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CONVERGENCE AND GENERAL REPRESENTATION OF
THE EXPONENTIALLY BOUNDED C-SEMIGROUPS IN
BANACH SPACE

Jong Yrour Park, Doo Hoan Jeonc and Jone Won Yu

1. Introduction

In this paper we consider the exponentially bounded C-semigroups
in Banach space. Let X be a Banach space and C: XX be an
injective bounded linear operator with dense range., A family
{S(#) ; t=0} of bounded linear operators from X into itself is
called an exponentially bounded C-semigroup if

(1) St+s)C=S()S(s) for ¢, s=0 and S(0)=C,

(2) there exists M=>0 and «¢=0 such that IS@)I<Me* for t=0,

(3) for every x&X, S(¢)x is continuous in =>0.

For every t=0, let T(¢) be the closed linear operator defined by
T()x=C'St)x for x=D(T()) ={x=X ; S(t)x=R(C)}. We define
the operator G by

D(G)= (xeR(O) ; lim-TOIE oyigy)

and

(1. D Gx:lirg} for each x€ D(G).

It is known that [2,5] that G is densely defined and closable, The

closure G is called C-c. i g. (C-complete infinitesimal generator)
of {S(¢); t=0}.
For every A>>a, define the bounded linear operator L, : X— X by

(1.2) L;x:J:e'*‘S(t)xdt for x&=X.

It is known [2,5] that L, is injective for all A>>a¢ and the closed
linear operator Z defined by

(1.3) Zx=L7'(AL,~C)x=(A~L7C)x
with D(Z)={x&X ; Cx&R(L,)} is independent of A>a,
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The operator Z is called the generator of {S) ; t=0}). We
denote D(A), R(A) are domain and range of A respectively and
[ is identity operator.

In §2, we deal with the convergence of exponentially bounded
C-semigroups and §3 treats general representation of the exponen-
tially bounded C-semigroups in Banach space.

2. The convergence of the exponentially bounded C-semigroups

We start the following generation theorem for the exponentially
bounded C-semigroups.

Taeorem 2. 1. ([6, Theorem 2.11) An operator A is the C-c.
i.8. of an exponentially bounded C-semigroup {S(t) ; t=0} with
ISMI=Me* if and only if

(A) A is densely defined closed linear operator in X,

(B) A-A is injective for A>a,

(C) D((A—A)™)DR(C) for n=1 and 2>a,

(D) (A-A)'Cx=C(A—A) *x for x=D((A—A)"Y) and 2>>a,

(E) 1(A=A)"Cll=M/(A~a)" for n=1 and 2 >a,

(F) CD(A) is a core of A.

Tueorem 2.2. ([2, Theorem 11]) Let A be a closed linear
operator satisfying (A)~(E). Then there exists an exponentially
bounded C-semigroup (S(t) ; t=0} such that

(A) [IS(HN<Me* for all t=0,

(B) (A—A)-lcxz«:j:e-“sa)xdt for 2>a and reX.

For each p >0, {S,(¢);t=0} satisfy the conditions (1), (2), (3),
then {S,(¢) ; £=0} is called an exponentially bounded C,-semigroup
on X.

TreorEM 2.3. Let for each p>0, (S,(¢);t=0} be the exponen-
tially bounded C,-semigroup on X with the C,~c.i.g. A, and that
ISe(DII=Me", where M, a are independent of p. Suppose
{S@) s t=0} is an exponentially bounded C-semigroup on X, A is
the C-c.i.g. of {S(t);t=0} and fzgncpx:Cx for x&X, Then
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the following assertions are equivalent.
(a) For every x=X and A with Re A>a,
(A—=A)7Cox—(2—-A)"'Cx as p—0.
(b) For every x=X and t=0, Se(t)x—=S(t)x as p—0.
Moreover, the convergence in part (0) is uniform on bounded
t-intervals.

