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On Singular Compactifications

Keun Park and Je Yoon Lee

1. Introduction

In [8], JP.Guglielmi proposed the open question under which condi-
tion on X, aX is equal to sup{X WS | aX 2 USH} for any compactifi-
cation aX of X. Since oX ) USE) if and only if €S, JP.Guglie-
Imi's problem can be restated as follows; Under which condition
on X, is aX equal to sup{XUS®H | €S} for any conpactification
aX of X? REChandlerl4] showed that if X is non-pseudocompact,
then the Stone-Cech compactification of X is equal to sup{XiuS(f)
| f€S*] and also he showed that if X is a retractive space, then
the Stone-Cech compactification of X is equal to sup{XuiS() | f 5%},

In this note, we give some conditions under which oX is equal
to sup{XuUS() | €S} for any compactification aX of X, and give
some examples.

2 Singular compactifications

Througbout this note, the topological space X is assumed to be
locally compact and all topological spaces are assumed to be Hausdorff.
In [2], the singular set S(f) is defined N {CIEX—=F) | F is compact
in X} for a continuous map of X to Y, where “Cl” denotes the
closure operater. And f is called singular if S()=Y. For a singuiar
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map f of X to a compace space Y, a Hausdorff compactification,
which is called a singular compactification, is defined as follows ;
Let the open sets i X be as they were in the original topology
on X. For p€Y, a basic neighborhood of p is defined to be any
set of the form UUf'(U}—F where U is an open neighborhood of
p in Y. This topological space on XuUSH)=XUY is denoted by X
USH=XuUY is denoted by XuSEH (4], [5D.

We will denote C*(X) the set of all continuous and bounded map
of X to R(the real line with the usual topology) and C* the set
of all continuous and bounded maps of X to R with the extension
to a Hausdorff compactification aX of X. Let S*={feCx) If is
simgular S*={f&C*|f is singular} for any compactification aX of
X. Then, it is true that S*s*¢ and $°*¢ since all constant map
are singular.

In 1982. B1Ball and S.Yokura[1] introduced the concept of determi-
ning set. For each subset F of C*X), let K(F) be the subfamily

of the family of all Hausdorff compactifications of X such that K(F)

consists of all compactifications of X to which each element of F

can be extended. If K(F) has the smallest element oX, then aX
is said to be determined by F, and denoted by azX. It is easily
shown that every subset of C*X) determines a compactification of
X if X is locally compact. And then, he showed the following theorem.

Theorem 2.1 {11 For any subset F of C*X) and any compactifica-
tion aX of X, the followings are equivalent.

(1} F determines a compactification and arX=aX.

(2) FCC® and F* separates points of aX—X where F°* is the subset
{ffECHaoX): f* is an extension of f and fEF} of C*uX).
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Theorem 2.2. Let f €C* Then, XUS(f) is the smallest compatifi-

cation of X to which f can be extended.

Proof. Let aX=XuS(f) and define #:aX—8(f) given by
P)=f(x) if x€X and P(x)=x otherwise. Then, it is easily shown
that f* 1s a continuous extension of { and it is trivial that f* separates
points of aX—X. Since X is locally compact, aX is the smallest

compactification of X to which f can be extended, by theorem 2.
1.

Corollary 2.3. For any subset F of S* sup{XusS®H | f<F}
is the smallest compactification of X to which ¥ can be exten-
ded.

Proof. Since sup{XuS® ! fE€Fl > XuSH)} for any f in F, it
follows that F can be extended to sup{XuSH) | feF}. If oX is a
Hausdorff compactification of X to which F can be extended, then
for any f in F, aX > XS by theorem 2.2. Hence, we have that
oX > {XUSH T fEFL and so sup{XUSH | f €F! is the smallest com-
pactification of X to which F can be extended.

Using above Theorem 2.1 and Corollary 2.3, we obtain the following
corollary which is proved by R.E.Chandier and G.D.Fautkner(4].

Corollary 2.4. aX=sup{XusS() | f €S} if and only if {f* €C*aX)
| f* is an extension of { and f&S*| separates points of aX—X.

3. Main results

For a completely regular space X, X 1s called a2 retractive space

if and only if there is a retration of BX onto BX—X.
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Theorem 3.1[6]. If X is a retractive space, then X is locally
compact and pseudocompact.

Lemma 3.2[8]. For a compactification aX of X, aX is a singular

compactification if and only if there exists a retraction of oX onto
aX—-X

Theorem 3.3[4). If X is non—pseudocomapact, then
BX=sup{XuUSE) | f &5%.
We generalize the theorem of RE.Chandler: “If X is a retractive
space, then BX=sup{XuUS() | f&S*.” and give some answers on
the problem given by I P.Guglielmi

Theorem 3.4. If oX is a singular compactification, then oX is
equal to sup{XuS( | f&S*.

Prooof. Suppose that h is a singular map of X to Y where
S(h)=Y is compact and aX=XunS(h). Sincd the compact space Y
is embeddable to the cube, there exists and embedding n of Y to
EA L. where and 1. is a closed interval in R. For any A €A, let
oy 1:\1;}\ L——L be a projection and let F={p.encoh |l AEA}. Then,
it is obvious that F is a subset of C*X). Since aX=XusS(h), there
exists unique extension h® of h to oX with h*(aX)=Y. Hence, we
have that for any AEA, p.en°h® is an extension of pmeneh to
oX. And so, preme h € C Next, we will show that p,° e b is singular.
Let Z=Cl{p.° n(Y)), then Z is compact since it is closed in the
compact space I.. For any compact subset A of X,

Z D Cl(pione hX—A)
=CHCl{px ° n e hX— AN
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2 Ci(ps o n(Ci(h(X—A)))) since p: is continuous
=CHpro n(Y)) since h is singular
=Z.

