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On algebras which reselilbles the
Jocal Weyl algebra D.(K)

By CW. Han, M. Miyanishi and D.Q. Zhang

Let K be an algebraically closed field of characteristic zero and
let QuE)=k[lr,"~%]1] be the formal power series _ring over K in
n venables According to Bjork {11, we denote by D,.(K) the subring
of EndK(Q,.(K)) generated over K by the left multiplications by elements
of Qn(K) and partial differentials 2=

Dut)=0uB) o, o0

where a,x—x2.=8, (Kronecker’s delta) and 82,=33 . The ring D.,(K)
has the Z-filtration {Z‘.v}.n such that To=Quk) and T.={Z. fo*; £.€0.
(X) and 2° 9 QnWith lal =t +a.<v} and that the associa-
ted graded rmg grr(D..aY)) is a polynomial ring over Qn(K) in n vanables
Moreover, D.(K) has weak global dimension n, 1e., w.gl. dim (Dn(K))—n

In the present article, we consider whether or not these conditions
are sufficient to characterize the ring ﬁ..(K).

2. Structure theorems

To simplify the notations, we denote én(I{) by R. let A be a (not
necessarily commutative) ring finitely generated over R. Consider the
following three conditions on A

() A has a Z—filtration {Z.}.20 such that Z,=R X, generates
A over R X, X.CXZw for any sw20 and A= VUZV

(i) The associated graded ring g (A)= @ 2 /Z. is 2 polynomial
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ring Rly,"*y.] in m variables

(i) w.gldim(A)=n.
If A satisfies the above conditions (i) and (i), we call it a pre-W-
algebra over R. We denote by L the free R-module X:/Zo={Ry.

Lemma 2.1. Let A be a pre-w-algebra over R. Then we have the
Sollowing .

(1) Let Y1, Yo be elements of T, such that y=Y. mod Zo for any
i. Then A is generated by Y, " Yo over R, which we write as A=R{Y, -,
Yo).

(2) For any yEL and a€R define ylal by

ylal=Ya—aY

Jor YEX, with y=Y(mod X). Then ylal is independent of the choice
of X, and y is considered as a R-derivation on R. Su, we huve an
R-linear map p - L>Derx(R) s we write ylal as ply)a) as well.

(3) Define a bracket product Ly,z] on L by

[yz]l=YZ—ZY (mod Xy

Jor YZEZ, with y=Y(mod X)) and z=Z(mod X). Then Ly,z] is well-
defined and p is a Lie-algebra homomorphism, ie., p(Ly,z1)=Lp(y),p()].

Proof. (1) For andy fEA, we define v(f) as the smallest integer
r with f€X. If v()=r, there exists By, ya) €ER(y " ym]l=the r-
th homogeneous part of g (A) such that f—F(Y, " Y.)€L... By indu-
ction on w{f), we can verify the assertion straightforwardly.

{2) Replace Y by Y+b with b&R. Then we have

(Y+b)a—a(Y+b)=Ya—ay,
whence Y(a] is independent of the choice of Y. Furthermore, we
have
yLabl=Y(ab)— (ab)Y=(aY +y[al)b—abY
=abY+aylb]+ylalb—abY=ay[b]+ylalb.
So, y[ 1 is a K-derivation on R.
(3) The assertion can be verified by a straightforward computation.
QED.

The structure of a pre-W-algebra over R is given in the follo-
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wing -

Theorem 2.2, (1) Let A be a pre-w-cigebra over R Let Y, Ya
be elements of X, as chosen in the previous lemma. Write

2.0) YY-YY= k}glp.,k Yito, 154i<m,
were p, o, ER. Then we have the following equalities :

@1 EI(PMP%‘" PrePtst Puepes)
=ylprsd Ty lpusd T vilped, 1<iik s < m.

2.2) gz.‘:(p*a Ot Pace Out puese)
=ylopl+yloud+nle,], 1<ij, k< m.

(203) pﬂ:: —p::,l\, cu=—~6)|. Si, j, ks .

The elemenis {pu s 151,, k< m} are determined uniquely by the Lie
algebra L and the choice of R-free basis {y,"*y.} of L.