Proof. (a)=>(b)
For every x=X and A with Re A>a, the X-valued function
$—=Se(t—35)(A—A,)7'C,S(s)(A—-A)'Cx is differentiable. Since

ditS(t)x:S(t)éx [2, Lemma 87 for x&D(G) and G(A—~8)~'C( =

A(A=G)™'C—C) commute with S(s) [4, Theorem 2. 2], where G is
C-c.i.g. which corresponding the exponentially bounded C-semi-
group of {S(¢) ; =0}, we have

%[S,,(t~s) (A=A)'C,S(s) (A—A)~1Cx]

=S,(t—3) (A—Ap)'CoS(s) A(A— A)'Cx
—S,(t—5)A,(A—A,)'C,S(s) (A— A)~1Cx

=5,(t—5) (A—A,)71C,S(s) A(A—A)"1C—C)x
=S (t—5)(A(A—~A)7'C,—C)S(s) (A~ A)Cx

=8,(t—$)[C,(A—A)C— (A— A,)C,C1S(s) %,

Using S,(0)=C,, S(0)=C and integrating the above equality,
2.1)  A=A)7C[C,S®)~S,#)C](A—-A)"'Cx

= j;s,,(t~s> [C,(A—A)"C—(A—A,)"C,C] S(s)xds

for all x&X, ReA>a and 0<s<¢. Fix xEX, we see that
2.2)  NS,BOHC~C,SH))a—A)"Cxl
=lSe(B) (A= A)'C— (A—A)TCHCx| + [1[(A—Ap)
C,,(S,,(l‘)C—C,S(l‘))xH+HC,((2~A,)'1CF—' (X—A)_IC)S([)JCH
for 0<t< T,
By condition (a) we obtain
(2.3) IIS,,(t)[(X—A)“IC—(Z—A,)*C,]Cxll—»o as p—0
and
2.4 MNCLA=A4,)7C,— (A—-A)ICIS () x]—0 as o—0
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uniformly on [0, T]. From (2.1) we have
H(/z-Ap)—lcp[CoS(t) —Sp(f)C] (2"A)-lcx }

<[ 18, = 9N ILC,G-A)C— (A= 4) 1C,CIS()lids

<[ IS, =9I IIC, (2= A)7*C— (- 4,) "CLIS()lds
Since  [|S,(t =) NLC,(A—A)C—(RA—A,)'C,CI1S(s)xl|
=2Mte"(A—a) x|l
and
1S, =) 1| ILCo (A= A)7C~ (A= A)7C,CT S()xll—0 as p—0,
we obtain
JUIISP(t~s)l| HC,(A-=A)1C—(A—-A4,)C,LIS()xl—0 as p—0

by Lebesgues’'s bounded convergence theorem. Therefore

(2.5)  liml[(A-4)7CLCS () = 5,(DCTA—~ D TCxl =0

and the limit in (2.5) is uniform on [0, T 1. Since every z&CD(A4)
can be written as z=(A—~A4) Cx=C(A—~A) x for some
x=D(A-AD™Y. From (2.5), for z2=CD(A),

(2.6) lirljglll(Kvap)”lC‘p[CpS(l‘) = S,(1)C Jxf[=-0.
By (2.2),(2.3),(2.4) and (2.6)

2.7 Im|l[S,(HC—-C,SHIA-A)"Cx|l=-0 for x&CD(A)

=0

and the limit (2.7) is uniform on [0, T].

Since CD(A4) is dense in X, it follows that (2.7) hold for every
xe= X uniformly on [0, T]. In other words, for z&CD(A),

li{gl!\sp(f)c'—CP(S(D)ZII:“—'0.

Hence S,(#)x—S(t)x as p—0 for all x&X and £2-0.

(b)=3(a)
Now, assume that (b) hold and Re A >a then

(2.8) H(2~Aﬂ)‘1()ﬂx~~(X—A)"’th_ﬁjoe‘(’“‘)';l(Sﬂ(z‘)x~5(t))xﬂdt.

The right-hand side of (2.8) tends to zero as p—0 by (b) and
Lebesgue's dominated convergence theorem and therefore (b)=>(a).

