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A GENERALIZATION OF MULTIVALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS II

M. K. Aour*

1. Introduction

Let S, denote the class of functions of the form f(z):zi’—}—jjla,,ﬂ,

z"*? which are analytic and p-valent in the unit disc U= {z : |2]<1}.
For —1<A<B<1, 0<{B<1 and 0<a<(p, let P(p, A, B,a) be the

class of those functions f(z) of S, for which i:—(”i is subordinate to

31
p+[pB+ (lA_;BIi) (p——a)]z. In other words f(2) P(p, A, B, @) if and

only if there exists a function w(z) regular in U and satisfying w(0)
=0, |w(2)|<1 for z€ U, such that

f1(=) _ pt[pB+(A—B) (p—a)Jw(z)

zp1 1+ Bw(z)
Above condition is equivalent to
frz)
Tl P

<1, =z€U. (1.1

Bf %) _[pB+(A4—B) (p—a)]

Let T, denote the subclass of S, consisting of functions analytic
and p-valent which can be expressed in the form

F@ =205 a2,
We denote by P*(p, A, B,a) the class obtained by taking intersection

of the class P(p, A, B, a) with T),.
The subclasses T,*(4, B,a) and Cy(A,B,a) of T, obtalned by

replacing f p( 1) with 2f ((j) and {1+ ?f,(()) } respectively in (1. 1)
have been studied by the author [1].
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In the present paper, we obtain sharp results concerning coefficient
estimates, distortion theorem and radius of convexity for the class
P*(p, A,B,a). It is further shown that the class P*(p, A, B,a) 1is
closed under “arithmetic mean” and “convex linear combinations”.

We also obtain class preserving integral operators of the form

P =2 [*et fyar, o>y

for the class P*(p, A, B, a). Conversely when F(z) € P*(p, A, B a),
radius of p-valence of f(z) has been determined. Also we obtain
distortion theorem for the fractional integral,

2. Coefficient estimates

THEOREM 1. A function f(z):zi’~—§lla,,+,|z"“’ is in P*(p, A, B,a)
if and only if
L042) (14+B) la | < (B—4) (p—-a).
The result is sharp.

Proof. Let |z|=1. Then
Lf7(2) —p2?72| — | Bf’ (2) — [ pB+ (A—B) (p—a) J2#71|

=| =B 0+2) lanpl 1| = | (B—2) (p-ayeri—
B3 (14) | apey| 270

< i(""ﬂ’) (1+B) |ax | —(B—A) (p—a) <0, by hypothesis.

Hence by the maximum modulus theorem, f2)eP*(p, A, B, a).

Conversely, suppose that
’ S (2) —pzt! ‘
Bf'(2) ~[pB+ (A—B) (p—a) Jz*"!

— 2 (14) | ayy | 21 |
(B=4) (p=a)2#"1~BX (1+5) |ay,p|2r27)

Since |Re(z) | <|z| for all z, we have

<1, z€U.
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I i: (n+p) |apiplzmte? ]
Re n=1 _ <1. (2. 1)
l (B—A) (P—Ol)zf’"l-—B";l (n+p) lan+plz"+‘°_l I

Choose values of z on the real axis so that f/(z)/2#7! is real. Upon

clearing the denominator in (2.1) and letting 2 —> 1 through real
values, we have

’i:l(n‘f"P) (1+B) [a”+1,| < (B—A) (p—a).
This completes the proof of the theorem.
The function

i BDGD) y (
SO="marn ~ " @D

is an extremal function.

3. Distortion theorem

TuaeoreMm 2. If f(z) €P*(p, A, B,a), then
rb— (B—A)(p—a) rP | F(2) | <rp+ (B—A)(p—a) r#*1(| 2| =7),

1+p (Q+B) (1+p)(1+B)
(3.1)
and
pro1 (B“(*l‘li%”)““) r?<|f (2) | <prt7l+ (B_(‘fjr(é’)_“) r?(|z| =r).
(3.2

The estimates are sharp.

Proof. From Theorem 1, we have

(142) (1+B) £ |ansp) < Z (1) (14B) |aup| < (B—4) (p—a),
This implies that

M

(B—4A)(p—a)
el < A+p) AFB)

n

Hence
£ @< 1812+ Bl anpl 12172 <rp (475 | aaep])

(B—A) (p—a) .
St arpars
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and
£ 1 1212~ B lans | 217237207 3 aye 1)

>rp— (B—A) (p—a) rp+L

1+ Q+B)
Thus (3.1) follows.
Also
[f7 (=) ] <P|zl”—l+'§](n+1’) |@nipl 2] 271
<P (e 5 (n8) i)
1y (B=A)(p—a)

<primtp S s,

Similarly

L7 (2) | >P|z|""‘~"§(n+p) lans o] |77

>r1’—l(p—7‘§l(ﬂ+‘b) ‘an+1>{)

p—1__ (B—A)(p—a) »
| = pr a5 re,
This completes the proof of the theorem.

