is a pre-Hilbert B-module, that is, {(, )
can be extended to a B-valued inner product on X’ and
the extension satisfies (£, 7)=t(x) for z&X and r& X".

TreoreMm 2.8, Let X and Y be pre-Hilbert A-modules
and T: X~ Y a bounded module map. Then (i) There
exists a bounded module map T : X' — Y’ (ii) (T ()=
(To:/)\(y) forxe X and ye Y.

Froor. (1) Define T#: Y — X’ by (T#*y)(x)=(Tx,s)
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for y& X, x & X. By Schwarz’s inquality {|(T¥%y)(x)l[<
HTlHzlilvl, so T# is bounded. Also since

(T*(y- D)) (2)=(Tz,y-b)={y-b, Tx)*
=y, Tx)b)y*=b*(y, Tx)*
=b¥Tx,y)={T*y)-b)(x),

T'# is a bounded module map.

Define 7 : X — Y by (To)(y)={T#y,7) for y= Y,
1= X’. Since T is just (T#)*%, T is a bounded module
map also.

(ii) From the following observation, (ii) is immediate.
That is, for z =X, y&VY,

(T4) () =(T *y, 2y=<2, T#y)*
=((T*y)(2))*=(Tx, 3)*
= (9, Tz = (T3 9.

TreOREM 2.9. Let B be a C*-algebra with the property
that for every right ideal J of B, there is a B-valued
inner product {, ) on J’ satisfying {(&,7)=t(x) for all
zed, teJ’. Then B is an AW*-algebra.

Proor. Let J be a right ideal of B. For a< B, define
aeJ’ by a(x) =a*xr (e &J) and let r, & J’ denote the
inclusion of J into B. Notice 7,a = & for a & B and that
F=%for z e J.

Put ¢ = {zr; 7r,>. Then ¢ =¢* and z &J, gqr=4(x). By
the way,

glxy={z;+x,7)={%,1,)
={%,ty=r,(x)=2x.

So we have
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g2:<rl'q7 Tl>z <q~, T!>
:<TI,TI>ZQ’
i.e., g is a projection. Put p=1—g, so £ is a projection
in L(J), where L{(J) is the left annihilator of J. For
seif-adjoint element ¢ of L(J), we have @=0, so

qa: <Tl'a’ 7')
:<dyfx>:03
which shows that ep=a for all e« & L(J). That is, L({J)
is a principal ideal generated by some projection p.

3. Completely positive maps

DerInITION 3.1. Let B be a C*-algebra, A a *-algebra
and ¢: A—— B 2 linear map. We call ¢ positive if
$(la*a) >0 Va = A,

For n=1,2, -+, ¢ induces a map ¢, from algebra A, of
n X n matrices with entries in A(made into a *-algebra by
setting [a,;1*="{a,,*] for matrices [a,;1< A¢n) into  the
corresponding C*-algebra B¢, defined by ¢.([a,,:) =
[#{a,,)]; we say that ¢ is completely positive if each of
the induced map ¢, is positive.

Remark 3.2. According to {7, p.194], a linear map
¢: A—— B is completely positive if and only if

_Z_ bx*ﬁb(aa*a;)b; >0 for a,, ", qy = -4, bl s "ty bn <= Bo

1,7

Let ¢ be a completely positive and suppose in addition
that ¢{a*) = ¢(a)* for a= A. The map ¢ give rise to a
pre-Hilbert B-module as follows : consider the algebraic
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tensor product A B, which becomes a right B-module
when we set (a@b)-B=a® b for b, B, ac A.
Define
L, ]1:(A®B)x(AKRB)— B
(5a.@b, Ea.®@6)—| £a,@b, Sa.®B|
1=1 =1 J=1 =1 g
=EB;*¢(01£*“;')6.-',
if
for al, o an, al, T, Ay GA, bl T br., BI, ey Bm & B.

£, 1 is clearly well-defined and conjugate-bilinear. Since
¢ is completely positive, for with x € AR B, [z, 1>0,
since ¢ is *-map, [x,y7 = [y, &% and [z-b,y] =[x,y]b
for 2. ¥y < AXB and b= B.
Pat

N={z € A®B : [z,x] = 0}.

Then N is a submodule of ARB and X,= ARB/N is a
pre-Hilbert B-module with B-valued inner product

{(z+N, y+N)=[x,y] for z,y & AQB.

Following T.W. Palmer [3], we call an element v of
the %-algebra A guasi-unitary i vv¥*=v*v=v+v* and say
that A is a U*-algebra if it is the linear span by its quasi-
unitary elements. All Banach *-algebras are U *-algebra and
A is a U¥*-algebra iff it is spanned by its unitaries {3].

TreorEM 3.3. Let A be a U*-algebra with 1, B a C*-
algebra with 1, and ¢ : A—— B a completely positive map.
Then

(1) there is a Hilbert B-module X, a #-representation
7 of A on X, and an element e X such that
¢(a)={(n(a)e,e) for a = A.
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(ii) the set {w{a){(c-b):a= A, b&B} spans a dense
subspace of X.