Hence, we have that Z=n{Cl{p.onohX—A)Ii A is compact in
X}. Therefore, for any AEA, poneh is singular. Finally, we will
show that F*={{*|f* is an extension of f toc uX, fE&F} separates
points of aX—X, that is, for any v, v(F)EaX—X, there exists
a A€ A such that (piepeh) (y)#(ponehy{y) where {(p.°rm°h,)
is an extension of meneh to aX In the above progress, we know

that h(y:) =y, and h(y2)=y:. since yi, v, CaX—X and aX=XU.S(h).
Since n is embedding, we have that w(y)¥n(y:). Since mon° i
is an extension of p.onm°h and the extension is unigue, (p.° 7 © h)®
is equal to pomehe, The fact that m(y)#n(y:) implies that there
is 2 A €A such that p, o n(y2)#ps © 7(y2), and so (peome h)* (y)p.ome he
YI)=p. ° myD7 pr © 1{y2)=ps © 7 © h%y2)=(pr © 7 © h){yz). Hence, F* sepa-
rates points of aX~X. Therefore, by Corollary 24, aX=sup{X US(D
| f&F}. But since FCS% aX=sup{X uS® | £ CF} <sup{Xush |
fCS and so, aX=sup{XuS®#) | { &S* because of sup{XuUSH | f€ 57}
<aX by Corollary 23. This completes the proof.

Corollary 3.5. If X 1s a retractive space, then aX=sup{X uUS®H
| f&S for any compactification aX of X

Proof. Let r be a retraction of BX to BX—X and let ¢ be
the natural projection of BX to oX Define r:oX —>oX—-X gi
ven by r=¢ {gy—y°re¢’. Then, it is obvious that f is well-defi-
ned, ontinuous map with rax—x=1 ax—x. Hence, aX=sup[X US
H1feS) by Lemma 3.2 and Theorem 3.4.
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We obtain R. E. Chandlers Theorem as a Corollary.

Corollary 3.6. If X is a retractive space, then the Stone-Cech
Compactification BX of X is equal to sup{XudS(®E | f €S*}.

In above, we showed that if X is a retractive space, then aX=sup
{XUSH | €57} for any compactification aX, and this implies that
BX=sup{XS(®E) | f€S*]. But, the converses dom't hold as you see
in examples below. First, we give an example in which BX=sup{XuUS(f)
| £ €5*, but aX#sup{XuSE | f€5% for some compactification aX
of X

Example 3.7. Let X=R with the usua! topolegy. Since R is
non-pseudocompact, BX=sup{XUS() €5*} by Theorem 3.3. Let oX
be the compactification of X with two points remainder. If oX 15
a singular compactification, then there exists a singular map ' X——
{a, b}. Then, fX)={a} or f(X)={b} smce R is connected and f
is continuous. But this contradicts to CIf(X))={a, b}. Hence, aX
is not a singular compactification. If eX=sup{XuSH | &S}, then
XusS(f) < oX for any f in S° and so, XuUdS() is the one-point
compactification for any f&S% Hence, aX=sup[X uSH | f&$} is
the one-point compactification, which is a contradiction.

Next, we give an example in which X is not a retractive space,
but oX=sup{XuUS® | f€S°} for any compactification aX of X.

Lemma 3.8[4]. If fEC* then f{aX—X)=S(.

Recall that a directed set A is a partially ordered set with the
following property s for any «, BEA, there is a A in A such that
a<r and B<A.
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Lemma 3.9[9] Let X be a compact space, A a directed set
and A, a closed, connected and non-empty subset of X for any a €A.
If Au€A; for @, BEA with B<a, then o A® is connected.

Example 3.10. Let X=[0,0) with the usual topology. Then,
X is not a retractive space by Theorem 3.1, since X is not pseudocom-
pact. First, we will show that aX—X= él Cl(X~) for any compac-
tification oX of X where X.=[n, x). Smce aX=ClX)=Cl.(u [0,
n)=CLXsu [0, nl, and [0, n]CX, we have that aX=Cl.(X)U

[0, n]-X CCla(Xy. Hence, aX—XC .151 CL.(Xa). For converse, if x
€X, then there exists an open neighborhood U of x in X such
that CL(U) is compact since X is locally compact. And there exists
an n in N such that CLWU)CLO, n). And so, x & Clu(X—CLU))
and ClX~CLUY) D CLX~[0, n), this implies that x & CL{X—L0,
n))=Cl{(X.). Hence, ¢X—X D Cl.{X) 2 5_1 Clu(X,). Since X, is con-
nected for any n, we have that «X—X is connected for any compactifiac-
tion X of X by Lemma 39. Given compactification aX of X, let
p, q(#)€aX—X, then there exists a continuous map f from oX
to [0, 1] with f(p)=0 and f(g)=1. Since f is continuous and oX—X
is connected, flaX—X) is connected. Because of flo.—X) [0, 11, f(p)=0
and f(g)=1, we have that f(eX—X)=[0, 1]. Let g=fl, Since ¢
has an extension f to oX, by Lemma 38 S(g@=fX—X)=[0, 11
Hence, we have that g is a singular map. And so, g is an element
of S* and f(p)#f(q). Therefore, S° separates points of oX—X By
Corollary 24, we know that aX=sup{X uUSH | f€S.
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