(2) Suppose we are gwen as in Lemma 2.1 the Lie algebra L and
an R-Linear map p ' L—>DenR which is a Lie-algebra hmomorphism.
For an Rfree basis {y,.ya} of L, suppose we ave gwen elements
fo,5 14, <m] satisfying the conditions (2.2) and (2.3) above. Then
there exists an R-algebra A with a X-filtration {E)z0 such that

() A ts generated over R by elements Y, Y.’

(1) The equalities (2.0)~(2.3) hold ;

() Z={E.LYLER Y=Y Y, lal<vl for any v20;

(v) gr=(A)= Ry, " yol : =the symmetric algebra of L over R.

Proof. (1) By the definition of [y,y] in Lemma 2.1, {p.’ 1<i,
i k<m} are the multiplication constants of the Lie algebra L. Hence
they are uniquely determined by the choice of the R-free basis {y.,**va}
of L. if onc chooses {y,-,Yu} as in Lemma 2.1, then {1Y,-Ya}
is an R-free basis of £, Then the equalities (2.1) and (2.2) follow
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from the Jacobi identity :
Y, Y)Y ]+ Y, Y5 Y 1+ [[wY.) Y ]=0,
where LY, Y J=YY—YY.
(2) Let {Y,,---Y.} be indeterminates and let A be the free R-algebra
generated by Y,'Y, modulo the two-sided ideal I generated by

XY, ~YY.~ Eru¥i—o, i 1<0,j k< m} and

VI 1Y, — oy XD 5 1<i<m, v {ER}L

We write ylfl=p{y)f by identifying Y.'s with y’s in L. We can
employ the proof of the Poincare-Birkoff-Witt theorem (cf. Jacobson
[2]) without major changes in the present situation to show that
every element of A is written uniquely as a linear combination of
standard momomials m Y, Y. with coefficients in R. In particular,
the equalities (2.1) and (2.2) imply that X, (with the notation in
(iii)) is a free R-module generated by 1Y, ,Y.. Note that there
is a surjective homomorphism 8 : R[Yy - Y.l—>gr:(A). lts kernel is
generated by the relations yy,—vyy and yf—fy, 1<ij<m. But
these elements are already zero in RLY,Ya.l Hence g (A)= Rly,
Y- QED.

Let A be a pre-W-algebra over R. We are interested in the existence
9\f an R-algebra homomorphism from A to the local Weyl algebra
D.(K).

Theorem 2.3. Let A be a pre-W-algebra over R, Then the following
conditions on A are equivalent

(1) There is an R-algebra homomorphism 7: A->D.K) such that p(T.)
IS, for all v20 and plT induces the Lie-algebra homomorphism p L :
=3, / L DenR).

(2) There exists a lifting (Y., Yo} of the R-free basis {y, > .yal in
 for which 6,=0151,)<m.

(3) There exist fa)i<.<o in R such that

2.4) =, Zpye artylal—ylal, 1<i, i<m.
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(4) There exists an R-free submodule Lof X: such that Lis closed
under the bracket product [Y,Z1=Y2~ZY and the natural residue homo-
morphism n | L L—L.

Proof (1)>(1). Note that D,(K) acts on R in the natural fashion.
So, A acts on R via the homomorphism p. For YEZ, let a=p(Y)1
and let Y=Y—a. Then, since p)€Z,: *@R—;;FR, we know that
p(Y)EDer«(R). In particular, p(Y") - 1=0. Now, for the given lifting {Y, ",
Y., we set Y=Y —n(Y)1, 1<i<m. Then {Y,* Y.} is a lfting
of {Y;, ", yal in =, We assume from the beginning that Y=Y,
1<i<m. Then the equality (2.0) implies 0,=0 (17<i,j<m) because
b(Yz)GDerx(R).

@r>(3). Suppose {Y.,~Ya} is the given lifting of {y:, '~ vy} and {Y,"Ya}
is a lifting for which o,=0 when we write

@0 YY-YY= ZraYito, 1<ij<m

Then Y =Y.+a with a€R. Replacing Y, in 20y by this expression,
we obtain the equality (2.4).

(3y>(2). Conversely, if we are gven {aliss. satisfying (24), set
Y.=Y.+a. Then {Y,-Y.! is a lifting of {y,"",y=} for which ¢,=0.
(2>(4).Let {Y, Y.} be as in (2) above. Let Lbe the R-submodule
of ¥, generated by Y,,",Yo. Then Lis a free R-module. Since 6y,

we readily verify that [Y,Z1€Lfor any Y,ZE[Clearly, n induces an
isomorphism between L and L.