Tueorem 2.4. Let {S,(t) ; t=0} (p>0) be an exponentially bou-
nded C,-semigroup with |S,(H)|<Me* for t=0 and A, be the C,-
c.i.g. of {S,(¢);t=0}). Let A, satisfy Re A, >a, suppose that
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(a) there exists an injective bounded linear operator C with
dense range such that lim C.x=Cx for xeX,
2—0

(b) lz'ron (20— A)Cix=L(A)x for x=X,

(c) the set {(x=X ; Cx&R(L(A,)))} is dense in X,
Then there exists a C-c.i.g A and its corresponding C-Semigroup
{S@) 5 t=0} with |[S()||I<Me™ for t=0 such that L(A)=(2,—A)C
and liizz S(Dx=SH)x for x&X uniformly for t in bounded

intervals in [0, o),

Proof. From (b), the estimate [(Ae—A,) "CII<M(Re 2,—a)™!
and the expansion

(2=A4)7C,= 5 =D T~ A)C,

We deduce that
(2.9) Iim(A—-A)"'Cox =L(Dx
-0

exists for all X and a<Re 1<2Re 2,—a. Also, From (2.9),
[(A=A4)"Cl<M/(Re 2—a)"
and
W =A)7C=FL A=) A—A4,)"*™"C,
E=0
there exists
]irr{)1(2'~Ap)“’C,,x<:L(,l’)x

for all x=X and a<Re A’<4Re 1,~3a. Proceeding by induction we
obtain (2.9) holds for all x&X and a<Re A< o, Clearly L(A)C=
CL(2) and

(2.10) (A=p) LD L(p) =L(p)C~ L()C for Rel, Re p>a.
Next, we will prove that N(L(2))={0} for Re 2" >a, where N(L(A))
is the null set of L(1). From the definition of L(A), we have

2.1 1A—a) L(D)xI<im||(A—a) (A— A,)C.x||<M||x]|

for all x&X and Re 2>>q, which implies llim IL(ADII=0. By (2.10)

and this
H(A=a)L(A)—=CILQA)|
= (A—2) L(A) L(Ao) + (As—a) L(A) L(A) —CL(,) i
=1L [(A—a)L(A,) —CTl|
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=NL)I(A—a) L(20) —C|
—( as A—oo

i.e., l}ﬁm(l~a)L(2)sz(x) for x=R(L(4,)). Let x={x=X;

Cx&R(L(4,))} and Cx=L(4,)y for some y=X. Then
ljzn(l~a)L(/’l)Cx:ym(Z~a)L(2)L(ZO)y:(?L(Xo)y:sz

ie., ]Aiin(k-a)L(Z)x:Cx for xeC{x=X; Cx=R(L(4,))}.

From (¢) and (2.11), we have
(2.12) ljm(l—a)L(Z)x:Cx for x= X.

Let x=N(L(A)). Since (A—p)L{(u)L{(AD)x=L(p)Cx—L()HCx for
Rey, ReA>a, we have N(L(A))=N(L(y)), which yields
(p—a)L(p)x=0 for every Re p>a. Therefore (2.12) implies Cx=0
and hence x=0 by the injectivity of C. Thus N(L(A))={0}.

Define a closed linear operator A by

Ax=(A,—L(2,)'C)x for x=D(A),

where D(A) ={x=X ; Cx&R(L(1,))} (={x=X ; Cx&R(L(1))}) is
independent of A. By assumption (c¢), A is densely defined operator.
From the definition of A, (A4,—A)L(A)x=Cx for x&€X and L(A,)
(Ag—A)x=Cx for x&D(A).

