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TOTAL ABSOLUTE CURVATURE OF ORDER
k OF IMMERSED SURFACES IN E®

Yong-Soo Pyo

1. Introduction.

S.S.Chern and RXKLashof ([4]) studied the total absolute curvature
of immersed manifolds in a higher Euclidean space firstly through
the Lipschitadilling curvature, and NHXKuiper ((5]) who- studiedthis
area was contemporary with them.

Later, many mathematicians studied for the total absolute curvature
(or total mean curvature) of immersed manifolds (B.Y.Chen, T.J.Willmore,
KYano and Y.T.Shin etc).

Let M be an immersed surface in a Euclidean m-space E®. For
a unit normal vector ¢ at p in M, the ith mean curvatures K{pe)
(i=12) of the immersion at (pe} are defined by

Kipe)=3Tk(pe)+ kel

and

chb,e) = kl@fe) * kz(p'e) ’

where kipe) (i=12) are the eigenvalues (ie, principal curvatures)
of the second fundamental form at (pe) (see [1I]). And the total
absolute curvatures TA(k) of order k of M are defined by
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TAW= [, { K(pe) | 'dondv, i=12,

where B is the unit normal bundle of M and doa dv is the volume
element of B. We can easily know that TA(1) is the total absolute
curvature of M.

In this paper, we shall study some properties of the total absclute
curvatures TA (k) and TA\(k) of order k for some special immersed
surfaces E*.

2. Flat surfaces in E™

Let M be ar mmmerced surface in 2 Enchidesn space E® of dimension
m. We choose a local field of orthonormal frames ee,&,",& in E®
such that, restricted to M, the vectore eye; are tangent to M (and,conse-
quently, the remaining vectors &£ are normal to M).

In this paper, we shall make use the following convention on the
ranges of indices ;

ILijlkl <2, 3<rs " Sm
unless otherwise ststed.

In terms of canonical forms ® and the connection forms o, the
structure equations on the surface M are given as follows

do= Zmu,‘o)’, o8 + mjl=0,

= =1
do,u =200, + ﬂq, Qﬂ—z Equl O .0,
where £ (resp. R_) denotes the curvature form (resp. curvature tensor)
on the surface M. Since @, =0 by Cartan’s lemma, we may

write
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r r T
w =Zhe, h=h.
i¥ LERS i »n

Then the Gauss curvature G and the mean curvature o are given
respectively by

Gzlz(huhzz_hmhlz)'
2 ¢ LY
a=3[Zth, +h, YT
Furthermore, we can choose normal vectors €36, ""¢m at p in M

satisfying the following two equations ([6], [101):

P 1 S r o, T

Kﬁp,e)::‘-é-gs(‘nu-rhzz) cosf,
5

Kbe)= A (p) cos8, AZA2N,

for any unit normal vector e=ZcosBe at p, where A (p) is the
determinant of (h )

Remark. In [6], Pyo has proved that A, <0, and a compact sur-
face M is homeomorphic to a 2-sphere if A,=0.

In this chapter, we shall take a local field of orthonormal frames
e,e, e satisfying the above equations.

Let M be a compact flat surface in E", ig G=x tA,+A,=0. For
a unit normal vector ¢=ZcosBe_at p in M, the second mean curvature
K, (p.e) is given by

K (b.¢)= A (p)cos’8, + A (p)cos’d, A P)cos’d,
= A (P)(cos8,—cos’8,) + A (p)(cos™®, — c0s™8,).

Therefore, for a positive even integer k, we have
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Jaws | Kz(p,e) | *do

utvrtg!
= Z[’ ! s! ] I(P) A‘a@) Isma‘i -(T):ér:;? cosare COSZ“ﬂ'e COSz"e dc

for nonnegative integers rstuyv and w such that r+s—k, t+u=r
and vtw=s, If we put

Z(DM w! Cottutviti+n B +2i+1  2ut2vi2i+1

l.u*V,W 1) Cog vt ptl ’ : ’

where il are nomnegative integers such that i+i<w, C_ is the vo-
tumre of unit n-sphere [, and B is the Beta function (see [81[10]),

thea we have
T4,00=[, [+ | K,(0,0) | *doldy

_2Cnak-3 GV AR .
- Co+3 Z I"S' Zt'u!v!w! Tt.u+v.w fMA“L@)?'B(p)dV‘

Hence we have the following theorem.

Theorem 2.1. Let M be a compact flat surface in E® and k
a positive even interger. Then the second total absolute curvature

2Cq+2k~-3

OV
Cok+3 Z

tlulvlw!? Tr,u+v,w IM)H@ ﬁu?‘u(f’)ﬁwdv

for nonnegative integers tu,v and w such that t+u+tv+w=k

T4,0)=

And also, we can prove the following theorem because A=A,
for a flat surface.

