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ON SURJECTIVITY OF m-ACCRETIVE OPERATORS
IN BANACH SPACES

Soxne Ho Han, Mryeone Hwan Kmv anp Jone AN Park*

1. Introduction

Recently many authors [2, 3,5, 6] proved the existence of zeros of
accretive operators and estimated the range of m-accretive operators or
compact perturbations of m-accretive operators more sharply. Their
results could be obtained from differential equations in Banach spaces
or iteration methods or Leray-Schauder degree theory.

On the other hand Kirk and Schiénberg 9] used the domain invariance
theorem of Deimling 3] to prove some general minimum principles for
continuous accretive operators. Kirk and Schénberg [10] also obtained
the range of m-—accretive operators (multi-valued and without any con-
tinuity assumption) and the implications of an equivalent boundary con-
ditions.

Their fundamental tool of proofs is based on a precise anlysis of the
orbit of resolvents of m-accretive operator at a specified point in its
domain.

In this paper we obtain a sufficient condition for m-accretive operators
to have a zero. From this we derive Theorem 1 of Kirk and Schonberg
[10] and some results of Morales [12, 18] and Torrejon [15]. And we
further generalize Theorem 5 of Browder [1] by using Theorem 3 of
Kirk and Schonberg [10].

2. Preliminaries

Let X be a Banach space and X* be a dual banach space of X. We
use B(X ; ) to denote the open ball centered at »& X with radius »>0
and 92U to denote the boundary of a subset U of X. We also use the
notation |A| =inf{l|z]| : €A}, AcCX.

The duality mapping J of X into 2X° is defined by
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J(@)={jeX*: (z, j) =zl jl|= 2]}
Let T be a multivalued operator from X to 2%. Then we define D(T)
={z€X; Tx+¢}, R(T)=U (Tz: x€D(T)}. T is said to be accretive
if for each z, yeD(T) and v Tz, vETy, there exists j&J(z—y)
such that

(u—w, ) =0.

It follows that T is accretive [7] if for any z, y in D(T) and >0,
lz—yli<|z—y+r(Tz—Ty)|. An accretive operator T is said to be
m-accretive iff R(J4+rT)=X for some r>( (hence all r>>0). Thus
for m-accretive T, the resolvent T+rT)1=J, r>>01is a single-valued
nonexpansive mapping which is defined on all of X,

3. Main results

In the following theorem we obtain sufficient conditions for m—-accre-
tive operator to have a zero.

TueoreM 1. Let X be a Banach space such that every nonempty closed
convex bounded subset of X has the fized point property with respect to
nonexpansive sel f-mappings. Suppose that T : D(T)TX—2X {5 m—
accretive operator satisfying: |Tz,| —0 as n— o for some bounded
sequence z, in D(T)=X. Then T has a zero (i. . 0= R(T)).

Proof. For any n we can choose y,& Tz, such that lyull < [ Tz, | +
%. Then z,+y,€z,+ Tz, Let 2 =Tty So (I-T) lz,=z,=J2,

Since {z,} and {y,} are bounded, {z,} is bounded. let limsup ||z,||=M
If we define o
C={zeX : limsup [lz—z,||< M)},
then C is a nonempty closed convex bounded subset of X. On the other
hand we have
HJlxﬁan*“lenﬁan<HJlx‘lenH<”I*2nH,
Le. (liz—zl<llz— 2, +iJiz,—z, .

From ||J12,— 2,/ =]y, < | T (x,) | +~]i, we have lim |.7;2,—z,||=0. Hence
n n—o

C is mapped into itself by a nonexpansive mapping J;. From the
assumptions on X the resolvent .J; of T has a fixed point in C which
is a zero of T.

For the following corollary we need the following definition. A
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single-valued mapping T : X — X is said to be pseudo-contractive [9]
if I-T is accretive.

CororLary 1. Suppose X is a Banach space such that every nonempty
closed convex bounded subset of X has the fized point property with
respect to nonexpansive self-mappings and suppose f: X — X is a con-
tinuous pseudo—contractive mapping. 1f z,—f(x,)—> 0 as n— oo for some
bounded sequence {z,} in X, then f has a fized point in X.

Proof. It is known that every continuous accretive operator defined
on all of X is m-accretive [11]. Hence I-f is m-accretive. By applying
Theorem 1 we have the conclusions.

Kirk and Schonberg [9] proved Corollary 1 with an additional
assumption that X is reflexive. From Theorem 1 we also get Theorem
6 of Morales [13]. A single-valued mapping 7 : X — X is said to be
demicontinuous if {z,} converges to z implies that {Tz,} converges
weakly to Tz.

CoroLLArY 2 [13]. Let X be a Banach space with uniformly convex
dual X* such that every nonempty closed convex bounded subset of X has
the fixed point property with respect to nomexpansive self-mappings.
Suppose T : D(T)Y=X — X is a demicontinuous accretive operator satis-
Sfying: |Tx,| =0 as n— oo for some bounded sequence {z,} in X.
Then T has a zero.

Proof. Kenmochi [8] proved that in case the dual space X* of X
is uniformly convex, a single-valued demicontinuous accretive operator
T with open domain D(T) is m-accretive if and only if z, — z implies
[ Tx,|l — oo for every x€9D(T), x,D(T). Hence T is m-accretive
and the conclusion of Corollary 2 can be obtained by applying Theorem
1.

We have also the following corollary [10, Theorem 17 by applying
Theorem 1.

CoroLLarY 3 [10]. Let X be a Banach space for which each nonempty
lounded closed convex subset has the fired point property for nonexpansive
sel f-mappings, and let T : D(T) CX—2X be m—accretive operator. Then
the following are equivalent:

(1) 0=R(T).
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(2) liminf ||J,z]|< o0 for some z<=X.