From this and (2. 10)

(A=A L(ADCx=[(A—2) +(A,—A)]L(AD)Cx
=[(A=2)) + (Ao~ A) 1L(A) [C— (A—A) L(A)]x
=(A—A)L(A)Cx+ (2 —A)[L(2,)C

—(A=2) LA L(A) — (A— AYL(A0) L(A) ]x
=C%+ (A—20) LL(2)C— (A—4) L(A) L(2,)
—L{(ADClx
=(%x
for x&X and Re A>a. Since (A—A)L(A), C are bounded in X and
R(C) is dense in X,
(2.13) (A—A)L(Dx=Cx for x=X.
On the other hand
CLAQA—A)x=LACLA—A)x
=L(A)[C— (A=) L(AI[A~A) + (4—A)]x
=C%x+ (A= 20) [L(2)C— (A—2) L(A) L(4,) —L(A)Clx
=C%x
for x&D(A). From the injectivity of C, we get
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(2.14) LA (2—A)x=Cx for x&D(A).
From (2. 13), (2. 14), A—A is injective and (A—A)"'Cx=C(A—A)"'x
for x&D((1—A)™") and Re 2>a. Let Re >>a. Again using (2.13)
and (2. 14),
(2.15) D((A—A)™>DR(C™) and (A—A)"Crz=L()"z
for m=1 and 2= X,
Since II(Z-A)""C’"ZII:I]L(l)”zH:Ij){rgll(R—Ap)""CL"ZH§(M/(R62*LZ)’")

(2.16) [[(A-A)"Cx[|<(M/(Red—a)™)||x]| for x=R(C™"),
Using (2.15), (2.16) and the closeness of (1—A)~!, we have
(2.17) D((A—=A)™>DR(C), |{A—A)"C|IE<M/(Re 2—a)™ and
(A—A)"C is bounded linear operator for m>>1 and
Re i>a.
In fact, clearly (2.17) holds for m=1, Suppose (2.17) is true
for m="k. Let x=X. Since R(C*) is dense in X, there is x,&R(C)
such that x,—x as p—0, which implies lirr;(ZM—A)‘kap:(Z—A)"‘Cx.

By (2.16)

[(A—A)"*Cx,— (A— A)~*Cx I (M/ (Re 2—a)**) ||x,— x,]|—0
as p, u—0. Hence (A—-A)"[(A—-A)*Cx,]=(1—A)"**Cx, is conver-
gent as p-0. i.e., Cx&D((A—-A) *"). Therefore D((1—A) %)
DR(C) and (1~ A)~*"C is closed linear operator on X then it is
bounded on X by closed graph theorem. So D((A—A)"™>DOR(C)
and (A—A)™"C is bounded linear operator, Therefore, by Theorem
2.2 in §2, there exists an exponentially bounded C-semigroup
{S(#) 5 t=0) satisfying

(A~A)-lcx:joe-*'5(r)xdt for A>a and x&X,
Since L(1) =(1—A)"'Cx for x=X, A is the generator of a C-
semigroup {S(#) ; =0} by the definition of A. Therefore, if A is
the C-c.i.g. of {S(¢); t=0} then our assertion holds by Theorem
2.3.

Treorem 2.5, Let {S,(¢) ; 120} (p>>0) be an exponentially boun-
ded C-semigroup with ||S,(H)||<Me* for t=0 and A, be the C,--
c.i.g. of {S,(t); t=0} respectively. Let 2, statisy Re 2,>a and
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(a) there exists an injective bounded Ilinear operator C with
dense range such that lim Cx=Cx for x&X,
o0

(b) lzzon Ax=Ax for x=D, where D is a dense subset of X,

(©) D((2—A)™)DR(C).
Then A is closable and A is the C-c.i. g. of an exponentially
bounded C-semigroup. Moreover, if {S(t); t=0) is the ex ponen-
tially bounded C-semigroup generated by A then for all t=0 and
x=X,

(2.18) li?g’l S,(Hx=S(t)x

with ISON<Me* and the limit (2,18) is uniform for t in bounded
intervals on [0, o),

Proof. Let yeD, x=(2—A)y and x,=(1,—A,)y. Since A,y—
Ay, x,~x. Also, since (2e—A)TC)I<M/(2y—-a), it follows that
(2.19) lipuu(lo-Ap)"‘Cpx:]inl}((20~Ap)“1C,,(x —x,)+C,y)

=Cy
i.e., (2—A4,)7'C, converges on the range of A,—A. By (c) and
the density of R(C), R(2,—A) is dense in X and 1(Ae—A,)'C, ]
are uniformly bounded by assumption. Therefore (A—A,) Cox
converges for every x&= X, Let
(2.20) lpirgl(zo—/lo)‘lex =L(A)x.

