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THE MIXED PROBLEM FOR PARABOLIC 
TYPE IN Ll SPACE

Dong-Gun Park

1. Introduction

Let X2 be not necessary bounded domain RN locally 
re향ulaT of clarss C흐이 and TnriformJy of - ctass- Cw
the sense of F. E. Browder [4丄 We consider the followi끄g 
linear parabolic mixed problem：

(1.1) 初+ 心/)二项愆并)，z W 0
OVNWZ,

(1.2) t, D)u{x9 t) —0, j = l,…，m/2, x e 9i2,
0 w

(1.3) ”(z, 0) =zzo(z), zuQ
in L조(Q).

Let {Mk} be a sequence of positive numbers which has 
the properties specified later [5丄 Assuming 난lat 厶(Z) 
belongs to the class {Mk} [5] as a function of t in some 
sense, we shall prove that u(f) is also a function of t of 
the class {Mk} provided that f(t} is of the same class.

The objective of the present paper is concerned with the 
regularity in t of the solution in Defining for
each T] a linear operator Ap(t) in 乙】(Q)(丄 < /> < oo) 
by
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Z)(/&0)) = {契G W"中(<2)： Bj(z,^Z))Z£(z) = O on 3£2, 
j=L …，m/2}

{Ap(t}u) (x) = A(x9 t9 D')u(x) for u^D(Ap(t)').

We write (1.1)-(L 3) in an evolution equation, in 乙*(Q) 
of the following form；

(L4) du(£)/dz노ARC기，Q<t^T.
(1. 5) 弟(z, 0) =z命(z).

In the case 1 < < oo several papers have been already 
published concerning this problem. In C7] (see also [8], 
[9丁) H. Tanabe proved

^(d/dtr^/dt^d/dsy(d/dtyU^, s')\\
W 乙 o乙”

for some constants L°,L and all non-negative integers n, Z, 
and k9 assuming that

i) each is the generator of an analytic semigroup 
on 乙，(Q),

ii) ApCt)~1 is infinitely differentiable in t9
iii) 바resolvents (2—厶力(*))"' satisfy an estimation of 

the form

||(W)(2-A,a))-1||^K0K«Mn/|；|

for non-negative integer n and 人二二{人：0 arg^ 2n—09 
0<0<7t/2}.

In the case of />=1, in the paper [6] we have already 
constructed the evolution operator U(A s) of the above 
equation.

The main theorem of this paper is to establish a similar 
esitmation in Z2(Q)・
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We start in Section - 2 with some preliminaries and 
assumptions related to the paper. In Section 3, we study 
the case m^> N/2. Finally, in Section 4, we simply establish 
the estimate of the main result.

2. Preliminaries and assumptions

If X and Y are the Banach spaces, we denote by B(瓦 Y)- 
the set of all bounded linear operators from X to Y. The 
operator norm of A(t) is denoted by A0)召

Let WQ(Q) be the Banach space consisting of measurable 
functions defined in X2 whose distribution derivatives of 
order up to m belong to 乙*(Q). The norm of and
L，(Q) is defined by

%3 = ( S [ \Dau\dx\i/p
\ 1 히 兰彻 J Q /

respectively.
For each t U (0, T],

A.(a/,D)= S aa{x. t}Da
[끼 w從

is a strongly elliptic linear differential operator of order m 
and

B‘(W、)= S b摄3£)D气顶=1,…，m/2
181 W”2 j

is a normal set of linear differential operators on dil of an 
order less than m.

Let A{t} be an operator in 1/0), 1 < ^ < oo, defined 
by
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(2.1) D(如))=t9Z))z心)=0, 
j = l,…，m/2, x U 3£2},

for x G D(A(^)), (A(^)w) (x) = A(x, t9

Remark. Properly speaking, A(t) depends on p and we 
would normally write Ap(t) but here, for simplicity we 
will write A(t).

Let argZ =。be called the ray of minimal growth of the 
resolvent of A(t} in the sense of S. Agmon for any 
0 G (V2, 3兀/2)[9丄

(A. 1) If D)啓 is of Dirichlet type then — A(^)
far any strangh^ elliptic operator A(沒万爲]))of order m 
generates an analytic semigroup exp( —tA(/)) in 乙*(Q)：

i・ e., the호。exists 0Q W (0, tt/2) such that

p(4(/)) O S =。崩0 冬 必*2 冬 2龙一缶시 立 Co}

then (" = 0 implies 0Wp(A(£)).

