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ON THE PRIMALITY OF THE MERSENNE NUMBER M,

Suin-Won Kane

There are some theorems which give the practical tests for the
primality of the Mersenne number M, where p is an odd prime,
(1] [2]. The purpose of this paper is to derive much more general
results of the above theorems by wusing the properties of the
polynomials S,(a, x) and D.(a, x).

Let @ be a nonzero integer. For every positive integer # the
polynomials S,(a, x) and D,(a, x) are defined as follows:

n

S.(a, x) = [‘%] (n-_ Z'>a"‘2"x"

<o l
[%] n n— n-2i i
D.(a, x)= ;0———%_2. ( ; l)a x
If a is a nonzero fixed element in F, where p is an odd prime,
then the polynomials S,(q, x) and S,_,(q, x) split over F, and have
distinct (p—1)/2 and (p—3)/2 roots in F, respectively, More
precisely, if (a, p)=1, p is an odd prime, then [4].
a?(1—x"")=S,(a, x)S,-.(a, x) (a®*+4x) (mod p).

If »is odd, say n=2r-+1 for some positive integer r, then we
have that [3]

S.(a, x) =S,(a, x) D..,(a, x)

Let K be a field of characteristic p and #n a positive integer not
divisible by p, and { a primitive n-th root of unity over K. The
polynomial

0.0 = I (+—0)
(n,5)=1
is the n-th cyclotomic polynomial over K. When we refer to the
characteristic p of K in this discussion, we permit the case p=0
as well. The following facts are well known. [6]
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(i) x"‘““].:E@A(JC)
(i) The coefficients of @,(x) belong to the prime subfield of K,
and to Z if the prime subfield of K is the field of rational numbers,
(i) If K=@, then the »-th cyclotomic polynomial @,(x) is
irreducible over K and [K® : K1=¢(#n), where K® is the splitting
field of x*—1 over K.

(iv) If  K=F, with (g,n)=1, then ®,(x) factors into ¢(n)/d
distinct monic irreducible polynomials in K[x] of the same degree
. d; K® is the splitting field of any such irreducible factor over K;
and [K® : K]=d, where d is the least positive integer such that
¢’=1 (mod n)

Lemma 1. Let K be a field of characteristic p, and n and m
the positive integers not divisible by p. Then
’ D, (x"y=" H By (x)

(&=
Proof. See [5] |
If a-and p are the roots of the characteristic polynomial f(£)=
2—at—x of the polynomlal S w(a, x) (or, equivalently D.Ja, x)),
then [3] ' .
" S.(a, x) ~—a"+a"“ﬁ+ _ +aﬁ"“+ﬂ"

D(e, x)=a"+ 8"
If #n=>2, then @,(x)= 0 is a rec:procaI equation over K and

ﬂﬂfo@,,(T) isa symmetrlc p@)ynomlal of degree ¢(n) in a and B
-dv“ér K where af+0. -

Derarrion. Let a and b vary over nonzero integers and « and ,3
the roots of the polynomial f(x) =x?—aX—b over Q. If #>2, then
pod, (—-—-—) is a polynotmal in @ and b over Z and" is denoted 'by

K.(a, 3)

Simple calculation shows that K,(aq, b) =aq, Ka(a b}—wzz—l_—b K;(a
b)=a®+2b, Ki(a,b)=a'+3a%b+1%, Ks(a b)= a2+3b L
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Lemma 2. Let a and b be any nonzero integers and nz=2 is a
positive integer. Then

S(a, b) :dI(I—-{l)Kd(a’ b,
a>1
Dn(a9 b) - EI Kﬁ(a’ b)-
(F2)=

Proof. Since &,(x)=x—1and x"*'—1=(x—1) (x"+x" '+ +x+1)
= Il @,(x) we have that 2"+ x" '+ --+x+1= Il @,(x).

d|(n+1) dl(n+l)
S0, S.(@,b)=a"+a* g+ +af 1+ —dlg”,@“@q)( /3>
= I Ku(a,b).
dlé‘;‘iil)

D@ =+ =p[(4) 1] = arf(-2)]
—'8 1 QM( ﬂ ) din ﬂﬂw (/Z ) H sz(a b)

dln

(_z) 1 (TZ =1 —2 =1

Here we used the fact that ; ¢(2d) =n whlch can be proved
(%,2):1

easily.
Lemma 3. @,(1)=K,(2, —1)

Proof. If a=2 and b=—1, then f(x)=x?—2x-+1 has the roots
a=pf=1 and the lemma is true.

CoroLLarY 1. If p is an odd prime, then
K,(2, —1D)=0 (mod p)

Proof. If p is an odd prime, then @,(x)=x""+x""+ -+x+1
and @,(1) =p=0 (mod p).

