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A Remark on the Existence of Periodic
Solutions to the First Order Ordinary

Differential Equations
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1. Introduction

It 15 know that the system of the form
(E) =Mt ©)

where f! RxR'->R" is continuous and T7-periodic with respect to
t for some positive constant T, has at least one T-periodic solution
f we assume
(H) The solution to IVP for (E) are unigue

(or 1t x)—J(t x), x—32€0, t€l0 T3, x x€R with Ixll=r
for some r>0),

Ha){ft, x), x>0 for all (¢ x») ERxR" with |l x|l =r for some r)0.
It is natural to ask whether we can find an appropriate sign condition
which is independenpent of (H,), (H.) and stil guarantees the existence
of T-pertodic solution to the system (E). The answer is affirmative
when we replace (H.) by a generalized sign condition far away from
the origin without assuming (H).
In section 1, we give the answer to our question in BVP view.

More precisely, we investigate the existence of T-periodic solutions
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to the BVP

x=flt x)
x(0)=x(T)

,where x=x(t), f.RxR"—>R" is T-periodic with respect to ¢ and
continuous{sr f is a Caratheodory function having sublinear growth
in x). The proof is based on Leray-Schauder's continuation theo-
rem.

In section 2, we extend our result to the delay functional differential
equations. More precisely, we devote ourselves to prove the existence
of T-periodic solitions to the BVP

=ft x)

Xo=Xr

, where x=x(t), x:[—7r, 01°R, x(s)=x(t+s) and f:RxC—R" is

a continuous function and takes bounded sets nto bounded sets.
Here r is a non-negative constant and C, is the Banach space of
continuous mappings k. [—r 0J=R* with the norm

Il & |l =s€f$§r.p0] | h(s) | .

The proof is based on Mawhin's continuation theorem.
Our results are related to these results in [2], (3] which are
derived from the method of guiding functions.

Il. First Order Ordinary Differential Equations.

Let Cr be the Banach space of mappings x . R—~R" which are conti-

nuous and T-periodic with the norm
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hxll o = fg% x|

Wx@ll is the Euclidean norm of x(). Let ¢ and g, i=1, 2,5
be linear independent solutions to the T-periodic, homogeneous differen-
tial equations £=A(#)x and its adjoint y= —A*})y with A\ R—>R" conti-
nuous and T-periodic, respectively. By Gram Schmidt procedure, we
may assume

tr? =< pps? =68, 1{ij{s

Define

PCi—=Cr by Prx= T o 0é
Q:C—mC by Px= 3 <x,p¢>].h .

Then they are projections.

Proposition.  Suppose A(#) and b(#) are continuous and T-periodic
on R The eugation

(LD I=A(t)x+B()
has a T-periodic solution if and only if
(11.2} Qb=0,

If (IL2) is satisfied, then (IL1) has unique 7-periodic solution such
that Px=0.

Now let C)1p={x €C, | Px=0}
C'N—Q:{x GC; I QXZO} .

Define K Cr-¢ > Cri-s b —x, where x is a solution to (IL1).
Then K is well-defined, hnear and K(©)=0. And since /—Q : Cr—> Cri-¢
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is linear, K(I—@): C; = Cri-» 1s well-defined, linear and bounded.

Moreover, K(I—Q) ' Cr— Cr is a compact operator.

You may find the above mentioned resuits in [3J.

Lemma IL.1  Let F: [0,TIxR" = R"(tx) = F(tx) be contiouous fun-
ction, then H: Cr—>Cy x> Hx=F(* x(*)) is a continuous and maps
bounded sets into bounded sets.

Lemmma I.2 If A is a positive definite operator, then there is
¢?0 such that CAg x> Dclizll® for all xER,

Theorem IL1 Let f:RxR*—>R" be continuous and 7-periodic
function with respect to t. Let A ! R*—> R, be symmetric and positive
definite linear operator and {ftx), Ax> >0 for lizll>7 for some
7> 0. Then BVP

(E) i=ft x)
(B) (0)=xT)

has at Jjeast one solution.

Proof Let D@)=CnC'[0,T]). Define an operator L @ D(L)CCr
~> Crby Lx=%—x for x€D(L), then £—x=0 has only trivial T-periodic
solution which implies P=Q=0. Hence for each f & C; the T-periodic
solution to i=x+1f exists umquely.

