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SOME PROPERTIES OF COMPLETELY POSITIVE MAP

An Hyun Kim

1. Introduction

In [1], Arveson stated that the correspondence between 
commiitaiit of 元(a、) and the set of completely positive maps 
is an affine order isomorphism. This note states that the 
extension of B-valued inner product can not be carried 
out for even the simplest sort of pre-Hilbert B-moduIe 
unless B is at least an AVT*-algebra [Theorem 2. 9].

In § 3, in addition to Arveso^s statements, it is also 
given that the correspondence preserves convex combina­
tions [Theorem 3.5] and an equivalence condition for 
completely positive map [Theorem 3. 6丄

2. Preliminaries

Definition 2.1. Let B be a C*-algebra. A pre-Hilbert 
B~module is a 호ight B-module X equipped with a conjugate 
bilinear map〈，〉：XxX---- >B satisfying：

(i) 〈z, z〉〉0 VzUX ；

(ii) 〈z, z〉= 0 only if z = 0 ；

(iii) =〈y@〉* for x.y e X ；

(iv) 〈⑦"d〉=for W X, b J B.
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The map〈 , 〉will be called a B-valued inner product 
on X.

Example 2. 2. If J is a right ideal of B, then J becomes 
a pre-Hibert B-module when we define〈，〉by〈z, 3〉=3冷" 

for x^y J.
For a pre-Hilbert B-module X9 define ||・|L矿 on X by 

IL지 z〉| 也

Proposition 2.3. ||。||* is a norm on X and satisfies：

⑴ 阪・히 IxMlI 지이 I for G X, b^B ；

(汀)3,夕〉*〈皿3，〉M |加|2_丫〈与工〉for x.y e X;
(iii) M Ik기I시for x.y^X.

Proof. [5], [8].

Definition 2.4. A pre-Hilbert B-moduIe X which Is 
complete with respect to |(* (L will be called a Hilbert B- 
module.

Remark 2.5. For a pre-Hilbert B-module X, we let 
OZ(X) denote the set of operators T W B(X) for which 
there is an operator T*WB(X) such that〈7次, ：y〉=〈U T*^> 
for y U X. That is OZ(X) is the set of bounded operators 
on A which possess bounded adjoint with respect to the 
B-valued hme호 product. It is easy to see that for T 6 
OZ(X), the adjoint T* is unique and belongs to 0Z(X), so 
0，(X) is a *-algebra with involution T^T*.

Lemma 2. 6. OZ(X) consists of entirely module maps.

Le. if TeOZ(X), then T3b) = (Te)」b for “W X 警 
b^B.
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Proof. Take JWX. Then by properties of B-valued 
inner product,

<7愆"?), 3，〉=〈&.仞 7싀3、〉

=〈“，7*3汶，

=〈7元 y、)b=《T"丄

For the balance of this section, A will be a C*-algebra, 
B a closed ^-subalgebra of A, X a pre-Hilbert B-module, 
and Y a pre-Hilbert A-moduIe.

Lemma 2. 7. For a linear map T : X---- > Y the followings
are equivalent:

(i) T is a bounded module map of B.
(ii) There is a real K > 0 such that {Tx, Tx)A

x)B for ⑦ W X.

Proof. [1], [5丄

We let X，denote the set of bounded B-module maps of 
X into B. By 2. 7(with A^=B= Y), X f is precisely the set 
of linear maps r : X---- > B for which there is a real X > 0
such that t(x)* r(rr) V x) for rr W X. Each z U X 
gives rise to a map 灸 W X defined by x) for
j1 W X. We will call X self-dual if X = X\ According to 
[5, p. 4511, X’ is a pre-Hilbert B-module, that is,〈，〉 

can be extended to a B-valued inner product on X’ and 
the extension satisfies〈幻£〉=r(a:) for euX and r G X\

Theorem 2.8. Let X and Y be pre-Hilbert A-modules 
and T : X -—> Y a bounded module map. Then (i) There 
exists a bounded module map T : X，---- * Y (ii) (2我)(3，)=
(Tx')(3) for x X and y Y.

Proof, (i) Define TJ Y——，X’ by
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:forU X, a: U X. By Schwarz's inquality 11(7U：y) (z)|M 
끼Ilk이川:y||, so T姓 is bounded. Also since

(7*(：y・Z，))(z) =〈7，u.3〉=〈:y•方,7次〉*

=(<，y, Tx}b')^=b^(y9 Tx)^
=歩〈Tx.:y〉=((準y) • b、) (z),

is a bounded module map.

Define T : Xf---- > Yf by (:為)(3，)=〈Z*W, £〉for 3/ U 匕
•r W X'. Since T is just (71 才)％ T is a bounded module 
map also*

(ii) From the following observation, (ii) is immediate. 
That is, for 伐 W X] y & Y,

(7%)(w) =〈7F：y,咬) =(&、瑚額〉*

= (() (・W) 사‘=〈 7次,:y〉자‘
=〈义亦〉=(工折3).

