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G-REGULAR SEMIGROUPS

Mux Gu Soun anp Ju P Kiv

0. Introduction

In this paper, we define a g-regular semigroup which is a generali-
zation of a regular semigroup. And we want to find some properties
of g-regular semigroup. G-regular semigroups contains the variety of
all regular semigroup and the variety of all periodic semigroup.

If a is an element of a semigroup S, the smallest left ideal containing
a is Sal {4}, which we may conveniently write as Sla, and which
we shall call the principal left ideal generated by «. An equivalence
relation £ on S is then defined by the rule a6 if and only if «
and b generate the same principal left ideal, i.e. if and only if Sla=
S1. Similarly, we can define the relation R.

The equivalence relation @ is Ro£ and the principal two sided ideal
generated by an element @ of S is S1.aS. We write afb if SlaS'=
S$181, i.e. if there exist z, y,u#, v in S! for which zay=8, uwbv=a. It
is immediate that Dcg.

A semigroup S is called periodic if all its elements are of finite

order. A finite semigroup is necessarily periodic semigroup. It is well
known that in a periodic semigroup, @D=4.
An element a of a semigroup § is called regular if there exists z in
S such that aza=a. The semigroup S is called regular if all its
elements are regular. The following is the property of @D-classes of
regular semigroup.

LemMma. If a is a regular element of a semigroup S, then every element
of D, is regular.

An idea of great importance in semigroup theory is that of an
inverse of an element. If 2 is an element of semigroup S, we say
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that &’ is an inverse of a if aa’a=a, a’aa’=a’. Notice that an element
with an inverse is necessarily regular. Less obviously, every regular
element has an inverse; for if aza=a we need only define &’ =zaz. An
element a may well have more than one inverse. We call a semigroup
§ is an inverse semigroup if every « in § posesses a unique inverse,
i.e. if there exists a unique element a™! such that e la=a, o laa™!
=a™. It is well known that S is an inverse semigroup if and only if
S is regular and every idempotent elements commute. A semigroup S
is right (left) simple if R=8XS(L=8XS). § is right (left) cancell-
ative if ac=bc(ca=cb) implies a=b for all a,b,¢ in S. A right simple
left cancellative semigroup is called a right group. Tt is easy that a
semigroup S is a right group if and only if it is isomorphic to a direct
product of a group and a right zero semigroup.

1. G-regular semigroups

Dermition 1.1. An element ¢ in a semigroup S is called g-regular
if there exist a nonzero x in S such that zaz=2. The semigroup § is
g-regular if all its nonzero elements are g-regular.

From definition, 0 is not g-regular for any semigroup S. If S is a
regular semigroup, then for any nonzero a of S, there exist z in S
such that aza=a. Put a=zaz, then d/aa’=a’ and &’ is nonzero. So
that every regular semigroup is g-regular. Before showing the g-
regular semigroup which is not regular, we need the following lemma.

Lemva 1.2. If a is a g-regular element of a semigroup S, then every
element of D, is also g-regular.

Proof. Let x&D,. Then (x,a)€D and so there is an element v in
S such that (z,y) R, (y,a) €L. There are «, v, w, z in S! such that
=y, yv=z, wy=a, za=y. Since a is g-regular, there exists &’ in
S such that o’aa’=a’. Hence (ua'w)z(ua’w)=udad’w=ud'w. If ud'w
=0, then wz(ua’w)y=aa’a=0. But this is a contradiction to the fact
@’ is nonzero. Hence z is a g-regular element.

If D is a D-class, then either every element of D is g-regular or
no elements is g-regular. this dichotomy does in general apply to
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J-classes.

Lemva 1.3. If a is a g-—regular element of a semigroup S, then every
element of J, is also g-regular.

Proof. Let z&J,. Then (xz,a) €J. So there are u, v in S!such that
urv=a. Since a is g-regular, a’ea=d’ for some nonzero <’ in S.
(va'u) x (va'u) =vd'ad’u=va’u. If va’u=0, then 0= (¢’uz)va’u(zva’)=
d'ad’ad’=d’. This is a contradiction. Hence every element of J, is
g-regular.