CoroLLARY 2. If p is an add prime, then
K,(a, b)=(a’+4b)*>"” (mod p)
Proof. 1f p is an add prime, then [3]
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Sp-1(a, b)=(a®+4b)**” (mod p).
From Lemma 2, S,.(q,b) =H Ki(a,b)=K,(a,b).
a>t

Lemma 4. Let g be an odd prime and a, and b, the integers not
divisible by q. If K,(a;, ))=0 (mod q), n=3, then K.(a,b) has a
factor of the form a*+cb over F,, where c=—(a})/b,.

Proof. Since @,(x)=xT(x+1/x)+d(x+1/x)""+---+d.],
suppose that K,(a, b)) =(a?)"+5,(a®"0+---+sb" where r=¢(n)/2
and K,(a;, b,)=0 (mod ¢). Let us denote (67)"K.(a, b) by F(ba?),
then F(x)=x"+sx"'+---+5s, has a root x=>b'a} over F, This
means that x—b;a? is a linear factor of F(x) and equivalently %+
cb is a factor of K.(a,b), where c=—(a?)/b,.

Lemva 5. Let a and b be integers, then for a positive integer
T, Dz,,(a b) LD, (“’b)J‘-2( By PO

Proof. [D.(a,b)I?=(a"+p9*=a*+g"+2(af)*=D,(a, b)+2(—b)"
So the lemma is true.

Let p be an odd prime and M=M,=2?—1. Suppose that M=M,
is prime, Since Su(g,x) and Sy_,(ag,x) split over Fy and have
- distinect (M—1)/2 and (M—3)/2 roots in Fy respectively, they can
be factored over Fy as follows:
Su(a, x) =S;.,(a, x) =S,(a, £) D,(a, x) D,:(a, x) -+ Dz (a, x)
=a(@®+¢,%) - (@ cx) - @+ Cop—pa)
Su_.{a, x) =Sy-1_5(a, x) Do, (a, x) and consequently
Syr-1_2(a, x) = (@®+d %) - (@ +dyp-2.,%)
Dy (a, %) =a(@®+erx) -+ (@ +€s_,%).
If a®+cx is a factor of D,-(q, x), 2<z —1, then (a+p)*—caf
=a?+ 2+ (2—c)aB is a factor of o +ﬁz‘p So of course a*-pB*+-
2—0)a?f is a factor of & +5 =Dy;(q¢,x) and must be factored
over Fy as a*+ 8+ Q—co)atf=(a’+ )t —ca’f=(a®+ 2+ kaf) (a?

+p2—kapf) where k*=c and we have that (—j%—)zl. On the other-

hand, if a®+dx=a?+B+gaf is a factor of S,-1_,(aq, x), then there
exists a®+ f+haf=a’+fx which is also a factor of S,~:1_,(a, x)

—T78—
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such that 2—h*=g over Fy [4]. This means that o+ p*+gaf=a’
+dx=a*+ 2+ Q—hY)af= (a+p)2—h*af=a’+h*x and we have that
d=h? and (—]%—)zl. Since a?(1—x"")=Sy(a, x) (Sy-.(a, x) (a*+4x)
(mod M) and there are (M—3)/2 elements of Fy such that (——A%—)

=1, c+F4, we conclude that if (—-]f—/f):l, then @?+cx is a factor

of Dy-i(a, x), 2Zi<p—1, or S,-i_,(a, x) and if (—ﬁ—):——l, then

a’*+cx is a factor of Dy-(a,x) or D,_,(a,x) because there are

(M—1)/2 elements of Fy such that (—ﬁ)z——l. So we have the

following result:

Lemma 6. Let p be an odd prime and M=M,=2*—1. If M is
prime, then a®*+cx is a factor of Dy-(a,x) or D,-._(a x) over

Fu, if and only if (—1‘%—):-1.

TreoreM 1. Let p be any odd prime and M=M,=2"—1. Suppose

that for monzero integers a, and by, (—%‘4—): 1 and (—a—fﬂfﬁé——):

—1. Then M is prime if and only if Ky(ay, b)) =D, (a;, b;)=0
(mod M).

Proof. Suppose that M=M, is prime and (—af—_%ﬁ):*—l. Then

f() =t2—a,t—b, is irreducible over Fy and so Sy(ay, b;) =0 in Fu.
[3] This means that

Su(ai, b)) =S, (ay, b)) Dy(ay, b)) D, (ay, b;) ++-Dyo-s (ay, b)) =0

in Fy, and for some positive integer r, 2<r<p—1, we must have
that D,.(a,, b,) =0 in Fy. As Sy(ay, x) splits over Fy, so does D,
(@, x) and there exists a factor ai+cx of D, (a,, x) over Fy such

2
that a?+ch;=0 in Fy. Consequently we have that 1:(_]6\17[1—):

( _j\f[bl ):( ;41 )( X{ )( ?‘14 ):~(—ﬁ) and from Lemma 6, @+
cx must be a factor of D,-:(ay, x), and D,s-:(ay, b,)=0 (mod M)
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is evident. From Lemma 2, ‘we have that D, (a;, b)) =K,»(a, by).