The bounds are sharp since the equalities are attained for the function

_ (B=A)(p—a) _
—eP— ? -z
fl2)== SEDIE:) 2 (z==4r).
CoroLLARY 1. Let f(2) EP*(p, A, B,a). Then the disc |=]<1 is
mapped onto a domain that contains the disc
<1t B+p(1+A)+a(B—A)
(1+p) A+B)
The result is sharp for the extremal function
_ (B—A) (p—a) .
—ab— 1
O =——ryars ="
Proof follows upon letting » —— 1 in left hand side of (3. 1).

lw]

4. Integral operators

Tueorem 3. Let ¢ be a real number such that ¢>—p. If fl®e
P*(p, A, B,ar), then the function F(z) defined by
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F(2) :p—j:—ﬁ[; £ (8 dt (4.1)
also belongs to P*(p, A, B, a).

Proof. Let

o0

f(2) =z1’—§1|an+plz"“-

Then from the representation of F(z), it follows that

F() =20 3 by pl 72,

where
[6nipl :%lanw!-
Therefore
5 —y N p+e
;I (n+9) (14 B) | by 5l -—;1(7z+1’) a l—B)w(n—}--p—l—c) | @y p!

<Z () (1+B) oy,

S(B—A)(p—a),
since f(2) €P*(p, A, B,a). Hence, by Theorem 1,
F(z)eP*(p, A, B, ).

TueEOREM 4. Let ¢ be a real number, ¢>—p. If F(z)EP*(p, A, B,
@), then the function f(z) defined in (4.1) is p-valent for |z|<<R%,

where ]
%t pte . (1+B)p n
RP“I};? [(n-hi)%—c) (B—A) (p—a) J

.

The result is sharp.

Proof. Let
F(z)=2t— f}l {@nip| 272,
It follows then from (4.1) that
. zl--c d .
flx)= o Zfz—(z F(z))

=z —“’ M) ontp
= — 35 P2 ) lapsplme

To prove the result it sufficies to show that
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L& —p|<p for lsi<rs

2?71
Now
L[ =] 5 ) (22222 g
<Zotn) (222 ) ja,, 1121
Thus
L2 —pl<p i
pHEE (%i—“ci) e pl 12]7< p. (4.2)

But Theorem 1 confirms that

s (n+p)(1+B)p

= (B"‘A) ([)““Of) Ianhbl gp'
Thus (4.2) will be satisfied if

(n+p) (”j;j:%) lanipl 127 < EnB%»pA)(%jBié,

Ian+p|a n:]»s 2; o

or if

pic (1+B)p ]% (4. 3)
=l <[(n+p+c> (B—A)(p—a) J -
The required result follows now from (4. 3.

The result is sharp for the function

 ntpte) (B—A) (p—a)
I = S Groaen =

5. Radius of convexity for the class P*(p, 4, B, a)

THEOREM 5. If f(2) €P*(p, A, B,a), then f(2) is p-valently convex in
the disc

(1+B)p? .
|| <Ry=inf| T o [ =128

The result is sharp.

Proof. To prove the theorem it is sufficient to show that

()

<p for |z|<R,.

We have
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ST\ || IR laryler
|<1+ FUOR ) P‘ f’_i(n+P)la,,Lp|z"

zmwwn%ﬂua"
p 5 (40) lanspl Izl

Thus
2f"(2) \ _ .
‘(1+ f,()) p'gp if
Zn(n+1>) [anipl 2™
<s
P—E(”+P)Ian+p||z,"
or

n=1

H(2EL) gyl 1217 <1
But from Theorem 1, we obtain
(nt+p) 1+ B)
S (B-A) (p—a) |nipl S1.
Hence f(z) is p-valently convex if

ntp 2 (2t+p) (1+B)
< 2207 S B=A) (p—a)

or

(1+B) 2 R
<l | TR

This completes the proof of the theorem.

The result is sharp for the function

F(2) =gb— (B—A) (p—a) ot
(1+B) (n+p)

6. Closure theorems
Trgormw 6. If f(2)=2P— 3 lan p|e™* and g(x)=2#—3|baspler*?
n=1

are in P*(p, A, B, @), then the function h(z)—-zi’—-—z |@asptbarpls™t?
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is also in P*(p, A, B, a).

