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EXPONENTIATION OF HOLOMORPHIC FUNCTIONS

Do Y. Kwak* anp U Jixn Cuor

1. An inequality for the coeflicients of composite functions

We fix a positive integer n and let B be the unit ball in C* and 4
be the unit disk in C. For z, =", we let

<z1 §>:21:1+"'+:n§m ||2H: Z,2>1/2
and let A%(B) be the space of all holomorphic functions f in the ball
B with
1 lke= 1 v <oo (1 pCon, 0=4<D)
where for 0<{¢<1
duy(2) =-LEED (1|l ()

is the probability measure on B and dv, denote the unit surface measure

on 9B. We also let A?,,(B) be the space of holomorphic functions f(z) =
3 a.z on B with Dsf € AY(B), where Dsf (2) =22 (Ja|+1)%az*. We
a>0 az0

note that when p=2, A?,, becomes a Hilbert space and

- y . al(Ja| +1)*
IDF =T gtm) 5 Fo A LD a2
For other properties of the spaces A (B) and A?.,(B), we refer to [1].
We let a,f, 7,6 denote the multi~index with a! = a;!l-a,!, |a|=
ayte A, 2F—2%1eez,% et
Suppose F is a function given by the formal power series

F)=3 Fui (F;>0, weC).
i=0

For any function f defined by the formal expansion

f(R) =1 a,=* (z€C", a,€C, ac€l?),
a>{
we let A" be the coefficients of the composite function Feof, i.e.,

(Fof) (=) = 5 Fy(f (2)i= AV + T A=,
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It follows that A." are functions of a, with A{”=:F, and in general
AP =A,({ag}), B<a. We will show that A,({ag}) is a linear com-
bination of certain products of powers of ag. We observe that

or iF( a k_ <ln1 11V ) «
k=0 d az>:0aaz ) ~a§) ,1;0 jpw-;:-ﬁi:aaﬁln‘aﬁj -
|l
B Al =5 5 anean)=3 Al

where the products are distinct and A, ;>0 when Fy, ..., F,,, >0. If
we write U, :({ag}) for the corresponding products, then using the
homogeneity of U, in az one can easily see that for any coefficients
Qg b

Ug, i ( {aﬁbﬁ} ) = U, 4( {as}) Ua b (1631) 5
for any real number 7,

U s({ds)) 7= U, 1 ({1 d3|7)
for any é€C" and f<a,

U 1 ({58}) =5U,({1}) =&, 1=(1, ..., 1).
For z,£€C" and 0<(p< o0 we write z-£= (5,8, ..., ,&,) and |z|P=
(2112 ..., [2,02) €R". A domain D is said to be complete Reinhardt
domain if €D implies z-é€D for every é=dn. If we define
D(p)=1{zeC": |=|p72€ D}, (< p oo

then D(p) is a complete Reinhardt domain with D(2)=D. We note
that if D=4 then D(p)=D for all 0< p<co. We fix a function é
determined by the formal power series

¢(2) :fg a2 (ca>0).

Lemma 1.1. Let a be in Z%. Then for S<a and any p with 1 < p
(oo, the Taylor coefficients of the composite function Fo f satisfy
1 Ac(ag) | < [AL(lei?lag| 8} ) [172- [ Ag(feg) ) 27072,
For 1< p<oo, equality holds if az=csP for some E€C*. If, in addi-
tion, Ky, ..., F i1 >0, this condition is also necessary.

Proof. We let d,=a,/c, so that f(2) =3 c,d,z* and
a>0

Aa( {aﬂ} ) :Aa( {Cﬂdﬂ} ) - le: Aa, kU‘z,k< {cﬁdﬁ} )-

Using Holder's inequality with p’=p/(p—1) and the properties of
U, we obtian

1.2) |Aa({aﬁ})l3§l A1l Us i ({egds}) |
1.3 S AL A aUa 2 ({egl dpl 21112 (DA, U, 1 (g )} 177
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= A, s | dy )17 A (e )17
and the desired inequality follows. When ag=cstf, B<a, E€C” we have
Aa(lest)) = D204, 4U, 1 les)) =224, (g ).
Thus
| A (lagh ) 1= (871 A (e )12 A (feg )1/ #
=A,(eg| &8 2})) 12 A, (feg Y1/ ¥
and the equality holds in this case. Conversely, assume the equality
holds. Writing csdg="5c5l dy|, ;< C, I75] =1, we have
Ua,k( {Cﬁdﬁ} ) :Ua,k< {77,3} ) Ua,k( {Cﬁ‘dﬁ[} ).
It follows that (1.2) becomes equality if and only if U, ,({nd) is
independent of % and (1.3) becomes equality if and only if A, ,U,;
({cﬁJdﬁ[P}):c(a)AakaM({cﬁ}) for some constant ¢(a)>>0 and every
k. Since A, ;>0 when Fy, ..., F,,,; >0, we conclude that
Ua x({ds}) =c ()1 2e' (0 <0< 27)
for every k£ In particular, all monomials o’ the form Ud}f are
equal. Hence d,=%% for every 8<a where £=(d,, wooy dy) €C". This
completes the proof.

