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CERTAIN CLASSES OF UNIVALENT
FUNCTIONS WITH NEGATIVE
COEFFICIENTS

Sang Keun Lee

In this paper, we define new classes S*q@,By) and C*afBy) of
7, the class of analytic and univalent functions with negative coefficients.
We have sharp results concerning coefficients, distortion of functions
belonging to these classes along with a representation formular for
the function in S*e.8,y) and C*epB 7). Furthermore, we improve the
results of Libera for the class of starlike functions having negative
coefficients.

1. Introduction.
Tet S denote the class of functions of the form
(11) f)=z+ §2 2y 2°
”=

which analytic and univalent in the umit disk U={z:@ |z| <i}. A
function f{z) in the class § is said to be starlike of order S(0<§
<I), denoted by flz)ES(S), if Re {gf@fat>6 (121 <D and it is
said to be convex of order &, denoted by f&C(8), if Re {1 + 22 (2} >8
(lzl <.

Let S(aB» denote the class of the functions defined by (L1)
that are analytic in the unit disk U and
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| fEfe-1 |
a2 e ra—ae (21 <D

for some a(0<a<1), B0<BLD, HO<y<D).

We note that S(a,8y) is a subclass of S({) and also a subclass of
S.

Furthermore, f{z)€ C(a,B,y) if and only if 2°(z)€ S(a,B,7). In particular,
the classes S(Z,8,0) and S(0,1,0) are studied Padamanabhan [9] and
Singh [11, 12], respectively.

Let T denote the class of functions which are analytic and univaient
in U with the form

(1:3) fe)=z2— gz [ag | 2™
We denote that
SYO=SOUT, SHaBN=S(aBPNT and C¥apfN=ClafNNT.

In particular S*(1,B8 and CX187 (0<B8<1 05y<1/2) are stu-
died by Gupta and Jain [2], Juneja and Mogra [4]. Also Silverman
(103 determined the coefficient inequalities, distortion and covering
theorems for the classes S*(0,1,8=S5*().

In this paper, the sharp resuits concerning coefficients and distortion
theorems for the classes S*e,By) and C*afBy) are determined.

Furthermore we improve the results of Libera for the class of
starlke functions having negative coefficients. It is shown that the
class S*(o,By) is closed under “convex linear combination”.

2. Coefficients theorems

Theorem 2.1. The function f{z) defined by (1.3} is in the class
S*afy) if and only if
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@D I {n—D+Hant1—p e Spati-y)
The result is sharp.
Proof. Let |z| =1. Then we have
|- —Bl ef@+(1—1f2 |
= | ”giz(n-*l} lay)2® | =B (a+1—pk
—Ez(mﬂ—y)lanlznl
<1 Em—D+Han+ti=p)la,| 2| —A+1—piz]
< 2 {o—)+Han+1-p} 6, | —Hat1~p)
<o.

Hence, by the maximum modulus theorem, f is in the class S¥af8,7).
For the converse, assume that

' (2)/fiz)—1
@2) F DA

E 1)t

= - <B.
| (a+1—);)z—”§2 (anti—ypla, 2|

From (22), we have

Em-Dla 2
@3)  Ref = <p.
(a+1—y)z—“§2 (am—I-pla,l2
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Choose values of z on the real axis so that zf(z)/{z) is real. Upon

clearing the denominator in (2.3) and letting z—1 through real
values, we obtain

”éz m—11a,| <Bl(at+1—pz— >°=:°2 (an+1—y)—a, | }.

This completes the proof of the theorem.
Finally, the function

e _Bl—yta
e STy =

is an extremal function.

Corollary 2.2, If the function f{z} defined by (1.3) belongs to
the ciass S*a,B7), then

| < Blgt+1—7y)
T ety

Corollary 2.3. [8, 10] If the function f(z) defined by (L3) belongs
to the class S%$), then

(25) | ay m=23...).

(2.6) lag i Si_Ti n=23...).

Proof. We note that S*&)=S*0L16).

The following theorem 24 imediately follows by appealing to theorem
2.1.

Theorem 2.4. The function f{z) defined by (1.3) is in the class
C*e,By) if and only if

Q@7 gz nitn—D+fan+1—ptl a, | <Blati—v).
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Corollary 2.5. If the function f{z} defined by (13) belongs to
the class C*(a,f7), then

Blati—y)
2.8 {a, | sn[(n—l)'%ﬁ(m-%l*—ﬂ

3. Distortion Theorems

n=23...)