(A. 2) The formal adjoint of t9D) is

愆上 Z))= Z aaf{x,f)Da^
I 히 w，侬

and the adjoint system of boundary operators {B

can be co효structed for A(x919 D) of {BJz, 爲 D)}；淫

Remark. If Az(0 defines {A\x, t9D)9 B：0z,D)0} 
replacing {A(x, /,-D), in (2. 1) then A*0) =
Az(Z)5 where A*(0 is the adjoint system of A(^) defined 
in Lp(&£).

Let {Mk\ k — Q, 1,2, be a sequence of positive numbers
satisfying the following condition [5]: there exist positive 
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numbers dQ> and d2 such that

Mj心 W d鳶M、Mk W Mk+i9 — 0,1, 2,

M* W d2?+1MjMky j,如二0,1,2,….

Here, however, all of the coefficients of t, D) a교d 

{B^{x9t9D')}f=i9 as functions of t, are assumed to belong 
to the class {Mk}.

(A. 3) The inequalities

I。/初)0心/)I W耳研g

\(d/dt)lD^ B0BrAfz

hold for every z U Q, t G (0, T], \a\ w, |/3| m3y 
|7| M m—m3t} j = l, m/2 and Z = 0, L 2, •••, there exist 
positive numbers Bo and B.

Under the above assumption we consider the following； 
there exist positive numbers KQ and K such that for every 
N U £, a꾜d Z —0,1,2, …

||(/仃(40)T)T|I拓WK。玲垃.

Putting

•4(z,"Z)+〃)= S %(有)(£)+7?)%I a I圭秫
Bj(x, t9D+y)= S 们/(z,£)(£)+?7)' for 气 

何匀，勺

The operators A\^)and are defined as follows：

芸(M)) = {zzU W"(Q)： t9D+y)u(x)=09
顶=L…，犹/2, z U纨2}

(出(言)％) (j:)=A(^9 t9 D+y)uQx) for
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and
D(A，s(i)) = {ue 05,矿(Q)： B,'(z,Z,Q + /)功3)=o, 

j — 1, •••, m/29 x e
(A，5(^)m)(j?) = t9D+V)u(x) for 化u£)(Ap)).

Then
(厶하(〃)*=厶必。)[9：].

If d〉0 is a sufficiently small, N U Z and |끼 M 8\X\1/m 
then 人 Up(4?0)) we get [9」

||(?1”(方) —— 2)~'||&<7/,乙旳 W Cq/|시,

11(4"(*) 一人)一'||月(1?,可海川)W Cd,
H(4"W)T)W(/,w5')W Cp.

므REPOSITION 2.1. There exist positive numbers G and C2 
such that for every ZU £ and Z=0,1,2,…

||(〃说)yqp)-乃T||g財，，) WCC孙么/I시,

||(a/滋)《々하0)一，i)-H|玳Ml9
H") wa)T)T| 心")W GCM

Proof. If there is no fear of confusion we simply write 
||*IL and ||- II in place of ||・||也“ and || •也 respectively. For 
f 任 Z/(Q), putting

we get
(2.2) (A(x9 t9D+y) — 1) = f(、t\
(2. 3) Bj {x, Z)+77)«(J7, ^)=0, x G 3X2,顶=1,…,m/2.

호 utfing
ul = (d/dtyu9
Al(x919 D+y) = £ (d/dt)laa(x91) (D + y)a,

lal^m
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BJ(z,Z,Q + 〃)= S (力物)％財(z,Z)(D + ?7)', 

j=l, ■■■,m/2.
And differentiatng in t both sides of (2. 2) and (2. 3) we get 

(4(z, t, Z)+w) — Z)z/(z, £) = — "'(； t, £)

Bj{x, i, Z) = — S (()包1愆撰,£)+")""(《/).

k=Q \ R }
In view of these we 흥et

(，4(z, t, Z))- 人)t、)
= (A(^, t, D) 一 t, 2사或))必愆, t}
-g( 泌(z,g),

t, Z))u*(j:, r)

一 g)( ； t,D + T*u"q,t、).