Proof. Obviously (1) = (2). Let z€X satisfying (2) and suppose
4,€ (0, ) is a sequence for which A, —co and {J1,} is bounded. Since
J;, 18 nonexpansive for every A, we have

T2 — T, 0l < lzll.
Hence {J;,0} is also bounded. Put z,=.J,0. Then

Zod A, Tx,,BO ie. —il—x,,e Txz,.

Hence |Tz,| < <7 Hx,,ll and hmlTx,,l =(0. By applying Theorem 1, the
conclusion follows,

We let [y, 2] =sup{(y, j) : j€J()}.
It can be shown that [az, £],=allz||? for all real number .

CoroLLARY 4. Let X be a Banach space such that every nonempty closed
convex bounded subset of X has the fized point property with respect to
nonexpansive self-mappings, let T : D(T)CX—2% be m-accretive, and

minf Lozl o, gal1,2)
reD(T) Hyl]q

where yETz. Then 0= R(T).

Proof. Suppose {1,} < (0, =) is a sequence for which 1, — co. On the
contrary we suppose that ||z,/|=|lJ,,0]l > o as n~-»oc. Then we can
choose y,= Tz, such that z,+1,y,==0. Then

fm Domanle g (Al el g el

N L W T S [y M L

— — 00,

It is a contradiction. By applying Corollary 3 we have conclusion.

In Corollary 4 we have Corollary 1 of Morales '12] and Theorem
2.1 of [15] by replacing T by T-z. By applying Corollary 3 we have
Corollary 3 of Morales [13] directly.

CoroLLary 5 [13]. Let X be a Banach space with uniformly convex
dual X* such that every nonempty closed conver bounded subset of X has
the fixed point property with respect to nonexpansive sel f—mappings.
Suppose T : X—X is a demicontinuous accretive operator and the set

(z€X : Tz=tx for some t< 0}
is bounded. Then 0= R(T).
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Proof. Since T is m-accretive and the resolvent J-10(¢<0) is boun-
ded, it follows that 0€R(T) by applying Corollary 3.

In what follows We apply Theorem 3 of Kirk and schénberg [10] to
the results of Browder and Morales and Kirk-Schénberg.

Tueorem K-S [10]. Let X be a Banach space for which the closed
untt ball has the fized point property for nonexpansive sel f~mappings, let
T:D(T)CX — 2% be m—accretive, and suppose for some zo=D(T),

| Tzo| <r < liminf | Tz]|.

> fxll —»oo

zeDN(T)
Then B(0; r)CR(T).
We apply the above theorem to generalize Theorem 5 of Browder [1].

TueoreM 2. Let X be an uniformly convex Banach space with its dual
space X* also uniformly convex and let T and T, be accretive with
domain and range in X. Suppose that

(a) The range of T—1 is all of X. D(T) is dense in X.

(6) To is defined and demicontinuous on all of X,

(¢) For some 2= D(T)

I(T+To)zol <r < lnim?f (T4 Tzl
Then B(0; r) CR(T+Ty).

Proof. By(a) T is m-accretive and from (b) T, is m—accretive. By
corollary of Priif [14], we conclude that T+ T, is m-accretive. By
Theorem 3 of Kirk and Schénberg the conclusion holds.

CoroLLARY 6. Under the same assumptions (a) and (b), except for
lim |(T+T4) ]| = oo

Jxjf o0

Then R(T+T,) =X.

Remark. (1) From Corollary 6 we have Theorem 5 of Browder [1]
where he obtained the conclusion by assuming in addition to the above
hypotheses, that T, maps bounded subsets of X into bounded subsets of
X. His proof is base on the fact that -(T+T) is the infinitesimal gene-
rator of a semigroup of nonexpansive mappings in the Banach space X.

(2) Instead of (b) in Theorem 2 assuming the following condition:
T, is single-valued and demicontinuous accretive on an open domain
D(T) satisfying

z,—z implies ||Tz,l| — co for every z€aD(T),
z,€D(T), we have the same conclusion from the results of Kenmochi
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[8] and Prug [14].

CoroLLARY 7. Let X be a Banach space such that the closed unit ball
of X has the fized point property with respect to mnomexpansive self-
mappings and let T : D(T) © X — 2% be m—accretive operator. Suppose
for some 0>0 the set

K{zeD(T) : |y]<8 for some yeTxz)
in nonempty and bounded. Then B(0; 0) “R(T).

Proof. Since K is nonempty and bounded, we choose zgeK and
| Tzo|<(6 < liminf |Tz|. Hence the proof follows from Theorem K-S,

el oo

We note that Corollary 1 of Morales [13] can also be obtained
directly by applying Theorem K-S and Corollary 3 of Morales [12] is
obtained by Corollary 7. In Corollary 3 of Morales [12] he assumed
that every nonempty closed convex bounded subset of X has the fixed
point property for nonexpansive self-mappings.

If T:X—X is a continuous pseudo-contractive mapping, then I-7
is m-accretive. Hence from Corollary 7 we have the following corollary
which implies Theorem 2 of Kirk and Schonberg [9].

CoroLLARY 8. Let X be a Banack space for which the closed unit ball
has the fixed point property for nonexpansive self-mappings, T : X—X
a continuous pseudo-contractive mapping and suppose that for some §>(
the set

zeX: lz—f(2)|[<d}

is nonempty and bounded, then B(0; 6) CR(I—T) (in particular T has
a fized point in X).

Remark. The coercivity of T'(T-! maps bounded subsets into bounded
subsets [4]) implies the boundedness of the set X in Corollary 7 for
any 6>>0. Therefore coercivity of T implies the surjectivity of 7.
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