Proor. [53,[67,[7]. In particular, note that #(a)(x-+N)
=a-z+N Vxe ARB and n(a) € 01(X) (i.e., n(a) is a
B-module map), X a completion of X,

Let A be a U*-algebra with 1, and B a C¥-algebra. If
X, m and ¢(e=11+N) are as in 3.3, we may define a
*~representation 7 of A on the self-dual Hilbert B-module
X' by #(a) = a(a)” € 01(X") forae A. Suppose ¢ . A— B
is anothor completely positive map. We write ¢<¢ if
¢ ¢ is completely positive and let [0, 0" denote the set of
compietely positive maps from A inte B which are <&

For T'< 01(X"), define ¢;° A~ B by ¢:(a)={(T#(a)é, é).
Notice that ¢;=¢ and that the map T—¢; is a linear
map of 07(X’) into the space of linear transformations of
4 into B, also that X’ becomes a right B-module if we
set (b)) (z)=b¥(x) forre X, beB, x& X

LemMa 3.4, Ler A be a C*-algebra with 1 and let @ € A,

« >~ 0. Then there exists a unique element & & A such that
>0 and 8 = a.

Proor. [21,071.

[

THeoReM 3.5. Under the above circumstances,

(i) for each T #(A) with 0< T"< I/, the formula
ér(@) = (T#(a)é,éy defines a completely positive
map such that ¢, < ¢;

(ii) the correspondence T —— ¢; described in (i) is a
bijection of {T & 7(A) : 0< T < Iy} onto [0,¢];

(ii1) the correspondence preserves convex combinations,
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where Z(A)’ denotes the commutant of z(A4) in 07 (X').

Proor. (i) For a,,- a,= A and b, - b, B, set

xzle 7(a;)(e-b,) & X (by 3.3, this is possible). Then

2 b¥¢r(a*a,)b, =% b*Ti(a*a,)é, &b,
LX)

=2(T7(a*a,)é-b; é-b))

=3(T#(a,)é b, #(a)é b
(since T #(A}")

={(T(L#(a,)é b)), Li(a)é b,

={T5#(a)(ed))", Li(a)(ed)
(by the above notice)

=/T(L#(a;)(e:b NV (Tr(a)(e-b:))"™
(by 2.8)
={T%, %)

=(T}z2, T3 >0 (by 3.4).

Thus ¢, is completely prositive. But ¢, < ¢ is to be shown
in (ii).
(i1): If T€ #(A)" and ¢ = 0, then
{T(z(a)) (e )", (nlar)(e-&))")
={Tr(a)(e-5,)", #(a)(e-5)")
={T#(a*a;)(e-5)", (eb)™
:<Tﬁ(a2*ai)é°bl, é+by)
=b ¥ T (as*a,)é, )b,
=by¥¢r(ar*a )b, =0
for ay,@, € A, b, b,E B,
So (T(Xy), X;>=0, or {T(X),X>=0; hence T=0 by 2.8.
Thus the correspondence is one-one.

To show that the conespondence is onto, take ¢ &[0, ¢1.
By 3.3 there exists a x-representation g of A on a Hilbert
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B-module ¥ and a d& Y such that ¢(a) = {p(a)d,d)
for a & A and the set {p(a)(d-b) :a < A, b < B} spans a
dense subspace Y, of Y. Since ¢ <4, there is a well-
defined bounded module map W:X;— Y, such that
Wiz(a)(e-b)) = pla)(d-b) forac A, b& B and {w., w,) <
(x,z) for z = X,, W extends to a bounded module map
W.:X— Y. Also

Wria)(z(a)(e-b)) =wn{a)(a@R@b+N)

=w(aQb+N)

=p(a®)(d-b)

=p(a)p(a)(d-b)=p(a) W(z(a)(e b))},
i.e., Wr(a) and p(a)w agree on X; for a = A. Hence
Wa(a) = p(@)W for a= A. By 2.8, we get a bounded
module map W: X’ —— Y’ extending W. It is clear from
the proof of 2.8 that

{Wr, Wr) < {2,y for r= X,

Let W*: Y'—X’ be the adjoint of W and put 7'= H}*PV,
so T€0i(X') and T=T% For 7= X', we have
(Tr, 7y =AW, Wr) < {7, 7y, s0 0< (Tr, 75 < {7, 7y, hen-
ce 0L T < I Since Wz (a) = p(a) W, W (o) W* = W*j(a)
for a = A. Hence {for any a € A, we have

Ti(a) = W*Wi(a)
= WHi(a) W
= #(a)W*W=7%(a)T, ie, T=#(A).
Finally, for a& A,

or(a) = {Tk(a)é,é) = {Wila)e, Wé>
= {(Wn(a)e, We>
= <P(a)d:d\:4’(a)-
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These complete the proof of (i) and (ii).
(i11) The set K = {T € #(A) 1 0 < T < Iy} is obviausly

convex ; so is [0,¢1. If S, 7&K and 0<{2L1, and
R=25+(1-2)T, then foracs A,

$z(a@) = ¢(@)das:a-nr(@)
=S+ (QA-DT)w(a)é, é)
=a¢s(a)+ (11— 2)¢r(a),
e, dassg-vr = 25+ (1—Dgr.

Thus the correspondence preserves convex combinations.

TrEOREM 3. 6. A completely positive map ¢ on A satisfies
¢ < ¢ if and only if there exists an operator T € 01(X")
such that 0 < T < Iy, T#(a) = #{(a)T for all a€ A, and
gla) ={T7(a)é, é) for all ac< A.

ProoF. Suppose ¢ € [0,4]. Then by Theorem 3.5, ¢(a)=
¢r(a)={T#(a)é,é) and also by Theorem 3.5, it is clear.
Conversely, since ¢; =¢ and 3 b,*(¢—¢r)(a*a,)b; =

ty7

({(I-T)z, £) >0, for a;, - ,a,. €A, by - b.EB and

33:511 n{a,){e b,y =X, the proof is immediate.
=
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