By Theorem 17. 5 of E9], we get the inequality
m
S I기＜"S/씨"。)||j 
1=0

WC{ (4(z,&£)) —4(z, z, Q 十 〃))必(£)

中-"

m 2 1
+ s I시s-幻)쎄 (Bq, Z, D) — BS t, D+7)))“W)

3 = 1 I

一g：G)B广yr,爲£)+ 戒)必。)|I

m/2

j=i
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Putting 3 冬 1, we get

||(4(z, Z,D) — A(z,£,Q+〃))z”(Z)|]
一 _ w-1 m~l

M C z 끼"L北(圳IM C L (祈시 1 '찌"Fl心)也 
i=l i=0
Hl- 1

WCZ 1 시 SF/씨 W(圳 1,, 
;=n '

jo( { )出가(Z, t,D+y)uk(t)

W C g(匕)3。引湖- S I끼"1["。)山

A-0 \K / j = o

n / 7 \ asw C 必[ )b°bfi幻_唔|#宀＞/씨时(2)||“

m/2

2 t, D)-BAx,t,D-wW{t)\\

m/2 皿 jT
冬 CZ I 치I 끼 W|"(圳 L

7=1 i=0

m/2 mj_l
wcz I치 s($1 지s/l |"0)m

7-1 i=0

CT —1
W(為含)|지아F/，x ||«W)|k

m/2
£ I 치 Sf)/綱 

7=1

Lw（£）刃-%,"+"）旳）

—祖2 Z-l / 7 \ mj
WCZ I치Wf/，“ 2 ( I Xb^M^ s I끼”‘广屮必(圳L

J = 1 為 = 0 \ K / £ 그0

m/2 Z-l/ 7\ mj
WC£ I지/a 2 ( I肱I치gF/찌时(f)IL

J = 1 ^=0 \K ) t = o

wc'己 £ I 치 sf/%"0)h
砰o\ k I i=i '
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11(民73；,&2))-」饥(3技，£)+?7))必(凿)||奸七 
7-1

w/2 m3~l
WCN L I끼"‘，r|"O)lli… 

;—1 £-0

M— 1

WCZ 끼fi = 0
m-1

W3 2 I치ww叫网0)|l 
i = 0

m/2 Z-l / 7 \S z (£ B广"(2,&D +，7)泌0)，…J
3 = 1 k = 0 \ K / 3

m/2 Z-l / 1 \ mj
WC§ S ( 匕、)玖8아虬次 2 끼"/*

(f )码3-顼/~ L I시心)/찌]必(Qlk. 

k = Q \ K J j=0

Inserting these into (2.4) we get

m

L I치"，＞/찌"。)II, 
q)

f m-l
W 이。Z I지3F/씨时(圳"

+ "：( lk )知 2 I시 씨 "(圳 ".

Replacing 5〉0 by sufficiently small number if necessary 
we get

(2.5) L I시sf/叫I必(t)|k 
i = 0

wc冒 (: )乱引次5 t I 시。f/찌"(圳 li.
A=0\ K ) i=0

Applying |]z心)]LM C||"(#)||¥” I"圳|3-W" and Young's 
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inequality to the above inequality and

(2.6) |阿(圳富+|치 I"(紀I

家嗔(£)3宙5项|心)儿+지 时啊).

Hence, (2. 5) and (2.6) are essentially equivalent.

In view of (7) there exist positive numbers C\ and C2 
such that

1"3)広+1시 11^)11M GGMzIl/ll.

By the above inequality, we obtain the conclusion of 
propositi。효.

3・ Estimates of the kernel of the derivatives of 
exp( —r^4(f))

For simplicity we consider m > N/2 and by Sobolev's- 

imbedding theorem we get

(3.1) I"시Ik心)II第叫I 她)11 技「/統

We consider that K，歐(w：)and K侦denote 바le 

kernel of (40) 一 乃-1(4(/)一〃)t and (/TR) — 2)t(4가。)一 

respectively for 2,/ze L and |끼 min시치s% |”刀“).

Lemma 3.1. There exist positive numbers and C2 such 
that for any 2, G S and Z = 0,1,2…

1(力物)成；,心:,:y"
W 双有2(以日1(사-1・)肱J 지3»%"/2心.

