Bull. Korean Math. Soc. 25(1988), No.2, pp.215-219

ON CERTAIN SUBCLASSES OF UNIVALENT FUNCTIONS

Nak Eun Cuo

1. Introduction

Let A(n) be the class of functions of the form
(1.1) f(z) :z+k§} at (neN=1{1,2,...}),
=n+1

which are analytic in the open unit disk U= {z: |z|<1}.

A function f(z) belonging to A(n) is said to be in the class
8*(n, a) if and only if

zf’ (2)

(1.2) I@<f@)>>m
for some a(0=<a<1) and for all zc U.

A function f(z) belonging to A(n) is said to be in the class B, (a)
if and only if

1.3) R%iﬁggﬁﬂﬁﬂ>a

for a>0 and for all z&U. (Powers in (1.3) are understood as
principal values.) The class B;(«) is the subclass of Bazilevi¢ functions
[5]. It is well known that classes of Bazilevi¢ functions belong to
the class of univalent functions.

In this paper, some estimates in relation to the real part of the

f(=)

function are given, where f(z) belong to the class S*(n, ),

%§a<1, or to the classes B,(a) for =1 and a=2.

2. Some results

We begin with the statement of the following lemma due to Miller
and Mocanu [3].

Lemva. Let ¢(u, v) be a complex valued function,
¢ D——>C, DCCXC (C is complex plane),

Received January 13, 1988.

— 216 —



Nak Eun Cho

and let wu=wuy+iuy and v=v,+ivs. Suppose that the Sfunction & (u, v)
satisfies the following conditions:
(1) @, v) is continuous in D
(i) (L0)ED and Re{p(1,0)} >0;
(iti) Rel{d(iug, v)} <0 for all (iuy, v) €D with
1= —n{l4+u?) /2.
Lot p(2) =1+ pu2+pp12*' 14 ... be regular in the open unit disk U such
that (p(2),zp’(2)) €D for all z€ U, If
Reld(p(2), 2" (2))} >0 (z€U),
then Re{p(2)} >0 (22 U).

Now we prove

Turorem 1. Let the function f (2) defined by (1.1) be in the class
S*(n, @) with 1/2<a<1. Then

f(2) n
21 Re[ L >>2(1——a)+n-
Proof. We define the function p(z) by
2.2 I8 —pi a-pse)
where
_ n
(2- 3) ﬁ»—m.

Then the function p(2) =1+ pe?+p,. 27 14... is regular in U. From
(2.2) we can express f(z) and then by differentiating we have

2.4) Fr(@) =8+ 1—5) (p(2) +2p' (2)).
Now, from (2.2) and (2.3) we conclude that

f'(z) 4 A—p)zp'(z)

2-5) 2O TN Yo

Since the function f(z) is in the class S*(n,a) if and only if

Re (z}"(g) >>a, we have

gy (A=) (2)
(2.6) Ref1 atg 2 O >0

Letting p(2) =u=u,+1u, and 2’ (2) =v=0v,+14v,, we define the function

¢(ua 11) by
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w)=1— A—=p)v
@0 d(u, v) =1—a+ A A—pn
Then ¢(u, v) is continuous in D= <C—[‘851}>XC and Re{#(1, 0)}

=1—a>0, and for all (fus, v;) €D such that 0= —n(1+u2)/2,
Re {6 (iu, v;)} :1—a+_ﬁz_§£(11_—_%’l{z;?
<1—q—BA=B)n(l+u?
_ 2{F7+ (1= )%y’

=0.
Thus the function ¢(u, v) satisfies the conditions in Lemma. This
proves that Re {p(2)} >0, or
f(z) n
Re< z >>2(1—a>+n'

This completes the proof of Theorem 1.

Remark. Letting n=1 and a=1/2, that is, for the class of starlike
functions of order 1/2, we have

Re(&>>1/2,
z
which is the well known result [1], [3].
Turorem 2. Let f(z) €A(n) and Re{f'(2)} >0. Then
f(2) n
Re(———>>n—+2—(ze ).

b4

Proof. We define the function p(z) by

Then the function p(z) is regular in U. From (2.8), we have

’ __nr 2 ’
f () —‘7H_—2+m(P(z)+zP (=),

and since Re{f’(2)} >0 (2€U), it follows that
(2.9) Re[ n +7%(p(z)+zp’(z)l>0 ().

n+2
It is easily shown that for the corresponding function
_ n 2
o) =Tt )
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the conditions (i) and (ii) of Lemma are satisfied and that

Re{¢(iu2,v1)}: z + 2

nt2 | at2
<_n n(1-+uy?)
= ni+2 (n+2)
<0,

for all (éuy, v1) with v;< —n(14+u,2)/2. Therefore, applying Lemma,
we have that Re{p(z)} >0, that is, that

Re (i@>>ﬁ§ (zcU).

b4
TuEoREM 3. Let the function f(z) defined by (1.1) be in the class

B(2). Then
Re < S (z)

z >— n+2 (zEU).

Proof. If we take the change as in (2.8), and follow the simlar
way as in the proof of Theorem 2, we have

f(z)f (z) _ 2 n ’
(2.10) e +2)2 2p(2) +m) ) ——sy © +2)2 (2p(2) +m)zp/ (2).

Since Re (M>>O (z€U), that is, from (2.10),

(2.11) Re{ (2p(2) +m)24—2

©2p(2) +n)zp/ <z>} >0
(z=U).

(n+2)% (n+2)? +2)2

If we consider the function

_ 1
Pl o) = oy )7 +2)2
then it is directly checked that ¢(x, v) satisfies the conditions (i) and

(i) of Lemma, and for all (up, v;) such that v;=< —n(14u2)/2, we
have

Qu+n)24+—2——(2u+n)v,

Re {6 (iu, v,)} = c +2)2( du?+n?) +—— e _12_”2)21),
_ n*(1+u?)
(n+2)2 ————5 (—4us?+n?) __(71__’_—_2_)2_2_

=0.
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Therefore, from Lemma, we have that Re {p(z)} >0 (:€U), which
implies, bescause of (2.8),

Re<ﬁfl->> n—7|2-2 =€0).
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