@y—>(1). Define p IoDex@®) by p(V)=p(n(y), Extend this to L. in
a natural fashion by putting p|z,=ide. Furthermore, we extend pto
the free R-algebra F generated by Y., **,Y= as follows. For an element
Y£-- ‘Y of F with YG{Yl, Y.} and fIJER, define

']

YiYi@= Yq[f. l[yh[flz[' . [f]'(a)j{ -- 1111,

where y,=n(Y,)} and f{bl: =bER. In view of (2) of Theorem 22,
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A is identified with the residue ring of F by the two-sided ideal
I considered in Theorem 22. So, in order to have pas above, we
have only to show that

¥[ylall-yfylall= Zp,yla] and
ylfal=fy[al+y[fla

for aGR. These equations hold, in fact, because p . L>Derx(R) being
a Lie-algebra homomorphism implies

ylyLall—ylylall=ly, 51lal= Z puylal

and the second equality ahove. QED.
If a pre-W-algebra A over R satisfies one of the equivalent conditions
in Theorem 23, we call A a W-algebra over R.

Remark 2.4 (1) Suppose that p:L—>Der(R) is an isomorphism.
Then, as an R-free basis {y,"ya] of L, we can take y.=p"(%).
Then pu=0 for all 1<ij,k<m. So the case with all pu=0 can
take place. We then say that L is essentially abelian.

(2) Suppose L is essentially abelian. Let {yi,*y=} be an R-free
basis of L such that [y,y]=0,1<ij<m and let {y,*Ya} be such
that y=Y(mod Z) and Y.Y,—YY.=c,€K*=K—() for 1<i j<m i
#j. Suppose that p(y)M)EM, where & is the maximal ideal of
R. Then we cannot find {a}isic» S0 that the equallity (24) holds.
there exists an R-algebra A satisfying these conditions. In fact, we
can take A to be the residue ring of an R-free algebra F generated
by Yi,'*.Y. modulo the two-sided ideal I as considered in Theorem
22,2). Then p cannot be extended to an R-algebra homomorphism

p:A~>D.K) as considered in Theorem 23.
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3. Case L is essentially abelian
we begin with the following '

Lemma 3.1. Let A be a W-algebra over R with an R-algebra homomor-
phism p: A>DK) which 15 an extension of the Lie-algebra homomorphism
p - L=DerxR). Then we have w.gldim(A)>n.

Proof. Note that any element & of A can be expressed as é=ZX. Ly,
where LER and Y=Y, -~ Y. (cf. the equality Ya—a¥=ylal in Le-
mma 2.1). Furthermore, this expression is unique. Indeed, if we have

a2 nonfrivial expression Z,f£,Y*=0 then this yields a bhomogeneous
nontrivial _relstion

Z_Ey=0, y=yy,

lal=v 1 m
where v=max{ ! a | 7 £.20}. This contradicts the hypothesis that gr (A)
is a polynomial ring in v,y over R Hence A is a free R-module,
whence A is R-flat as a left R-module. Similarly, { can be expressed
uniquely as £=Z;¥’g So, a is R-flat as a right R-module. Hence
A is Rflat as a ring. In view of Bjork [1:Cor. 29, p42l, we
have

(%) w.dimg (AG;)M) < w.dimA(AE;)M)

for any left R-module M. Take an R-module K=R/. with . =(x;, ", x)R.
Then, by the theory of syzyzy, we know that w.dime(K}=n; in fact,
Tor"(K.K)=K(0). Then the above inequality (*) implies that w.dim
{(A®K)>n. Hence

w.gl.dim(A)> n. QED.

We shall be concerned with the condition w.gldim(A)=n for a
W-algebra over R.

Theorem 3.2. Let A be a W-algebra over R with an R-algebra
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homomorphism  p: A~>D,(K). Suppose that L is essentially abelian and
A has wgldim(A)=n. Then pis an injection.