Therefore L™ 1 C;—> Cr, f— x exists and is a compact operator. Now
consider a substitution operator

N C’r““)Cr,  ad _X(’)'*-f(' ,X(‘)).

Then N is continuous and maps bounded sets into bounded sets.
Therefore, x € Cr is a solution to the BVP (B) (E) if and only if
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r €D} and x satisfies

(I1.3) Lx=Nx, or equivalently
(IL4) x=L'Nx

Since L™’ is a completely continuous and N is continuous and maps
bounded sets into bounded sets, the composition L™'N @ Cr—>Cr is
confiouous and compact

By using Leray-Schauder s degree arguement, if all possible solution
x to the family of equations

(IL5) x=L7"Nx, 0 { &2 €1,

are buonded in Cr independently of A, then (I.4) has a solution.
H (xA) solves (IL5), then {x,A) solves

(1L6) Lx=ANx, 0 { A € 1
and x i1s a solution to the T-pericdic BVP of the equation
(IL7) i=(1— Mt aen), 0 ¢ AL

When A=0 by our assumption, we have only trivial T-periodic solution.
Thus the proof will be completed if we show that the solution to
(IL6), for 0 <A 1, are bounded in C: independently of A To this
end, define ¢:R' >R by r)=LAxx). Let M= iIsz,;g()(j)(x), then si-
nce lim &)=, for MM, there ror such that x)?»M>0 whenever

lefl >+

It x ll Dre.

We prove that for any possible T-periodic solution x to (IL7), we

have
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(I18) x| <ro for all t<[07T]

To do this, define v R—=>R §— Kx(t), then v is of class C' and
T-periodic and such that

1.9 o) =2{Ax(t), x(t )
=2(1—MCAx@), () +2r{Ax), ft x(8) ),

for all { €R. For every value f of ¢ such that
9= o=, sy 0

we have o(f))=0 since v can be estended on the whole of R. If
Lxgtad I > 7, then {fih)), Ax(t)>>0. Thus

vt =2(1— M Ax(ty), 2(t)) +20{Ax(ls), flts x(t:)>)0

which is impossible. Hence )l {r

If there exists & €[0,T] such that [fx(2) [ > n, then p(t)=<{Ax(t), x(t.)
> Mo and so Mo < o(t)Soty)={Ax(t), x(ts)>  sup {Ax(t), x(t)) =M
which is a contradiction. Hence we have Il x(t) i §rra for all t€l07T]
for every possible T-periodic solution to (IL7).
So we have that every solution(x, A)to(Il5) has an & priori hound
in Cr independently of A. Therefore, by Leray-schauders continua-
tion theorem, £=L7'Nx has a solution, or =/ %) has a solution
in Cr

Corollary IL1 Let f.RxR*—R" be continuous and T-periodic
function with respect to t. Let {f# x), x>0 for llxll) # for some
r>0. Then BVP (E) (B) has at least one solution.

Theorem IL2. Let f.:RxR'—> R be continuous and T-periodic
function with respect to ¢ with At »)ll{ellxll +3 for some g
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Ka{l/T, PO for all (¢ x) CRxR". Let AR — R be symmetric
linear operator and has no eigenvalue with zero real part, and <{f¢

%), A0 for x|l >r for some 0. Then BVP (B) (E) has at least
one solution in Cr.

Proof Let NL)=Crn C'(0, T]. Define an operator L : D@L }CCr
= Cr by Lx=%—gAx, where ¢ such that eT 1Al +aeT {1, for x €D(),
then for each f&€Cr, the T-periodic solution x to #=gAx+f exists
uniquely. Therefore L™ :C;—>Cr, f—> x exists and is a compact operator.
Now we consider a substitution operator

N Cr =Gy, x> —&x(* )+, x(-))

Then N is continuous and maps bounded sets into “bounded -sets.
Therefore, 1 €Cr is a solution to the BVP (B) (E) if and only if
x€D() and x satishes

(I1.10) Lx=Nzx, or
(IE11) x=L""Nx.

Since L™’ is a completely continucus and N is continuous and maps
bounded sets into bounded sets, the composition LN :Cr = Cr is
continuous and compact. By using Leray-Shcauder's degree argue-
ment, if all solution x to the famuly of equations.

