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FIXED POINT ALGEBRAS OF UHF-ALGEBRAS*

Cuane Ho Byun**, Sune Je Cuo*** anp Sa Ge Lrp***

1. Introduction

In this paper we study a C*-dynamical system (A, G, a) where A is
a UHF-algebra, G is a finite abelian group and « is a *-automorphic
action of product type of G on A. In [2], A. Kishimoto considered
the case G=2,, the cyclic group of order » and investigated a condition
in order that the fixed point algebra A® of A under the action a is
UHF. In later N.J. Munch studied extremal tracial states on A« by
employing the method of A. Kishimoto [3], where G is a finite
abelian group. Generally speaking, when G is compact (not necessarily
discrete and abelian), A« is an AF-algebra and its ideal structure was
well analysed by N. Riedel [4].

Here we obtain some conditions for A« to be UHF, where G is a

finite abelian group, which is an extension of the result of
A. Kishimoto.

2. Notations and preliminaries

Let G be a finite abelian group and K,, n€ N be matrix factors of
rank |K,|. Consider unitary representations =z, : G—K, and define the
homomorphism «a of G into the group of all *—automorphisms of A=

@K” by ag:@Adn',,(g).
Put W,»m=Q®mr;(g), n<m. Since W*™ is a unitary representation of
G into ®K;, we obtain a spectral decomposition Wg"v"':ZCy(g)Eﬂ", m
f=n rE(G

where E,»™ are projections in ®XK; and G is the character group
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of G, considering the irreducible decomposition of W=  Note that
Erm=2E\QE ™ for n<s<m by uniqueness of irreducible decom-
v: (G
position. Also note that E,» 7= |G| 13 1(g) W,n™, where |G| denotes
=G

the order of G.

We assume that @, is outer whenever g+e¢, the identity of G. Also
we may assume all £,”" to be non zero as same as in [3]. By [1,
3, 4], As={reA; a,(x) =z for all g€G} is equal to (UIA,,“)' where

A,=Q®K; and ~ denotes the norm closure. Put Ar=Eb " AEL7 for
i=1

©€G. Then A, is a matrix factor and An“:Zé@A,,”. Therefore A«
is an AF-algebra (See [17). ’
Let z be a canonical trace on the UHF-algebra A, that is

’

t=Q|K;|"1Tr, where Tr is the usual trace on the matrix algebra
=1

K. Describing the structure of the AF-algebra A¢, we must know how
A,* is partially embedded into A for p,neG. By [3, Lemma 2. 1]
its multiplicity is

(2.1) | K1 o (B,

Let B(2(G)) be the algebra of all operators on [2(G). We define a
regular representation 4 of G on I2(G) by

(2(2)8) (h) =&(h—g) for g, hEG, Ec?(G).
B denotes the UHF-algebra @B(12(G)), i. e., the infinite tensor
n=1

product of copies of B(12(G)) with type |G|=. Also we define the

action 8 of G on B such that ﬁg:éAdl(g) for all g&G.
L}

3. Main result

Lemvma. The fized point algebra BS is *—isomorphic to B.

Proof. By (2.1), we know the multiplicity of partial embedding of
B into B,**! for p, n& G as follows,
[B(2(G)) |c(Ey L) :TT(IGI”‘ZF (e—=p) (2)A(g))

= G175, u(@) P& Tr (A(e)) =1
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since Tr(A(g))=|G|d,, where §is the Kronecker's delta. Hence
the Bratteli diagram for Bf is isomorphic to that of B [1].

We give a condition for the fixed point algebra A< of a UHF-algebra
A by the product type action a of a finite abelian group G to be
UHF, which is a generalization of the result of A. Kishimoto [2].

Turorem. Let (A, G,a) be a C*~dynamical system as in section 2.
Then the followings are equivalent:
(1) A= is a UHF-algebra.
(ii) A= is *—isomorphic to A.
(ili) A is x~isomorphic to CRB for some UHl-algebra C and a is
conjugate to idQp, where id is the identity automorphism of C.
(iv) There exists an increasing sequence {ny: k=1, 2, ...} of non negative
integers such that ny=0 and
c(Enwtm) =G| for all p,0€G, all k.

Proof. By the above lemma, implications (iii)— (ii)— (i) are
obvious.

We will prove that (i) implies (iv). Since Ae:=( GIA,,“)" is a UHF-

algebra, there exist an increasing sequence {B(k) : k=1, 2,...} of

matrix factors and {m : £=1,2,...} of non negative integers such that
A Bk A, »

(see [1] 2.5). Let a} (resp. % be the multiplicity of partial

embedding of A into B(k) (resp. B(k) into AM+1). Then the

multiplicicity of partial embedding of A, into A7+ is afb,* and

3.1 afb b= 11 1Kz (Bims.

i=ng+

Now we have

Tha

Zatbt= 11 1K Zr(% 1G17 (u—p) (g) Wyt masn)

=np+1

= 11 IKHGI 5 e (Wt min) 1) Bp (o)
i=n+1 geG el

= 1L IKNGI Sr (Wont ) u(e) |G 13,
i=r+ ge

= 11 IKil.
i=n+1
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Similarly Zéajb[}: ﬁ |K;|. Hence a, (resp. 5% is independent
“e

i=ng+1

for peG (resp. p=G). We put at=a, (b, =0;) for all peCG (ueb).
Therefore we have a;p,= ﬁ IK;||G|™ i.e., z(Eu}m)=|G|1 for
i=ng+1

n—p
all , peG since of (3.1), proving (iv).
Next we suppose (iv). Then we have for all p€G, ¢(Em*Lm) =
|G|71, which implies for all g&G
(W'l men) :T(léﬁﬂ (@) Ehman) = |G| "I#ZJ:,V# (g) =0,

Hence we know the character’s identity

LI

(3.2) Tr(Worethma) =[] NKNGITr(Ay),

i=mpt

where Tr denotes the usual trace of 8@1 K; or B(2(G)). C, denotes
1

E=ni+

the matrix factor of dimension n]&[' |K;:11G|71. By (8.2) there exists a
i=n+1

#—isomorphism ¢, of n@ K;onto C;QB(?(G)) and AdW "L s1=¢; 1
=t 1

i=n,

(1d®AdA,) ¢y for all g€G where id is the identity automorphism of C,.
Put C= §9Ck, a UHF-algebra and ¢:ké¢k’ a *-isomorphism of A
=1 =1

onto CQB (identifying CQB and @(Ck®B(lz(G)))). Then we have
a,=¢ 1(1d®B,) ¢ for all g=G, which proves (iii).
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