Proof. Let p=p|L, where [is an R-free submodule of £, isocmorphic
to L as a Lie algebra (cf. Theorem 23). Then there exists an R-
free basis {Y,Ya} of Lsuch that YY,=jYY. for 1<ij<m. Let
L= @KY. and let Q= Ker(f)llL) Then Li=QCpi(L)is a direct sum
as Lie algebras and Q is contamed in the center of A. Let B be
the R-subalgebra generated of D.(K) by pd(L) and let J be the two-
sided ideal of A generated by Q. Then B~ A/J and B is a W-algebra
over R. Indeed, we may take {Y,*-,Yo} so that {Y.«, Y.} is a K-
basis of Q. Let Y.=p«(Y), 1LXi<r. Then B is generated by Y, Y.
over R which act on R via the derivations 8=yl J, 1<i<r
Notethat {Y,,~.Y] are limearly mdependent over R. We ciaim :

Lemma 3.3. {5,°8} are algebmxca]bv independent over R. Namely,
if Ef,,S’ =0 with ,ER and 8"‘8 "6 then £,=0 for all v.

Proof. Denote by Q(R) the quotient field of R. We can find
Az.'"ArG@l RS, satisfying the following
conditions -

M B ARB= QWA ;
(2) if we express A= }'.‘.aqo; with a,ER and 9,--5;— and de-
fine s, min{j; a, < 0} then 'si<cs; < <8 ’
Suppose we have a nontrivial relation T £58'=0. Let v=max{ {1y | 5 %
0}. Expressing &, as a Q(R)-linear combinations of A,’s and substituting
it for & in Zf,&* ={, we obtain a nontrivial relation E g,A"—(] w:th
max {1y1{ ;'g % 0}=v. Expressing then A, in terms of o° —a an
, we obtain

(*) E(g* ig (3u.)ﬁ)5+ T 0'

where ¥ =(yy, ** 4,0 0) if y=(",¥.). Among g’'s with| y| =v
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and g0, let (o, --,a) be the largest with respect to the lexicographic
relation - (vyv )2(y/, v} if and only if vi=vi,ya=va, 12y,
Then (g, I'Il(a ) )e® has no other terms in (#*) to cancel with. This
is a contradiction. QED.

Proof of Theorem 3.2 resumed. The above lemma implies that
B is isomorphic to a W-algebra over R generated by Yi,---Y. Since
any element £ of A is expressed uniquely in the form

(* *) §=}7:f,YV+n, £ER and n€],

where Y'= Y Y we know that A/J is isomorphic to B.

Now we can easily show that A=~B[Y..,,~Ya), a polynomial ring
in Y1, Yo over B (cf. the above expression (¥ *) of &. By Bjork
[1: Th. 34, pd3], we have wgldim(A)=w.gdm®B)+(mr)>n + m
—r {cf. Lemma 3.1). By the hypothesis w.gl.dim(A)=n, we have m=r.
This implies J=(0). Hence A~B. QED.

A W-algebra A over R is called a W-subalgebra of D.xo provided
pis injective.

Theorem 3.4, There 1S a one-to-one correspondemce between the set
of W-subalgebras of D"(K) and the set of R-submodules L of derx(R)
satisfying the conditions -

(-1 Lis a free Rsubmodule of Derx®R)
(1-2) Lis closed under the bracket product of Derx(R).

Proof. Let A be a W-subalgebra of f),.(K). Then we can find an
R-free submodule L of X, which is isomorphic to L@ =X,/ %, Since
pis injective, so is p ! L->Derc(R). Hence Lis an R-free submodule
of Derx(R). Since p:(nlL) is a Lie-algebra homomorphism, L is
closed under the bracket product (cf. theorem 2.3). Conversely, let
Lbe an R-submodule of Derx(R) satisfying the condition (L-1) and
A-2). Let {Y, Y.} be an R-free basis of I Then we have:
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M Y.sc~z¥,=*§”1 ruYe 1<ij<m,
@ Yi—fY.=ylf] for fER and 1<i<m

Construct an R-algebra A as in Theorem 22, (2). Then the natural
R-algebra homomorphism A—>D.(K) is injective (cf. the proof of Lemma
3.3). QED.