Theorem 3.1. K the function f{z) defined by (1.3) belongs to the
class S¥(@,B,), then for [z| =7

3.1 refetlTy o | fiz) |

I+p82atl—y)
< r+§(a+1'y) ,2
=1+ fCat1-9 "
and
I-28+1—y)
(32) T azati—g TS @)

< 1+280+1-y
~ 1V Zat1—v

The equalities are attained for the functions

—,__Peti—p
&= 2= [ et 2

Proof. From (2.1), we note that

G3)  Itp2atl—p I lanl <fati-y.
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This gives us

= < Batl—y
Y Elal < erip
Therefore

G5  @I<lzl + £ lal (21

_Plati—g
Srt 1+pCati—7) v

and

1 2 1z1 = £ la,l 1zt

__Mati=p

=TT Bat1i-p

\Y

Thus (3.1) follows. Furthermore, by Theorem (2.1) we have

o 2Ba+1-7
: <
GO Enlea <7igzri~p

Hence
BN 1f@) <1+ Zalal |21
<I+r %nianl

2latI—y

<Ii+
=t T peari=p

and
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3.8) lr@ | 21— Eznla,,llzl“

21— }inlani

1+m2ﬂ+1 }’)

Using same technique as in the proof of Theorem 3.1, we obtain
the followings from Theorem 22.

Theorem 3.2. If the function f{z) defined by (13) is in the class
C*(a,8,7), then then for |z! =r

atl— y
(39) " 2@ati- '2— )|

<+M

=" 2zati—-7)
and
+ ——
(3.10) 1—%}1—“’;4 | £tz |
+1—
<gp_atlzy
=1 2a+}*—yr

The equalities are ettained for the functions

SN 4. bt
GI) =2 et -y

From Theorem 3.1 and Theorem 32, we get the Corollary 3.3.
and Corollary 34.
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Corollary 3.3. If the function f{z) is in the class S*(a,87), then
the disk |z! «<I is mapped onto a domain that containes the disk
lwl <(I+af/{1+pCat1—v)! under f The resuit is sharp with

—.__Bl-a
(3.12) flz)=z T+63-20) 2

Corollary 3.4, Of the function f{z) is in the class C*a,87), then
the |z| <I is mapped onte a domain that contains the disk | w | <@
at+1—p/2(2a+1—v) under f. The result is sharp with the exremal
function

—,__atl—y
(3.13) f&=2= 5o ﬂ_y)zz

4. Extreme points for S%a8y) and C*af8.).

In view of Theorem 2.1, the class S*aB8,7) and C*e,B,y) is closed
under convex linear combinations.

In [1], Brickman, MacGregor and Wilkin found the extrem points
of a closed convex hull for convex, starlike, close-to-convex, and typically
real functions. Since then, the extreme points for many additional
classes have been determined. We shall now determine the extreme
points of S*(a.B.y).

Theorem 4.1, Let flz}=z and

=y Batl~y =
@y p@=am e (23

Then f{z} is in the class S*o,f8y) if and only if

42 fD=E nh)
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where t, 20 and b9 =1

n=2

Proof. Suppose f(z)= ’;-2'2 % fol?)

T M =) Bt 1)
Then
- Bat1-y) (n=1)+flon+1—y
43 Dt Rantl—7) Ha+1~p

= gz =T«
Thus f{z}) is in the class S%(a,87).

Conversely, suppose f{z) is in the class S*%afy). Since

Blat1—7)
< —_—
6O el So—per T (1725,
we may set
— )+ Han+1~
45 = ﬁ(ﬁ‘”;_ 5 o6, m=23...)
and
e  n=1- % %,

Then f))= T/l

Corollary 4.2. The extreme points of S%(e,8) are the functions
fo@n=23,...), defined in Theorem 4.1
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Corollary 4.3. Let fi(z)=z and

(4.6) 24(2)=z Aln— U+ Kan+ -] = m=23...)

Then f(z) is in the class C*a,By) if and only if

@D D= E whi)

«©

where 1,20 and X t,=L

n=1

The extreme points of C*afBy) are the above functions fi(2).
5. Integral Operators

In [5], Libera consider an integral operator and Livingston [6],
Kumer and Shukla [7] investigate the integral operator. In [3], Bernardi
consider the generalized integral operator, and investigate the interesting
results. The following theorems are the results for the generalized
integral operator.

In order to prove our theorems in this chaper, we have to recall
here the following results due to Silverman [10], McCarty [8].

Lemma 5.1. If a function f{z) defined by (1.3) belongs to the
class S*§), if and oly if

6.1 E {n—8/1—8) oy | <1
for some HO0<b<I).
Theorem 5.2. Let ¢ be a real number such that c>—1 I a

function f{z) defined by (1L3) belongs to the class S*a,8,y), then
the function defined by
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62 Fo=TL [ i a
also belong to S*(a.B,p.