From (2.19), we have Cy=L(2)x for all y=D. Thus D {ye X ;
CyeR(L(A,))}. Since D is dense subset of X, {veX,; CyveR(L
(2:))} is dense in X. By Theorem 2.4 there exists C-c.i,g. A’ of
an exponentially bounded C-semigroup such that L(2,) = (2,—A")"'C.
To conclude the proof we must show that A=A’. For any
xe=D,

(2.21) lin‘r)l(lohA,,)‘le(ZowA)x::(20——A’)‘1(?(/10——A)x,

On the other hand, since [|(1,—A4,)7C,]| are uniformly bounded
and lim A,x=Ax for x&D and
¢—0
lim(2g— A,)71C, (A~ A)x
=lim (2o A)7C,(d = A+ lim (%~ A)7'C.(A,~ A)x
o0 o=
=Cx.

—60.—
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Therefore (1,—A’)"'C(A,—A)x=Cx for x&D. From (1,—A’)"C=
C(2—A")™" and injectivity of C,

(2.22) ' (A= AN A—A)x=x
and this implies A’x=Ax for x&D. Thus A’DA. Since A’ is
closed, A is closable, Next we show that ADA’, Let y'=A'x".
Since R(2,—A) is dense in X and R(A,—A)DR(C), there exists a
sequence x,&D such that

(2.23) Cy,=(4—A)x,=Ay=A)x,>Ax"—y = (Ay—A")x" as p—0.
By (2.23),

(2.24) 2%,=Qe—A)'Cy,~ (24— A (A—A)x" as p—0
and it follows that

(2.25) Ax,=2%,—Cy—2x"— (¥’ —A’x")=y" as p—0.
From (2.24) and (2.25), y'=Ax" and ADA’. Thus A=A’. The
rest of the assertions of the theorem now directly from Theorem
2. 4.

3. General representation of exponentially bounded C-semigroup

Throughout this section {F(p); p=0} is denote a family of
closed linear operator and C,; X—X are injective bounded linear
operators with dense range for each p. We consider the following
conditions:

(i) ]iI‘(I)l o N (F(p)x—x)=Ax for x&D, where D is dense subset

of X,

(ii) there are M >0 and a=0 such that ||F(p)'*C||<Me** for
k_—_l, 2,...’

(iii) F(p)Cx=C,F(p)x for x=R(C,),

(iv) D(F(p)")DR(C)).

Lemma 3.1, Let {F(p) ; p=0} satisfying (it)~(@iv). Then for

x=X and m=1, 2 -, we have
(3.1) lle“'"Z F(p)”Cpx F(p)"Coxll

gMexp(ap(m— 1)+ (e~ 1)m) (m2(e” — 1)+ me=) ¥
1F(p)x—xl.

Proof. We note that by (ii) and boundedness of C,,
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L F(p)"Cp converges in norm and define a bounded linear

operator. Let x& X, If £>m then
k-1 .
F(p)'Cox “F(p)’"CﬂxH?%EZF(p)’Cp(F(P,)-Y—x)IJ

= EIFCIIF(p)x x|

k=1
;i/\*lgme“”fHF(p)x»—»xH
SMe P (k—m) || F(p) x--x||
by (ii) and (iii).
On the other hand, for k<m,
(3.3) Hl‘(p)’*C,,x“F(p)'”Cprg]We“ﬂ"‘ Yim—R)|F(p)x—x|.
From (3.2) and (3.3), we have
() Cox— F(p)"C || < M0 vok | b gy | [F(p)x~ x|
Therefore, we obtain that

G ey (p)’*C,,x~F(p)’"C,,xH

Z (f'(p)"C %= F(p)"Cox) |
Z l F(p)'Cox—F(p)"C x|

Mo g AT By

Using the Schwarz iniquality we have

(3. 5) jwjé( "ot )lf< (b 111) 2oty )‘2

. k! k! 1A
(5 (g ey

1
=exp(e“m) {m?(e*—1)2--me*} -,
Combining (3.4) and (3.5) we obtain (3.1).