Theorem 2.9. Let B be a C*-algebra with the property 
that for every right ideal J of B, there is a B-valued 
inner product〈，〉on Jf satisfying 〈玄,T〉=*r(”)for all 
z W J； £ W，. Then B is an Al矿*-algebra.

Proof. Let J be a right ideal of B. For awB, define 
& U，by a^x) = a^x 愆 G J) and let t, G Jf denote the 
in시usion of J into B・ Notice = a for a W B and that 
x ~ x for e U J「.

Put q =〈7%玲〉.Then q = q* and e W J, qx = q(x). By 
the way,

諜(⑦)二二〈弓•"，= 0 弓〉

=〈免与〉=八愆；)=払

So we have
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〈乌・g,七〉=〈么孔〉

=〈j,j〉=g,

i, e., g is a projection. Put p二그 '— q, so p is a projection 
in 乙(J), where 乙(J) is the left annihilator of J. For 
self-adjoint element a of L(J), we have 3=0, so

g“=〈L2,j〉

=〈0, <〉= 0,

which shows that ap^a for all a J L(J)・ That is,乙(J) 
is a principal ideal generated by some projection p.

3. Completely positive maps

Definition 3.1. Let B be a C*-algebra, A a ^-algebra 
and 令:A---- > B a linear map. We call 少 positive if
gag >Q Va^A.

For 花= 1,2,…,© induces a map from algebra A(n)of 
n X n matrices with entries in A(made into a ^-algebra by 
setting〔S门*=[4知*1 for matrices [(知]U into the 
co호responding C*—algebra _B(n) defined by 如J&L提) 二二

； we say that © is completely positive if each of 
the induced map is positive.

Remark 3.2. According to [7, p. 194J, a linear map 
<j): A---- > B is completely positive if and only if

S代孙(0产⑶)们〉o for ax,…? aKe A,们，…，如W瓦

Let © be a completely positive and suppose in addition 
that ,(a*)二二 ©(a)* for a A. The map。give rise to a 
p호e~HilbeH B-module as follows : consider the algebraic 
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tensor product A 0 B, which becomes a right B-module 
when we set (a (x) 6) • = ® 6/3 for /3 G a A.

Define
L 5 ] ： (A0B)x(A0B)—

(n m \ r n m 二
们，—> 家遂为, Na,®瓦

；=1 2 = 1 / L J = 1 ' t = l J

由

f°r al, " an9 Ql,…，Qm U & bi … 如，Bl, Bm U B・

E ? ] is clearly well-defined and conjugate-bilinear. Since 
'is completely positive, for with x A0 B. lx9 妇〉0, 
since p is *-map, y] = [:and Lx-b,yj = 
for 그l v W A(^)B and b W B.
Put

N= {x u A0B :呉，幻=0}.

Then 2V is a submodule of and XG = A®B/N is a
pre-Hilbert B-module with B-valued inner product

3+N, :y + N〉= [z,：y] for A0B.

Following T. W. Palmer [3], we call an element v of 
the ^-algebra A qwsi-unitary if 尹0 = © + w* and say
that A is a U^-algebra if it is the linear span by its quasi- 
unitary elements. All Banach ^-algebras are U*-algebra and 
A is a U*-algebra iff it is spanned by its unitaries [3].

Theorem 3.3. Let A be a t/*-algebra with 1, B a C*- 
algebra with 1, and © : A-----> B a completely positive map。

Then

(i) there is a Hilbert 5-module X, a ^-representation 
7? of A on X, and an element e U X such that 
©(度)=〈”(cz)e, °〉for a A.
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(ii) the set 尊(0) (、e* b、) : a A, b^B} spans a dense 
subspace of X.

Proof. [5j5 E62, [7j. In particular, note that n^a) (x + N) 
二2成+ N VxU A0B and ”(cz) G OZ(X) (L e. , 7t{a) is a 
^-module map), X a completion of XOa

Let A be a U*-algebra with 1, and B a C*-algebra. If 
X, rt and = + are as in 3.3, we may define a
^-representation tt of A on the self-dual Hilbert B-module 
X’ by 充(0)—无(◎广 W OZ(X') for a A. Suppose (p . A -—> B 
is another completely positive map. We write if

is completely positive and let CO, oj denote the set of 
completely positive maps from A into B which are M d.

For T U <7t(Xz), define 如 * A-——»B by 如(々)=〈7方(0)饥 />. 

Notice that 小项 = © and that 나ie map T---- * is a linear
map of into the space of linear transformations of
A into B、also that Xf becomes a ri아让 B-module if we 
set (r-Z?)愆)=b*〔3) for r W X’, b W B, e W X.

Lemma 3.4. Let A be a C*-algebra with 1 and let a A9 
tz > 0. Then 나iere exists a unique element b A such that

> 0 and b2 = a.