Proof. From the representation or F(z), we have

NI n_, . o ctl
(53) F@=z ”Ezlbniz z ”Ez C_i_”lanlz".

Hence
GO EL—D+Kant1=9] | b, |
- _ ahctl
= Zln—Dtpent1-pl-lal.
< E {mt )+ Hant1-pt g,
<Blati—y),
Since f(z)&S*(a,B,7). By Theorem 1.1, F(z) belongs to the class S*(a,5,9).
Corollary 5.3. Let ¢ be a real number such that ¢>—1. If a
function f(z) defined by (1.3) belongs to the class C*(a,87), then
the function defined by (5.2) also belongs to C*apB7).
Theorem 5.4. If a function f{z) defined by (13) belongs to the
class S*(e,B8,7), then the function F(z) defined by (5.2) belongs to

the class S*(85), where

(c+2){1+ p2at 11—y} —28c+ )(at1—7)
(e+2){1+p2a+1—y))—Bec+atl—7)

(55) 6= <1

Proof. From Theorem 2.1, we note that
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© (n—1)+Bon+1—y)
SO R S e s

Jta, 1 <1

From Lemma 5.1, if F(z)ES8%), then

.7) fi: 278 \p | <1

=2 I—8
The above inequality (5.7) is true if

(m—D+Haent+i1—y
Batl—y

68 255,11 < | ay |

for each m=1, 2,....), which is equivalent to

ctn)in— D+ Kant1-pi—nflctatI—y)
etn)itn—1)+fanti—pi—pet(ati—y)

(5.9) &<

=6n'

It is easy to verify that §, is an increasing function of n. Therefore
5= _ifzf 6,=8;. From this fact, we obtain

6.10) o= LT A2at+1—p)—2pct Y(at1—y)
' (ct2)1+pRa+1— Y- fet Nat1—Y)

The following corollary is the result of Libera [5 Theorem 11
for the class of starlike funtions having negative coefficients.

Corollary 5.5. If a function f(z) defined by (1.3) belongs to the
class S¥{()=S* then the function F(z) defined by (56.2) belongs to
the class S*1/2). The result is sharp. The converse need not be
true.
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Theorem 5.6. If a function f{z} defined by (1.3) belons to the
class C*aBy), then the function F(z) defined by (52) belongs to
the class S*(8), where

20c 21+ fat 11—y}~ 28+ 1)(at1—7)
2c+2){1+ f2at 1—-N}— e+ Dlat1—y)

(5.11) 6=

Theorem 5.7. Let F(z)=z— gz | an | 2% If Fz) is in the
class S*afy). then the function f{z}) defined by (5.2) belongs to
the class S%8) in |z} <83 aBy), where

1
‘ 1= o m—DtHanti—y
"85 af= infl-—o— Kati—y

The result is sharp.

Proof. Since Fz)=z— % |a,|2" it follows from (6.1) that

612) fly=z— ¥ ”;1
n=2

a2

In orther to establish the required result, it suffices to show
that

513 7@ _,

o) Y <o

in |lzi <85 app. Now

n=2 2

5.14 #@ _,
G.14) )
l z— EM gl 2®
— n=2 2 _-1
‘ z— §”+1 [a, | 2*
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- gBZDOTD gy e
=2 2

1— zatl @yl [z}

n=2 2
T2l yg 1 210
< n=2 2
- —_ mﬂ n—1
1 ”Ez 7 fanlzll
<I—8

provided

GI5) =8 mti 1
R las | 121271«

But, for F(z)€S*(a,fy), Theorem 2.1 ensures that

G1e s DTHmtizy

<
r=2 ﬁ(a-f-l—ﬁ 1

Hence, the inequality (5.15) helds if

28 ntl a1 _(mtD¥Henti—y)
6.17) =% lz ]2 1< Hati—y)

for each n=2, 3,..., or if

2 (n—D+Kant1—pim

1

1-6
G izl <=5 25 fa+i—7

for each n=2, 3,... Hence, flz}eS*®) in |z | <76 afy). Sharpoess
follows if we take the function F(z) given by
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619) Fpj=z— — e I7Y 2 n=2 3,...

(n—1)+flantl1—y

o«

Corollary 5.8. Let F(z)=z— X |a,12z" If Fz} is in the classC*(aq,

5=2

By). then the function f{z) defined by (5.2) belongs to the class
S8 mm lz!| <85 aBy), where

nS i afy)= inf {

1
1-8§ n_ alm—D+Renti—pl o
n—§ ntili Blatl—7y :

The result is sharp.

=

10.
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