Conversely, assume that M 'is composite and D, ('al, =K,
(e, 5)=0 (mod M) holds. Then the same congruence 'is true to
any modulus ¢ which divides M. Suppose that K,(ay, b)=0 (mod
g)-where ¢ is an odd primé factor of M. Then from Lemma 4,
K,(a,b) has a factor a*+¢b where c=—(a,)%/b, over F,. Since @
+cb= (a+ﬂ)2~caﬂ a2+ B2+ (3—~€)ap is a factor of Kz,(a b) =a”""

+ 7 =g, ) (—-—l-g--), K,(a,b) factors into the product of quadratic

symmetric polynomijals in « and 8 over F, and ¢=1 (mod 2*).
From the theorems of factorization of @,,(x) over F, we must have
that |

qg—1=k(2%) or g+1=k(2?).
The former . is impossible because g is greater than M and the
latter is impossible unless 2=1. Hence ¢g=M and M is prime,

To compute the value of Dyi(ay, b)) =Kp(ay, ), we use the
following sequence {r;} which is obtained from Lemma 5.
K& =Dg(01, b1)=a%+2bl
72=D(a,, by) = {Dy(ay, B)}2—2(—b)2=r1—2(—by)?

7:=Dyla;, b)) ={Dy-(ay, b:)jzu-Z(“b # zr?--x“zbz‘-'

CoROLLARY 1. Let p be any odd prime and M=M,=2"— 1 M is
prime if and only if r,=0 (mod M)
where ri=4, ri=rt,—2, =2 [1].

Proof. Since M=2!—1, 2?=1 (mod M) and 2/*'=2 (mod M).
Put 20402 =g, and 1=b, then =2 (mod M) and (—-——-)“ . So
we have that

(A0 CiVch)

because M=1 (mod 3). Now, r,=D.(ay, b)=02+2b=4 (mod M),
r:=Dy(ay, b;)=4?—-2=14 (mod M), ey 7’:»15(7}-»2)2—2(1“0‘1 M).
This completes the proof. o ‘

CoroLLary 2. Let b be a prime of the form 4n-+3 where n is a
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positive integer. Then M=M,=2"—1 is prime if and only if 7,
=0 (mod M) where r,=3, r;=r%,—2, i=2. [1] [2].

Proof. If p is a prime of the form 4n+3, then 2!—]1=2"+—]=
(16)"-8—1=2 (mod 5).

So we have that (——]‘:’T):—l and we may put @,=1, and b;=1

in Theorem 1. Now 7r,=D,(a,, b)) =a?+2b,=3, 7r,=32—2=7, -
The corollary is true.

Tueorem 2. Let p be any odd prime and M=M,=2*—1. Suppose

. by \_ a+4b; \ _

that for some monzero integers a, and b, (-—M—)—l, (T1>—

1 and D,(ay, b)=+0 (mod M) where d is a divisor of 2*'—1 such

that 1<<d<2'—1. Then M is prime if and only if K, ,(a;,b)=
0 (mod M).

Proof. Suppose that M=M, is prime and (a—%}%@—‘—)ZI. Then

f(@&) =t*—a,t—b, is reducible over Fy and Sy_,(a, b)) =0 in Fu. [4]
This means that Sy_.(ay, by) =Sy-1_;(ay, b)) Dys-r_ (a1, ;) =0 in Fy.
Since Sy_,(a,, x) splits over Fy, there exists a factor a?+cx of Su_,
(a;, x) such that a?+cb,=0 (mod M). Then (—]%4—)=~1 and from
Lemma 6. a?+cx is a factor of D,y (a, x), and D, (@, b))=0
(mod M). Since D,-s_,(a b)= }I'I K,.(a, b)

and D,(a,, b))=0 (mod M) where d is a divisor of 2#7'—1 such
that 1<<d<<2*'—1, K,»_,(a,, b)=0 (mod M) is evident, because if
d is a divisor of 2r'—1, 1<d<2*'—1, then D,(a,, b;)=0 (mod
M) implies that Ky(a;, b;)=0 (mod M).

Conversely, assume that M =M, is composite and K,s-,(a;, b;)=0
(mod M) holds. This congruence is true to any modulus ¢ which
devides M. Suppose that K, ,(a;, »,)=0 (mod ¢g) where g is an
odd prime factor of M. Then from Lemma 4, K, ,(q,b) has a
factor a®*+cb where c=—(a?)/b,. Since a*+cb=(a+p)*—caf=a*+
B2+ (2—c)ap is a factor of K, (@, b)=a® "+ =20, ,
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(—%—), K,»_,(a,b) factors into the product of quadratic Symmetric

polynomials in « and B8 over F, and ¢°=1 (mod 2?—2). From the
theorems of factorization of the cyclotomic polynomial @,,_,(x) over
F, we must have that g+1=k(2*—2) or g—1=k(2"—2). The
former is impossible unless g=1 which is unthinkable and the
latter is impossible unless £=1. Hence g=M and M is prime.
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