A W-subalgebra A of DJ(K) is said to be of maximal vank if rank
[=n. We shall consider the case n=1 then L is essentially abelian.
Hence there exists zn R-algebra homomorphism p A-D(K) which
must be injective by virtue of Theorem 32. We set Y=Y, a free
generator of the R-module I{cf. Theorem 2.3). Then we have Yx—xY=f,
where f=xu with uER*. Repiacing Y by u'Y, we may assume that
f=x'. We shall show:

Lemma 3.5. Tor:(K,K)=K if v22, while it is zero ff r=1 Tor:
KK)=K i r=1L

Proof. Suppose r >0. Then K is a two-sided A-module. As a right
A-module, K has the following free A-module resolution :

0—eA 24 e ADeiA -2 af ~55 K—0,

where & is the natural residue homomorphism and g (i=0,1) is given
as -

oe)=eY, ofe)=ex and gle)=ex— e (Y +x).

Take the tensor product of this sequence with a left A-module
K=Av to obtain the complex -

0—cAQAV—2L. @AQAND (ARAY) 0. eARAV—0,

where we can make the identification - e;A@Av-_* e@Kv for e=esey, e



On algebras which resembles the
Tocal Weyl algebra H.® 187

and e. Then it is clear that g =@, =0 if r22. Hence TorA(K K)

=K if r>2 If r=1, then g (¢ @v)“ Ae.@v whence g is mjectwe

So, Tor(K,K) =0 if r=1. If r=1, Tor(K,K) =K bemuse ‘—O
Q.E.D.

If n22, we know little on W-subalgebras of f)n(K) even if it is
of maximal rank. We shall give two partial results.

Proposition 3.6. Let A be a W-subalgebra of maximal rank of
f).(K) corresponding fo a Lie subalgebra I’F%RY, with Yl=x:‘9-—-i— and r,
21. Then we have

p .= 1 Vs LOI“(K,K\}?=A }=n {i H !'Z?}“i‘*.ﬁ:{i ; !'.'=_1} Hence =1
for all i prowded w.gldim(A)=n.

Proof. Let S be the free algebra generated by Y, over a one-
dimensional polynlomxal ring KEx,] modulo the two-sided ideal generated
by Yixi— lel-x Sice YY, =YY, and xY,=Yx if ixj, A is isomorphic
to

(St@&@. ’ @S")K:u@ xn} R’

where S ® ®Sn is regarded as an algebra over K[x,, ...,x.]. Consider
a complex

(Cl) : 0_'6231—9']“* e181®e181 % eosl ° -K—0,

which is defined in the same fashion as in the proof of Lemma
3.5 with A replaced by 5. It is a resolution of the two-sided S;-module
K by free fight Si-modules. The complex C: -—(C@ ®C.) I
i a resolution of the two-sided A-module K by free nght A—modules
Let C, (resp. C) be the complex obtained from G (resp. § by replacing
K by 0. Then, taking the tensor products with the left A-module
K, we obtain C : =C®K= C@-’@(‘:ﬁ, where C;=C®K. By the Kunneth
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formula for homolgies, we have

Tor'KK)= @, Tor (KK @@ Tor, (KK)

va=

Thence we obtain the stated formula in view of Lemma 35.
QE.D.

Proposition 3.7. Let A be o W-subdlgebra of maximal mrzk af
D.XK) corresponding to a Lie subalgebra I=RY,+RY, with Y, g where
h=xi+xgEM-= RX:"‘RX» Suppose that h zs a homogeneous po ynomzal
tin x: and x.. Then Tor (K,K)z;&o and Tor (K,K) =0.

Proof. We have the following relations -

Y.Y.-Y.Y.=— hngI + hx1Y2
Y x,—xY =h=Yx,—xY,
Y%, —xY,=0=Yx —xY,
where h = :T};. Construct a complex of right A-modules -

0—eA 2. e ADLADEADEA — D
¢, ADEADEADEA T e A= K0
where -
0 K is the two-sided A-module with x - 1=y - 1=0 for i=1,2}
@) elep=1;
@) gfle)=eY,, gle)=ex, gle)=eY, gled=ex,:
(i) cpl(e»)—e&—elﬂfl*ﬂ €8 gle)= meftex,
—e] (V,+9), g(e)=ex,~cY, of)=—¢Y,+e’x,:
(V) qle)=ex,(Y +g+h ) tex (Y +f+h).
—ex (Y, tg+ hxz) ezxz(Y1 +f+ hxl)

It is straightforward to show that this comploex is a resolution of
K right free A-modules. The stated result follows from this observation.
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QED.
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