(11.12) x=AL7Nx, 0 £ A <],

are bounded in C; independently of A, then (I[.10) has a solution.
If (x, ») solves (IL12), then (x, A} solves

(11.13) Ly=3Nx, 0 { 2 {1,

and x is solution to the 7T-periodic BVP of the equation.
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(IL14) g=(1—NeAx+ A ), 0 (A {1

If A=0 we have only trivial T-periodic solution. Thus, the proof
will be completed if we show that the solution to (IL12), for 0<A < 1,
are bounded in C; independently of A. To this end, let (x A) be
any solution to (IL13) with 0<{A<I then

lzll =1—HlcAcl +2U A8 I <A< D
CHedxll + /e ol
CellAll Mxll +alixll +p
=elAl +ylixll +8

1 lawpll >y for all s, T1, then

0= [I<xft), Ax(t)dt
=(1—Ne[[<Ax®), Ax)de+r [[<ft 2(1), Axt)>dD0

which is impossible. Hence there is a 4 €{0, T] such that 1| x(&) !l <.
Since x(®)=x(ty+ [ xar, NWxll {r+ [{ il dt=r+ Tl %1l Therefore,
fxll  r+[eTH AN +aTI Nzl +8T, or
(I—-eTHAl —aT]lix { r+pT

Since T llxil +aT <1, we have
fxli{p+aT) (I1—eT Al —aT>.

Hence, we have that every solution (x, A) to (IL12) has an 2

priori bound in Cr independently of A. Therefore, by the Leray-Schau-
der's continuation Theorem, x=L 'Nx has a solution, or £=f¢ x)

has a solution in Cr

Coroliary IL12 Let f: RxR'— R’ be continuous function and
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T-periodic function with respect to t with At x|l (allxll +8 for
some a, 0<a{l B0 for all (¢ x) CRxR. And (¢ x), %0 for
Hxli>7, for some r0.

Then BVP (B) (E) has at least one solution in Cr

Example x=ax+bs tet)
“(Q)=x(T),

where ¢: R — R is continuous, T-periodic and 570, has at least
one T-periodic solution.

IIi. First Order Ordinary Delay Functional Differential
Eguations

Let us denote by C, the Banach space of continus and T-periodic
mappings x 'R —> R with the norm lxll o = sup ix(®) il where

Il -} is the Euchdean norm in R*. For some )0 let C, be the
Banach space of continuous mapping ¢ : [—7 6] — R with the norm
ol C,fefi_‘-foj i o(6) 1. When =0, C. is naturally identified to R
If x€Cr and ¢t €T, we shall denote by x the element of C. defined
by

% {—7n0] >R 0—>x1te.
We note that,
0l Co, hxtt+eol< sup fappll =zl o

When =0 the mapping x will be naturally identified with the element
x(¢) of R'. Moreover we shall sometimes identify, without further

comment, a constant mapping in C; or C, with the element of R



38 Wan Se Kim and Byung Soo Lee
given by its constant value.
Let fiRxC, >R, (1 ¢} =>ftt, &)

be T-periodic with respect to f, continuous and take bounded sets
into bounded sets. Let us consider the functional differential equation.

(IIL.L) x=ft x)
If we define the Banach space by X={x<C ' x=x! and

DomL=XnC'l0, TINCr
L :Doml = C; x —g
NIG=2GC, x=f, 2),

then KerL=R" ImL={y €Cr'% [,y(s)ds=0}.
Let us introduce the contimuous projectors

P CT _)Cn X —>x(0)
Q:1Cr —Cy, x > L/T [[xE)ds.

Then for each x€Cr

HQxﬂCT( !ix!fcr
and Im@ is the subspace of Cr of constant mappings, and the following
sequence is exact s

P L Q
Cr =»DomlCC —=C —Cr

which implies

KerlL=ImP, ImL=KerQ
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and

Cr=ImP®KerP=KerLDKerP, Cr=ImQ®KerQ=ImQ®ImL

as topological sums.