Proof. In view of Leibniz's formula we get
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（出 o 財 on

= S 아（出 d）T（2/沥）財（7）“T.
K = 0

In view of （3.1） and Proposition 2. 1 we get

MYH。/初）-乃 TjT 比/a”

II（a/"“（ a 电）一 z） -i九或*

gy（CiC 广垃_&|成|"刼（源以河妬顼 UWl 시）z/2"

=佰1（矿顼<京시"‘’‘-Wil

Hence,
II。/说）f（&n）—2）T|n点,舟垃顼시 n/2,，c

In view of （9） we get

IKernel of初）/가（々"（/一人广】。/说）*（4"。） —

到（/）i（4p） T）F |心,宀

|1。/位）*（厶八。）一/）-1||8以2,£8>

WZGGi A幻-k\2\N/2m TGC頌肋如冲v/5 T

= WC/CW _ WJ 시

Thus
]（〃潴）成力0：,夕:£）|

M臥k 시N/2，klR|，V/2宀

W，y2C]2C〃 （Z + 1） 垃 I 시 少 2宀 I 同 ZV/刼T.

Therefore the proof of Lemma 3.1 is completed.

Lemma 3.2. There exist positive numbers Ct and C2 such
that for any and Z=0,1, 2, ••-

I （〃位）成山（％ V£） I



168 Dong-Gun Park

WTcyc&LCZ+DM』시 N/2，"-i|UN/2”Li{e-이시'/"'"E

+ g~S I 비 LF"lj시}.

Proof.幺技(£,丁：2)=©2,50,心;，3，*). (1)

Hence, for real vector ”，we get

I ^/dtYK^x,y:t}\ = |eP3"(a/%)火;,，,(z, 3,:圳
We-"-”"/(方%饥 (사-1)MJ 시 "刼-%|"诚-i.

Inserting the minimal value of V into the right side of the 
inequality we get

|(〃滋)四,心；，3，:圳

WrCiCUZlCZ+DMJ 치 N/2，“-*|N/2”，-1 e-요 n(| 시1/气 凹1/咛广方.

In view of this and
g-Smin이 2卩/七|3/而)］广川三£기지1/七;厂顼 + 厂 히/시 1/叫广미.

P효OPOSITION 3. 3・ There exist positive numbers C& G, c 
and 0G(O, ?r/2) such that for any |argT|^^x and Z=0,1,2,…

I (d/dt)lG(x, y, tN) IM3이 (Mr*万exp(-c*처f

Proof. We get

exp (— tA (/) ) = exp (— (r/2) A(t))2
=嘉［e-u/2"(4(£)_；!)-i我嘉］厂以2尸(/心)_“)-収0

=(寿)7丄矿"〉5(腿)—乃-丫") — #)-如任

Hence

G(2,3，，W)=(嘉yLLe-SEQK/Wwa)以"z
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where 厂“户”= ｛妇arg시 =奴1치 2가 = ｛人〃=々尹, I이 그仇｝・ 

化工一食 _ y l»!/（W2-l） £p
1 g/2|"T>—5 P= "2"f —5 |r/2|

and al/m\x — y\ —et/mp.

In view of Lemma 3. 2 we get

（3.2） |（/Z），G（gy,m）]

닐 （A）1【 [ |e"2xs||（a/说）成侦辰；,3財）||
I 'ZE이 IJ rx,y,r/2j「3疽/2

11日지 10이

= （ 丄）2了2（二心2』 削N/2"，-leFU/2&F 시 Lfr-叫斗치 X

\ 2Z 丿 'J rx^y^r/2

诙 T/W/2）W“|

= f I 시 *刼-电-&«/2：巧日 ;U x
J rx,jy5r/2

（ L이 g 刼 Te*u/2）e-히‘‘'s”*F|0이].
J rx3j5T/2 J

For O<0o〈L if t is such that 丄酔지 W（1— 仇）） •으侣知 
jxCt sm（/o

assuming 2 = re±£0o（r>O） then 氏。（7/2尸；尸Re（丁/2）%cosQ）. 

Hence, there exists a positive c such that

Re（r/2U^cr\r/2\ [9],

we take “*"2 =尸1尸2尸3, where 厂i = ｛Z = ?Wo：7*a｝, 
一尸2=｛人=aK〃（）W©W2兀一仇）｝ and r3= （^ = relffo: r^a｝.

