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ON A CLASS OF ANALYTIC FUNCTIONS
SATISFYING Re{f’(z)} >a

Suicevostt Owa, Wancane MA anp Liguan Liv

1. Introduction

Let A be the subclass of functions of the form
(1.1) F@ =5+ Sau

which are analytic in the unit disk U= {z: |2]<1}.

A function f(z) belonging to A is said to be in the class P(a) if
and only if it satisfies

(1.2) Re{f’'(2)} >a
for some a (0=a<1) and for all z€U. It is well-known that P(a)
is the subclass of close-to—convex functions of order a.

For functions f(z) given by (1.1) and g(z) given by

(1. 3) £(2) =2+ b2,

we denote by f+g(z) the Hadamard product (or convolution) of f(z)
and g(z), that is,

(1. 4) frg(z) =2+ gzanbnz".

Let the functions f(z) and g(z) be analytic in the unit disk U.
Then the function f(2) is said to be subordinate to g(z) if there
exists a function w(z) analytic in the unit disk U, with w(0)=0
and |w(z) |<1 (z€U), such that

(1. 5) f(z)=g(w(2))
for e U. We denote this subordination by
(1.6) f(=)<g(2).

In particular, if g(z) is univalent in U, the subordination (1.6) is
equivalent to £(0)=g(0) and F(U)cg(U).

Recently, Fukui, Owa, Ogawa and Nunokawa [1] have given the
radius of starlikeness of functions f(z) belonging to the class P(a).
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In this paper, we prove some interesting properties of the class P(a).

2. Some properties of the class P(a)

In order to prove our results, we have to recall here the following
lemmas.

Lemva 1. ([2]) Let =0 and
@1 flz)= Z e _'_1)#2"*1 (z€U).
Then f(2) is convex in U.

Lemva 2. ([3],[4]) Let F(2) and G () be convex in U and
f()<F(2). Then

(2.2) [*G(2) < FxG(2).

With the aid of the above lemmas, we prove

THEOREM. If the function f(z) defined by (1.1) is in the class P(a),
then

2.3) L <9a—1-2020) jog (1),
The result is best possible.

Proof. Define the function G(z) by

X

and G(0)=0. Then, it follows that

(2. 5) G—ff)—:z ~1~—2Q;L)10g(1~z).
Noting f(z) €P(a), we see that

(2.6) f1(2) <G’ (2).
Defining the function %(z) by

__Jogl—2) & 1

2.7 k(2) = . —,§)n+1"
we have

2.8) LD b () and CE = o),

Further, #£(z) is convex and univalent in U by Lemma 1, and G’ (2)
is also convex and univalent in U. Therefore, using Lemma 2, we have
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On a class of analytic functions satisfying Re{f’(2)] >a
(2.9) Exf! (2) <bxG' (2),
that is,
210 LD GO gy 20 jopg ),
Thus we complete the proof of Theorem.

CoroLLArY 1. If the function f(z) defined by (1.1) is in the class
P(a), then

(2.11) Re{LE >0 142(1-a)log2.

Proof. Since the function k(z) defined by (2.7) is convex and
univalent in U, the function G,(z) given by

(2.12) Gy (2) =2a—1—20=D Jog (1 —2)

is also convex and univalent in U. Therefore, by the principle of the
subordination, we have

2. 13) Re {f(Tz)] inf Re (G1(2)}.

We note that G,(U) is symmetric with respect to the real axis because
all coefficients of G,(z) are real. Noting that G;(U) is convex, we
obtain

(2. 14) ]ipfl Re{G,(2)} = inf G,(2) =20—1+2(1—a)log?,
zl < —-1<z<1
which proves the assertion of Corollary 1.

CorOLLARY 2. If the function f(z) defined by (1.1) is in the class
Pla), then

(2.15) Re/fiz) > 20—1+2(1—a)log2-

The result is best possible.

Proof. Letting w=re?? with —z<larg(w) <(z, we see that

(2. 16) Re vz =Re(y/ 7 ®/2) = ﬁcosg
Z vV rlcosf| =+ [Ref{w} |-

Therefore, using this fact, we get the desired result from Corollary

1. Further, taking the function G(z) defined by
(2.17) G(z) =2G,(2) €P(a)
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for G;(z) given by (2.12), we see that the result is best possible.
Remark. It follows from Corollary 2 that
(2.18) Re,/ @g 0.6215 v T 1. 5886«

>0.621540. 3784«
for f(z) belonging to the class Pla).
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