Remark. When p=2 this result appears in [3] with different proof,
while n=1 and 1< p<Zco the result appears in [£]. This remark applys
to the theorem below as well.

We fix a complete Reinhardt domain D such that P(z-2) =Xec,| 2|2
oo, z&€D and ¢(z-5)=co, z&dD. Then we see that O(|z|?)< oo,
2&D(p),1<p< o0 and we have

THeEOREM 1. 2. If for some p>1 the Taylor coefficients of f and F
satisfy
(1.4) 2 e e |t=a<o0, 3 Fyot<o,

a>0 k>0

then
(1.5) 2, Aa(feg)) 17?1 Ay ({ag)) i"iif"(ZOCl"’l aq.|?).
For 1< p<(oo, equality holds if a,—~c,&* for all a>0 and for some E<
D(p). This condition is also necessary if ¥, >0, m= 12 ...

Proof. By Lemma 1.1, we have
(1.6) Aa({eg) )72 Ag({ag)) |2 < A, ({ch? | a1 7).
Fix an integer N and sum over all @ with |al<.N to obtain

Z Alea) 1 4. Ua)) 17< T A, (eh a1 ).
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By (1.4), the function g(2)=2 ct”’|a,|?z* is holomorphic in 47,
a>0

while F{(w) is holomorphic in the disk |w!<{oc. Hence (Feog)(2)=
YA ({ch?1ag|#}) 2= is holomorphic in 4" Moreover,
‘Efa({ffﬁlaﬂi”n ﬁgo Fir(g(D))*=F (o),

where 1=(1, ..., 1). Note that g(1) and F(s) are both well defined.
Hence by Abel’s theorem

SA. (e a:#) =lim F(g(r) =F (),
where r=_(ry, ..., r,) €R". Letting N—oo, we obtain the result. For
1< p<loo, equality holds if and only if equality holds in (1.6) for
every a >0, which is true if a,=c,&* for some £C". When F, >0,
m=1,2, ..., ay=c,&%(e) by Lemma 1.1, we need to show that ¢ is
independent of a. Without loss of generality, we assume a,+0 for
some « and we let a,=c,£7(y) and ¢;=¢;£°(0) and let S<a with
7<B, 6<a. Then &(y)=£(p) and £(J) =&(a). But since also f<a, we
have ag=cs£# with £¢=£(a). Hence ¢£(a) =£(8) and thus £(y)=£(4).
Moreover, in this case ¢(|&]|?)< oo and hence £ D(p).

2. Application for the exponential function

In this section, we define certain space of sequences and study
exponentiation of holomorphic functions, For Q< p<co we define %
as the space of all sequences {e,},c=Z7 with

H {aa} Hl;: {go Cflxiplaa l 17} 1/P<OO_
We also define 2(D(p")) (¢ =p/(p—1), 1< p<cc) as the space of
all holomorphic functions f(z) =2 a.2*(z€D(p’)) with
a>0

Hf”j),qSZH {aa} ng/\/oo-
Then the mapping A : L—(D(p")) defined as

Afa)) =5 aes
is an isometry, since if {z,} €% then
2 laaze| < {X a7 a, [P}V 2{ X co| 2|2} 100

0 a>0

a a>0
:H{da}H,;{¢(\Zl"')}1/*"'<oo
for all zeD(#’). Hence f€l(D(p')) and since || {aa}|ilg:!1fffp,¢,
feL(D(y’)) implies {a,) €2, completing the proof.
We choose F(1) =¢*, A€C and ¢(z) =—q log(1—<z2, 1)). zE B, ¢>>0.
In this case we find that ¢,=¢/'(|a])/a! and that the coefficients of
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Fog are I'(g+|a|)/Tl(a)al. I f(z):gé) a.z*<l5(B(p')) then f

satisfies (1.4) and (1.5) becomes
(2.1) Eo(f(q*F[a|)/]"(q)a!)1_”A;”V

=exp(Z (¢/'(lal)/al)"?]a,|?).

Equality holds if and only if a,=q¢/"(|a])/a!& for some e B(p),
ie., if and only if f(2)=—glog(1—{x, &) for some = B(p). In the
termmology introduced in the beginning of this section, we have just
proved the following:

TaeorEM 2. 1. Let 1< p<loco and p'=p/(p—1). Then ef <l (B(?'))
whenever fEli(B(p)) with
lef 5. o<exp (11 £115,).
Equality holds if and only if f(2)=¢(2-&) for some = B(p).

As a special case, if p=2, we get the following result of Burbea [3].

CoRrOLLARY 2.2. Let k be any positive integer with 2k—n>0 and let
g=n. Then for any fEAL ... with f(0)=0, there exists a constant
¢ independent of f such that

Hef‘q n—-exp(CHDkf”zk n)
In particular, e/c A2

Proof. We have, by Sterling’s formula, for fe: A% ,.; with f£(0) =0,

”Dkf”u = 1'(2k) me(]a‘+1)2kfaalz

“"m P(M) |20

while ile/]):_,=T(g) Z | A {2, This completes the proof.

I'(g~lal)
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