Thus we have Cr/ FmL>~ImQ,
ImP={x(0) : x EP}=R"

mQ={1/T [ix(s)ds s x EC} =R".

dim KerL=n=dim ImQ=dim Cr/ImL=dim CoKerlL{w, L is linear
and ImL is closed in Cr. Hence L is Fredholm mapping of index
zero and there exists an isomorphism

JIm@Q = Kerl.
If we consider the restriction
Le=L1 Dom\Kerp - DomL\KerP — ImL,
then L, is bijective, so that its algebraic inverse
Kp=Lp': ImL —> DomL O KerP

is defined and K«y) (O)=x(t)= [s3(s)ds

We will denote Kso:. Cr = DomL N KerP the generalized inverse
of L defined by Kry=K{T—Q)
Then K»q is a compact operator by Arzela-Ascol: theorem. KqoN takes
bounded sets into relatively compact sets since N takes bounded
sets into bounded sets. You may find the following Lemma in Mawhin
{1], Mawhin and Gains [2].

Lemma II.1 With the assumption and notations above, N is
L-compact on each bounded subset of C.
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Theorem 1111  Let f: RxC. > R" be T-periodic with respect to
¢, continuous and takes bounded sets into bounded sets. Let A | &7 = &

be a symmetric and positive definite linear operator such that <f(%
%), A0, llxli)r for some r>0. Then BVP

(E) i=ft x)
B) Xo=Xr

has at least on solution

Proof. We will apply Mawhin's continuation theorem to our
proof. Now it is easy to see x €Cr is a solution BVP (E) (B) if
and only if r&Doml and

(11L.1) Lx=Nx.

Since L is a Fredholm mapping of index zero and N is L-compact,
by Mawhin's continuation theorem if there exits a bounded open
set G in Cr such that
(@) for each A €10 1[, every solution x of
Lx=A\Nx
is such that x €9G
(b) QNx#0 for each x €Kerl.NdG and
dUQN | gpyr G N EKerl, 0)#0
.where 4 is the Brouwer topological degree.
Then the equation Zr=Nzx has at least one solution in DomL N G.
Now we prove (a). For this purpose, let (x, A} be any solution
to

(11.2) Lx=MNzx,
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then (x A} is a solution to BVP

) =Mt x)
®) Xo=Xr

Let M= sup {Ax, x», then smceﬂlzm {Ar, x)=o,
for M0>M there exists 7, 7 such that {Ax, x> > M, whenever llxil > 7.
Let us define v R =R by

v(t)=<Ax(t), x(t)) for all tER

Then, # is of class €' and T-periodic such that

o) =2 {4x(t), i(t))
=20 LAxft), fit, x> for all tER

For every value # of ¢ such that
v(t,)= lsgg v(t)= ; éufo 71 v(),
we have i(tg)=0 If |lx(t)ll D7, then (s 2b)), Ax(ta?)0.
Thus
ot =20{Ax(ts), f(ts 200,

which is impossible. Hence Il x(t) i {r.
If there exists £ in [0,T] such that {lx2)l > then

U(t1): (Ax(t(); x(tz)>>M0
and so
M, { v(h) § vt} = <A.X(fo). x(h))ﬁuit!sz <AX,I>:M

which is mmpossible. Hence, we have Hx®) {7 for all t&L0T],
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Le.,
flxll = Gstzée'] [fx@®) ll <r

for every possible solution to ([IL2). Therefore every solution (x, A)
of (IIL2) is such that x €9G where G is an open ball in Cr with
radious pr7. and centered at origin.

Now we will show that the condition (b) is satisfied,
Since <f(t, x), A0 for lixl )7 we obtain

{(Aa, [ ft, @dt) >0

for every a €R" such that llqll}>r and hence QNx#0 for each x
EKerLnoG and for each A €10, I, (I—NAcTIMQN()=0 for every
¢ € gGNKerl. Hence, by the homotopy invariant property of Brouwer
degree, we have

a1 =NJA+NQN] | k.17 GNKerl, 0)
=d(QN | g,.;» GrkKerl, 0)

=d0A | g GKerl, 0)
=[sgn(det]” )1 Usgn(detA’ )1

#0,

Since A is positive definite hnear operator, where J, A’ are the
matrix representation of J and A in same some basis in KerL.
Thus

dJQN | g,,;* G O Kerl, %0

Hence the conditions (a), (b) are satisfied and our proof is completed.
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Example
) =ax(t) ¥ bx(t—r) o) (t—r) tet),

where a, b, ¢, d are constant with [¢|1>1d] and ¢ R =R

continuous and 7-periodic, has at least one T-periodic solution.

18
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