CoroLLARY 1.4. Every simple semigroup with idempotent element is g—
regular semigroup.

Above lemma 1.3 does not hold in general for regular semigroups
i.e. there exists a semigroup S in which regular elements and irregular
elements are contained in a same §-class.

ExameLe 1.5. Let {1,¢ 0} be a semigroup with identity 1, zero 0
and ee=0 and let S be the NX {1, 0, ¢} XN.
Define an operation on S by | (m, a,g—p+n) if n>>p.
(mya,n) - (p,b,q) = { (m—n-+pb,q) if n<lp.
(m, ab, q) if n=p.
Then S becomes a simple semigroup. Since S has idempotent elements,
it is a g-regular semigroup. But any elements of the @-class NX {¢}
XN is not regular. Hence S is a g-regular semigroup which is not a
regular semigroup.

In example 1.5, we find a g-regular semigroup which is not regular
and D#§. The following theorem shows that there are many g-regular
semigroups which are not regular though @—=4.

Tueorem 1.6. If S is a periodic semigroup, then S is a g-regular
semigroup.

Proof. Let a€S, m be the index of 4, be the period of a. Since
am=q™"7 for all natural number n, we can choose a natural number
i such that  divide m+i and 0<i<r—1. Now we have am*i lggn*i-1—
@', Hence § is g-regular.
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CoroLLarY 1.7. Every finite semigroup has idempotent element.

We can prove easily that every regular semigroup with unique
idempotent is a group. But a g-regular semigroup with unique
idempotent is not a group. Even a g-regular semigroup with unique
idempotent is not a monoid.

Examrie 1.8. Let S be the subsemigroup of F(i1,2,...7}) generated

by z= <%(2>’2£512%> (The notation for x is an obvious generalization of

the standard notation for permutations). We can prove easily that z
has index 4 and period 3. The kernel K, is {z*, 25 25 . And 2% is
the identity element of K, Sinec S is periodic, it is a g-regular
semigroup. Also 2% is the unique idempotent of S. But S is not a
monoid.

Lemva 1.9. If S is a g-regular semigroup without zero, them S has
unique idempotent if and only if for each a of S there exist a unique x
such that zar=rx.

Proof. “only if” Let zax=x, yay=y. Then z==zaz=yar=yay=y.

“if” If e, f are two idempotent elements of S, then there exists a
nonzero z in § such that zefr=x. But since fae(ef)fae=fre, we
have z=fze. From zefze=uxe, it follows that f=xe. So x=fre=f
and z=zefr=zef=xex. Thus we have that e=f.

If S has a zero element the above lemma 1.9 does not hold in
general.

Examere 1.10. Let S=1{0, ¢;, ¢5, ...} with the operation e;e;=0 if i+
J, eej=e; if i=j. Then § is a g-regular semigroup. If ze;z=uz, then
z=¢; and so S satisfies the condition of the if part of lemma 1.9.
But all elements of S are idempotents. :

Lemva 1.11. If g-regular semigroup S has a unique idempotent, then
it commutes with all elements of S.

Proof. If z€S, then 2’za’=2" for some nonzero 2’ in 8. Since
2z’ and #’z are idempotent, we have z2'=2'z. Thus zr’z=xx' 22"z
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=2'z(zz")r=2"zx.

TuroreM 1. 12. If S is a g-regular semigroup, then the following are
equivalent ;

1) Every idempotent is a left identity of S.

2) 8 is a right simple semigroup.

3) S is a left cancellative semigroup.

4) S is a right group.

5) The set of all idempotents of S is a right zero semigroup and S

is regular.

Proof. 1) implies 3). If ar=ay, then there is o’ in S such that
d’aa’=a’. Since a’a is idempotent and @’ar=a’ay, we have z=d’azr=
ad'ay=y. And so S is a left cancellative semigroup.