Taeorem 3.2, Let {F(p) ; p=0} satisfy (D)~ (iv) and let
Re 2. >a. We suppose that
(a) there is an injective bounded linear operator C with dense
range such that ZPH?]’L Cox=Cx for x=X,

— 6 2 —
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(b) R((2—A)™")DR(C).
Then there exists an exponentially bounded C,-semigroup {S,(t) ;
120} with Coc.i.g. A,=p "(F(p)—1), A is closable and that A is
the C-c.i.g. of an exponentially bounded C-semigroup. Moreover,
if {S(t); t=0} is the exponentially bounded C-semigroup generated
by A, then for every sequence of positive integers k,—oo satisfying
k.p.—t we have

(3.6) lim F(p)*C, x=lim S, (p.k)x=S(1)x for x=X

and ||S(H)I<Me* for t=0. Choosing p.k.=t for every n, the limit
(3.6) is uniform in bounded t-intervals.

P - ot (L Y F(p)!
roof. We define S,(#)x=¢ pZ(—b—> A Cx for x&X and

k=0
each p>0. Then S,(f) converges in norm by (ii) and closed linear
operator for each p>>0.

We first prove that {S,(¢) ; £>0) satisfies C,~semigroup property.
Clearly S,(0)=C,. Let >0 be such that Re Ao >a+e and let p,>0
be such that for 0<p=<p,, (e*—1Dp'<a-te.

Then we have

|ISp(l‘)H§e‘%ki(t7>k”_F(%L

éMe(zth)t
for 0<<p=p,. For all x&X and #, s=>0, we obtain that

—otarosif_(E+S) Y F(p)

@" ~ (s Y F(p)
C”Z< 0 ) k! Cox
:Sp(t)sp(s)x-
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Finally {S,{(¢) : {220} is strongly continuous since
I1S.(B)x - S,(t+ h)xll

*HW%}E}( ’ > F(p)” Cx— e‘%e*‘%( t:)h )k Fg!))” Cxll

l (f_)’*_ew—p( t ’;h_)’ IF(p)*C, Il

0

—( as h- >0'
by dominated convergence theorem. Thus {S,(¢) ; £2=0} is expone-
ntially bounded C,-semigroup with |IS,()[|<Me“*" for 0< p=<p,.
Next we shall prove that Ax=p(F(p)x—x) is the C,-c.i.g. of
{S.(t) + 120} for x& X, Let T,()x=C;'S,()x for x&D(T,()) = {x&
X5 S,(HxcR(C,)} and t=0. we define the operator G, by D(G,)
{x&=R(C,) ; I'irgligg—tf— exists} and G,x=lim—= T(z‘)x X for x=

t—o+
D(G,). Let y&=R(C,), y=Cx, x=X. By (ii)

e ‘%z

HeSY e o)
#fL( - I)Cx~_(ﬁ‘(p)c Cp)xH

R !