Proof. [2], [7丄

Theorem 3. 5. Under the above circumstances,
(i) for each TU 元(A、)，with 0 < T<IX^ the formula 

缶(0) 二〈7%(疔)石M〉defines a completely positive 
map such that 缶 MS；

(ii) the correspondence T---- > <bT described in (i) is a
bijection of {T ^(A)z : 0 M 7、M 厶刁 onto [0,如；

(iii) the coft얀spondence preserves convex combinations,
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where 元(A)z denotes the commutant of ?r(A) hi 01 (X‘).

Proof, (i) For aY，…,cz# U 厶 and br,…ybn^ B9 set

x = S 龙(£妇)(。"七)UX (by 3.3, this is possible). Then 
j=i

Z：艮％(%*S)们=Z艮*〈7龙(a：*%)石,彦龙

= £et(、a,*a*bj,石•九〉

=Z质(aW•毎〉

(since TG ^(A)7)
=〈7(2盘(％)0%,), £元(％)石•九〉

=〈7芝忻(a,)(e"，,)A,
(by the above notice)

=/丁(、*3*.収、、(2m(a；)(e•仞))人〉

(by 2. 8)
= <Tx,x)
=〈T為，T^>>0(by 3.4).

Thus 饥 is completely prositive. But 如 V is to be 옹hown 
in (ii).

(ii) ： If ZU 元(4)' and(pT 二二 0, then

〈Z(M%)(e0))气 5(s)(g%))A〉

=〈：以(代)(&如)气元怎2)(。必)人〉

=〈7充("衍)(。如)气〈、"源'、)
=〈T元(02%)八 M 石，2〉

=z”*〈y网zl)石,

=b 再T 愆2*"1) S = 0
for aYa2 U A, bYb2 G B.

So <T(X0), Xo) = O, or〈T(X),X〉=0； hence Z=0 by 2.8.
Thus the correspondence is one-one,

To show that the conespondence is onto, take ©W[0, ©]・

By 3. 3 there exists a ^-representation of A on a Hilbert 
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B-module Y and a d Y such that ©(a) =〈0(a)日,』〉 

for a A and the set “(a) (』"，)：a W & b W B} spans a 
dense subspace Yo of Y. Since W 饥 there is a well- 
defined bounded module map W - XQ Yo such that 
I尹="(〃)(日，)for A9 b W B and〈W弓啊〉M 

〈•"％〉for ⑦ U X(). W extends to a bounded module niap 
w： x—> y. Also

Wn{a)(技&) (uZ，))= W7t{a)+N)
= w(a20& + N)
= 1이02)(0"，)
=p(a)p(a)(日・b) = p(cz) W{n{a) (e0)),

i. e. 9 Wn{a) and p{a)w agree on XQ for a A, Hence

Wn(a) — f>{a)W for a A. By 2.8, we get a bounded 
module map W : X---- > Y extending W. It is clear from
the proof of 2. 8 that

〈府七1电〉M SQ for r G Xz.

Let 5衫* : Yf---- be the adjoint of iF and put T^=
so T g OZ(X') and t = T*. For r U X、we have 
〈7丁, t> =〈评丁, Wr} <〈丁, r>, so 0 < (Tt, t) M〈7, 丁〉, hen­
ce 0< T<L Since再象愆)=0怎)巾，帝(a) W* =帝栉(@) 

for a A. Hence for any a W 丄4, we have

Z元(0) =
= 真저0(£Z)〕歹

=元怎)协*】矛=元(a)厂 i. e.? Te7r(A)\

Finally, for a A,

*a)=〈7元伝)玄,歹〉=〈律元(cz)公评石〉

=〈147方(0)e, We}
=〈心)刁0〉= ©(0).
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These complete the proof of (i) and (ii).
(iii) The set K = {T G ：。M M 京} is obviously 

convex ； so is ［0,如.If S,T W K and OMZML and 
R = 2S+ (1 — 2) T, then for a G A,

如(0)= g(£z)Ms+(ir)T(a)

=((2S^(l~~2)T)7V(a)e, e}
=•渺 s(“)+ (1— 2)^(^),

, 如s수.”")：f = 渺s+(l — Z)如.

Thus the correspondence preserves convex combinations.

Theorem 3.6< A completely positive map <& on A satisfies 
if and only if there exist오 an operator T U_0Z(X') 

such that 0 M 7 V I*, T戒a) = ^t{a)T for all a U A, and 
认a) =〈7%(a)石，e) for all a A.

Proof. Suppose ©W［。，们.Then by Theorem 3. 5, gb(a) = 
缶(cz) =〈7吭‘(a)石,石〉and also by Theorem 3. 5, it is clear.

Conversely, since = § and S 但*(0—如)(么*弓)们= 

((I~~T)x9 x) >0, for 句, …, SUA, 3i, …，如 처 nd
n

그二 = £ "(硏)(乏，］〉UX, the proof is immediate.
7 = 1
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