3) implies 4). For any a of §, there is o’ in S such that o’ad’ =<',
So d’ad’a=ad’a. Since S is left cancellative, ad’a=a. Thus S is a
regular semigroup. It is well known that any left cancellative regular
semigroup is right group.

4) <& 2). Since any g-regular semigroup has at least one
idempotent, S is a right group. Indeed S is a right group if and only
if S is right simple and it contains an idempotent.

2) implies 5). If e, f are idempotents of S, then eS=fS since S
is a right simple semigroup. So e=fx for some z in . From e=fr=
Hfz=fe, the set of all idempotent elements of S becomes right zero
semigroup. If a<S, then there is &’ in S such that a’aa’=a’. Since
S is a right simple semigroup, aS'=ad’S!. So a-=ad’z for some z in
S. Since d’a=d’ad’x=a"x, we have a=ad’r=ada’a. Thus S is a regular
semigroup.

5) implies 1). Let xS and e be an idempotent element of S. Then
there exists 2/ in § such that zz’z=z. So ez=ezxa’z=2a2'r=1.

From the above theorem, we have that any right simple, g-regular
semigroup is regular. But a simple g-regular semigroup is not regular
in general (example 1.5). We call a semigroup § is completely simple
if it is simple and satisfies the condition min; and ming, that is, if
every non-empty set either of /-classes or of ®R-classes possesses a
minimal member. Rees (1940) shows that every completely simple
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semigroup S is isomorphic to M [G:LJ:P], the IXJ Rees matrix
semigroup over the group G with the regular sandwitch matrix P.
Conversely, every M[G : I, J : P] is a completely simple semigroup.

Turorem 1.13. If S is a4 g-regular semigroup, then cvery minimal
right ideal of S is a completely simple semigroup.

Proof. Let M be a minimal right ideal of S and m&M. Then
there is an element m’ in S such that m'mm’ =w’. Since mm’ M, we
have mm’S=M. For any z&M, we have x=mn't, t€8. So z=mm's
=mm'z. In particular, m=mm’'m. mM and mS are both right ideals
of § we have mM=mS=M. Thus mm’=ma for some acM. Since
a&M, we have a=mm’a and so m=mm'm=mam=m?(m'a)m. So m=—
m*(m' @) m=m (m2m’ am) m’ am & m2Mm. This means that M is completely
regular [5] and so M is a union of disjoint of grours. Also we can
prove easily that M=2MmM for all meM. So M is simple. Thus M
is a completely simple semigroup [4, proposition 1.1, p. 91].

Cororrary 1. 14, If semigroup S is a right simple g-regular, then S
is completely simple.

The bicyclic semigroup S is a bisimple inverse semigroup with
idempotent ¢;(i=1,2,...) ordered by e;<les<leg<Z---. Since every
bisimple semigroup S is simple, S is simple regular semigroup. But
this semigroup § is not completely simple. Simple regular (g-regular)
semigroup need not be completely simple. Also example 1.5 shows
that § is simple g-regular but it is not a completely simple semigroup.

References

1. Clifford, A.H. and G.B. Preston, The algebraic theory of semigroups,
Amer. Math. Soc. Survey No. 7, 1961.

Clifford, A.H. and G.B. Preston, The algebraic theory of semigroups,
Vol. 1I, Math. Survey No. 7, Amer. Math. Soc., Providence, R.1., 19
6l.

3. K.R. Goodearl, Ring theory, Marcel Dekker, inc. 1967.

4. J.M. Howie, An introduction to semigroup theory, Academic Press, 1967.

5. S. Lajos, Some characterizations of completely regular semigroups, Kyung-

o

— 208 —



G-regular semigroups

pook Math. J. Vol. 19, 1979, 213-214.
6. S. Lajos, Characterization of certain classes of semigroups I, Math. seminar
notes. Vol. 7, 1979, 605-608.

Kyungpook National University
Daegu 702-701, Korea

and

Han Nam University

Daejeon 300-791, Korea

— 209 —