Theorem 2.2. Let M be a compact flat surface in E® and let
k be a positive even integer. Then we have
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m+2k 3 {- 1)s+u k' r+s t+u
1A (k)_ Cot rtstttul r(s+JM A(p) PALp) " dv

for nonnegative integers rst and u such that r+st+ttu=k

Corollary 2.3. Let M be a compact flat surface in E® with A,=0
and k a positive even integer. Then we have

Cm g
TAZ(k) +2k—3 Z i}):k" (Zrzl 2st l) J‘M}“(p)xdv

where r and s are nonnegative integers such that rt+s=k.

3. Pseudo-umbilical surfaces in E*

Let M be a pseudo-umbilical surface in a Euclidean m-space E".
Then we can choose a local field of orthonormal frames e,e,&, &,
defined along M such that ¢, e, are tangent, 233,"',&. are normal
to M and the i-th mean curvatures (i=1,2) are given by

1 T T
K e)=521h +h,) cosh,
K(0.0)=2X () cos®, AZA22A__,

for a unit normal vector e= cosB ¢ at p in M. Since M is a pseudo-
umbilical surface, if we take &, in the direction of the mean curvature
vector, then

_ _ 3 _ 3 " T r_
h . =h =aq, hu—hm—o and h“+h22—0.
for r=45 m, where o is the mean curvature at p (£3]).
Theorem 3.1. Let M be a compact pseudo-umbilical surface in

E™ and let k bhe any positive integer. Then the first total absolute
curvature TA (k) of order k is given by
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k+1

- EGE S e

k+l

where I is the Gamma function.

Proof. For a unit normal vector ¢= ) cosdf at p,
. 1 ¢ r
since | K(pe) | =51 2(b, +h,) cos6 | = alcosh |,

TA B)= [, @ fn-z | cosH, | doldv

Crtk-3
Cyry

=Conties. NG DI
Ci+1 2\/—1”(32-'1‘1) L‘adv

(by spherical integration ([8]).

fu U 1 cost, | %8, Jdv

Remark. From Theorem 3.1, we obtain

TA2)= *2-1; C o’dv22C__,, since | u& dvz4n.

m—1 IM -1

And, if the equality sign holds, then M is 2 2-sphere in an
affine 3-space ([(1IJ, [112).

Theorem 3.2. Let M be a compact pseudo-umbilical surface in
E* with A_,=0 and k a positive integer. Then we have

Ta,00=2T DD Couy 2
k! C

2k+3

Proof. Since 023\?2-“glm_2=0,

K,p.e)=D A _, (p)cos’® =2 (p)cos’8,
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for a uwnit normal vector e=)cosbe at p. Hence
TA, = [/m-3 a*c0s™8, doldv.

By spherical integration (L8)), we have

TA, )= g“‘“" oL cos™0,do, Jav

n+2k 3 \/— r(k z) I azkdv
T T, YTTarp

Remark. For a compact pseudo-umbilical surface in E* with A__ =0,

m—2
7C-
TAW="5— [yodv. =C,_xM)

by the Gauss-Bonnet theorem, where y(M) is the Euler characteristic
of M. Since TA()2C__ B(M) for the sum B(M) of the betti numbers
of M (see [41]), yM)=pM)=2. Hence M is a 2-sphere. This is
consistent with [9].

For a compact pseudo-umbilical flat surface M in E™ with flat
normal connection, we can choose a local field of orthonormal frames
e,e, e such that

3 3 4

= = = — 4 =K =

b, =h,=h) =—h =a, b,=h;,=h =0
for r=56.m ([3]). For a positive even integer K,
TA,K)= [, 0*Cf s | c058,—cos8, | *doldv

A !
IM "2( Dk ! [f m-acos”Bzcosz’G,‘dc]dv

rist
. Ctn+2k3

-1k ! r+12s+1
2 G BC

rls! 2" 2

) jMaz"dv
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for nonnegative integers r,s such that r+s=k. And

TA,()={, 0 [gu-s | cos%,—cos®, | doldv

_ zc’“_l 2
= [yofdv 24nC__ .

nz

The equality sign holds if and only if M is a Clifford torus, ie,
M is the product surface of two plane circles with the same radius

(€30).

Hence we obtain the following theorem.

Theorem 3.3. Let M be a compact flat pseudo-umbilical surface
im E* with flat pornral connmection and let k be a positive even
integer. Then we have

2Cm+2k—3 1Pk ! 2r+1 2s+1
Coxs1 Z1'!5! B ( 2 2 ) J‘Ma&dv

for nonnegative integers r,s such that r+s=k

TA, (=
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