We 흥et

】、3
rN/2m-le-cr\T/2\e-Sr1/m\x-y\Jir 
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叫*-끼 f rN/2m~^e~cr{x/2[dr
J a

冬厂 (N/2m) ( (1/c) |2/끼)

And similarly for an integral along A,

J 치 N/2楸TgFeUA/2)。-히 치 I’叫:l叫衫』 
r2

WaN/2"，-ie«/기%-r，i2mz
z=27zaN72me'T72iae~eal/m'x~yi.

If x and y are positive numbers, then xy^{y/e)yex.
Hence, the integral of the same function along r2 is dom” 
inated by

2 끼2/이 (A〃2*)件*"0

Collecting these results we obtain

f L치 A「/2kl"eUA/2)e-히치1/叫广刃以치
J rx5j»5r/2

W2 尸 (N/2m) ((l/c)|2/이"2，%-*5七+

27t\2/T\N/2m(<N/2mp')N 2%2elel/”"

W {2/V/2叮(N/2m) + 2龙 (N/2me) n/2"，} |2/지 N/2，%2e，，"S”.

' |“尸/2，％-，家"/釘形国 W 广(N/2m) ((1/c)|2/t|)w/^.

疽3
加卩“2屛~1厂 W2)以M M 2끼2/지N/w(A〃2me)"2%2%

r2 一

Inserting these into (3. 2) we get

\(d/dtyG{x,y,r'.t')\
冬 2 (1/271)272C12C2,d1 (Z+1) Mz (2c-N/2mr {N/2m) + 

2n(N/2me)N/2m}z\2/r\N m X e^~s^/mf.

If e〉0 is sufficiently small then 4e〉0, and

I 尸一 p 忡/ST)
4티0_此1刀" =_ (源/”」4e)」"R人，"-1)—
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Therefore, l + l <Z[el holds and we obtain the conclusion 
of proposition.

4. The main theorem

Now, denote the kernel of (A(^) — ^)-1 by KA(a:9y：t)

Profostion 4.1. There exist positive numbers C5?C6 and
G (0? ?r/2) such that for any arg^ U (―編侃)and

2 = 0,1,2,…

|(刃初)四(“,3营)|

‘*一3屮宀『 if m < AT
WGG成0小3%-끼 x |치"宀 if m>N

I l+log+이冲/씨"一:y|)~i
if = N：

Proof. The proof of this proposition is similar to [9丄
We write (1.1)-(L 3) as an evolution equation, in 乙】(Q)：

(4.1) du(t)/dt + 0<t^T9
(4・ 2) zz(O) = uQt

Let U5) be the evolution operator of (4.1) which is a 
bounded operator valued function defined in J satisfying

dU(t9 5)/3/+ 嚮00s) =0
a U(t, s) /ds + U(Z, s) 4 (s) = 0 Gs) W A

U0 s') = I 0 W s 冬

where A = {(s,*)：0 冬 T and 3 = {(5?
The existence of such an operator is known by [6丄

Theorem. Under the assumptions stated above the 
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evoluion operator U(t9 s) of (4.1) is infinitely differentiable 
in (s孫)u』・ There exist constants LOj L such that

II( 〃物"(a/以+

W ZpZ，"烦珏(sj) e a

for n9 m9k — 091,2, •••.
According to [7] it suffices to prove the following Pro

position 4. 2. in order to establish the above Theorem.

Proposition 4. 2. There exist positive numbers 玦 and K 
such that

11 (3/9^)1 ( A (Z) — 2) -1|\bcl\lV 흐지

for Z = 0,1,2,….

Proof. In view of Proposition 4.1. we obtain

[f 1。/滋)火心2： t)f{y)dy\dx
J a J n

WCK?肱J f e-a^/n^-=>\x-y\m-N\f{y}\dydx 
J q J a

W CQ'M丄 Lq-히치'새“‘-叫“一：이TWr顷3，)4

冬 C5CelM{ [「° 厂히시5”5“-件心1如・您y)k@

=CMW, [「e-st>p^dp\2.\-l\f{y}\dy 
J a J 0

= 瓦占。仙月心/|기

where Ko = C5e^dfi and K = C6.
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