] }%(e—z( p) F(p) Cx) et Dex

1, o e
,17<M DF()Cixt——e w3, Al

; ,;,,Q(t?yﬂ F(o)* C,x
4 <__e_ﬂ_<u %)C,,x

t
L Lot (LY IFGYC
<l - INF@C e 5( L) Il gy
‘+7H—"‘—§—“—I-+~1—Huc,,xu
1 R ] V_“p =1 gaetk=D
= Mevle Il e (L) e

i He‘f’;—*H%an,,xl
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— ]- ap ——t—____ M —L-Hwoo _t_ * eapk
=M el =1lal e g (L) g

AL L

.ﬁ—’f‘f—ewueﬁ—lnuxn+%e-%+w(i(—;—)k =Dl

3]
+ ‘ﬁ%i+_};_ ‘Hcpr
1 ao|| p=—- __ M —L e _[_ asy __
=M el 1)l + oo [exp( ; e) J]Hxn
e‘%-] 1
=L i

- as {—Q"

for y&R(C,) and each fixed p>>0.

T,(H)x—x
t

Therefore lim =Ax(=Gx) for x&R(C,) and ¢=0.
t—0F

Since A, is closed operator, A, is the C,—<c.i.g. of {S.(t) ; t=0)
and that ||5,(¢)[|<Me“*** for 0<p=p,. From Theorem 2.5 and (i)
it follows that A is closable and A is the C-c. 1. g. of an expone-
ntially bounded C-semigroup., If {S(z) ; {20} is an exponentially
bounded C-semigroup generated by A then Theorem 2.5 implies
that
(3.7 [S:()x~S(t)xll—0 as p—0
uniformly on bounded intervals and that ISNZM et for 0<p
=po. On the other hand, it follows from Lemma 3.1 that
150, (oukn) x— F(0.)"C, x| <M exp(ap,(k.—1)
+ (e ~1)k,) {kZ(e“"”~1)2+k,.e“""}%'ﬂn1 Lloa—x H

On
for x&€X. Choosing x=D, p,—0, k,—oo such that okt it s

obvious that p.&,, (¢**—1)k, and - IF(p.)x—x|| bounded as n-—co,
Therefore we have

(3.8) 1S, (puk)x— F(0)"C, sl <M/ pF—0 a5 1o,
If p,=t/k, we can choose the constants M’ independent of ¢ for
0<¢t<T, which implies, in this case, uniform convergence on
bounded intervals in (3.7). For x=D we have
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1S x=F(p)"C, I <IISE x—S,, () x| +S,,(t) x~S, (k.. %]
+11S,, (fn) x— F'(p,)*C, x|
=1+ 1+,
Erom (3.7) and (3.8) it follows that I,~—0 and I,—0 as n—co, It
is easy to see that

%Spn(s)xzspn(s)j:@'{fc;x for x=D.
Integrating this from s=p,k, to s=t¢
Spn(t)x—S,,n(p,,k")x:J;nanpn(S)&'%nﬁi‘ds.
Since ||S, (HI<Me“t* for large value of n, we have
L ISu@ xS, okl =] 15, ]| L2 g

n

M Tt p k| H _F(_p,;)ﬁi H

—() as n—o
for x&D and 0=¢<T
If p.==t/k,, then I,==0. This concludes the proof of (3.6) for
x&D. Since D is dense in X and [|S(#)—F(p.,)*C, || is uniformly
bounded, (3.6) holds for every x=X. Finally the exponentially
bounded C-semigroup generated by A satisfies ||S()||<M e“* for
every small enough ¢>0 and satisfies ||S#)||<M e,

CoroLLary 3.3, Let {F(p) ; p=0} satisfies (ii)~(@iv) and let A
be the C-c.i.g. of an exponentially C-semigroup {S(t); 1=>0}.
We suppose that

(a) there exists an injective bounded linear operator C with

dense range such that
lim Cox=Cx for x€X,
=
(b) lim p ' (F(p)x—x)=Ax for x=D(A).
20
Then
(3.9) SWHx=lim F(Ln)nct_x for x€ X,

n—oo

ISHISMe™ and the limit in (3.9) is wumform for t bounded
intervals on [0, ),

Proof. Since A is the C-c.i.g. of an exponentially bounded

_— 6 6 —
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C-semigroup it is closed, D((2—A)*DR(C) for k=1,2,3, -,
ReA>a and D(A) is dense in X. Therefore our result follows
readily from Theorem 3. 2.
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