Proof. Since f(z) and g(z) are in P*(p, A, B,«).
Therefore we have

L t2) (14 B) lan ] < (B—4) (p—a)
and
L t2) 14+ B) by < (B—4) (p--00).
From (6.1) and (6.2) we obtain
52, 8) (14 B) a1 p+byp| < (B—4) (p—a).
This completes the proof of the theorem.

THEOREM 7. Let f,-(z):zP—% |8 n5p| 2% be in the classes
nz]
P*(p, A, B,a;) for each i=1,2,3...,m. Then the function
h(@) =2p=L 550,00y o
M n=1\i=1
is in the class P*(p, A, B, a), where a=Min{a,}.

1<ism

Proof. Since f;(z) €P*(p, A, B,a;) for each i=1,2, ..., m,
we have
% (14-2) (14 B) lazpep| < (B=4) (p—at)

by Theorem 1. Hence we obtain

PHCERES PN

LB+ 1ains!]
1 [ (B=A)(p—ay)
Zg{ (1+B) }
< (B=A4) (p—a)
ST+
(B—A)(p—a') _ (B—A)(p—a")
because a+B = AR
Thus we get

Z0+9 +B) (L B lanl) <B-8) 0

A

for o’ <o,
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which shows that (z) €P*(p, A, B, a).

B___ —
TueorEM 8. Let f,(2) =2, Snip(2) =2t— ((l-l—g; Ef-i-g)) 2"t p=1,

2,3, ... Then f(2) €P*(p, A, B,a) if and only if it can be expressed
in the form f(z):f]l,,Jrme_P(z) where A, 5>=0 and il”+p=1.
n=0 n=

Proof. Suppose f(x)=5iAusp furs(2)

—up_ s (B=A)(p—a)
=L AT B (k)

-+
n+ﬁzn ?,

Then

g[ (1+B) (n+p) 4 (B—A)(p—a)]

(B—=A)(p—a) "™'? (1+B) (n+p)

:gln-q.;):l“‘/-{pgl.

Hence by Theorem 1, f(z) €P*(p, A, B, a).
Conversely, suppose that f(z) €P*(p, A, B, ). Since

(B—A)(p—a) _
AFB) (nFp) (n=1,2,3,...),

n=1

|an+p}<

we may set

i e (L+B) (1)
"B (p—a)

lanipl (n=1,2,3,...)
and
Ap=1= Sy,
Then
OEDWIWANGE
This completes the proof of the theorem.

REMARKS.

(1) Putting @=0 in the above theorems we get the results obtained
by Shukla and Dashrath [4].

(2) Putting p=1 and taking A=—3, B=§,0<8<1 in the above
theorems we get the results obtained by Gupta and Jain [2].
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7. Fractional integral

In 1978, Owa [3] gave the following definition for the fractional
integral.

Dermvarion 1. The fractional integral of order £ is defined by
- _ 1 = f©dL
D,* =
@) I'(R) Jo (z—0)17°%
where £>0, f(z) is an analytic function in a simply connected region
of the z-plane containing the origin and the multiplicity of (z—{)#!
is removed by requiring log (z—{) to be real when (z—2)>0.

TueOREM 9. Let a function f(2)=20—3|a,,|2"*? be in the class
n=1

P*(p, A, B,a). Then we have

- I'A+p) a1 . (B-4)(p—a)
D7 (=) = Tatsrn k{l 1+p+ I+ B) 'z']
and
_ I'(1+p) + 1 (B—A (-
1D () 1 < Farprn 2! k{H T+ptk (1+B) 'z||

for 0<k<{1 and == U. The result is sharp.

Proof. Let

F) =LGELED mp 4y )

oy 2L (atp+ DI A+ p+ k) | iy
= LT s 1A T (1+p) | @nerl2

=op— TAM) [ay sl 2,

where
_T(atp+ DI (L+p+R)
A = o s T DI (1 p) (=>1).
Since
. 1+p

we have, with the help of Theorem 1,
|F(2) |2 11t~ AQ) |21 5 | gy
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1+p (B—A) (p—a)

T Carhare 1T
1 (B—A) (P"“) +
S e iy gy e Ll
and
F ) <1210+ AW 120725 gy
1 (B—4) (p—a) +

which prove the inequalities of Theorem 9. Further, equalities are
attained for the function

_ _ I'Q+p) w1 . (B-A) (p—~a)
D@ =157 8 z”{l . CEY) z}

or

o (B=AGa) .
fz) =2t EDET

CoroLLARY 2. Under the hypotheses of Theorem 9, D, *f(2) is included
in the disc with center at the origin and radius

I'A+p+4k) 1+p+k 1+B) )
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