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Nonlinear semigroups on locally
convex spaces

Son Kuk Hyeon

Abstract

Let E be a locally convex Hausdorff space and let " be a calibration
for E. In this note we proved that if E is sequentially complete
and a multi-valued operator A in E is accretive such that D(4) CR
{I+2A)} for all sufficiently small positive A, then A generates a nonlinear
Icontraction semiproup {7(¢):¢>0}. We also proved that if E is
complete, I' is a dually uniformly convex calibration, and an operator
A is m-T-accretive, then the initial value problem

iiu(rﬁAu(t) 3 0, >0

has a solution % :[0,0)>F given by u(t)=T(t)x=£z}yﬂzﬁ(I +‘:;A)'nx for
each xeD(A).

1. I'-completions
Let £ be a locally convex space and let T be a calibration for

E ie, T is a direct set of semi-norms on E which induces the
topology of E. For pel, a sequence {r} in E is called a p-Cauchy



112 Son Kuk Hyeon

sequence if p(x -x )0 as ij~w. Two p-Cauchy sequences {x } and
{r) are said to be equivalent if px,— 3 )0 as ico. Let {x} be
a p-Cauchy sequence and z be the set of all p-Cauchy seguences
in E which are equivalent to {x}. Such a set x is called a p-lass
on E. The set of all pclasses on E will be denoted by E[p] and
it will be called the p-completion of E. For £, ¥ &¢E[p] and real
numbers o8, aZ+f¥ is defined to be the p-class which contains
a p-Cauchy sequence {art+By} for some {x}ex and {y)ex.Then

E(p] is a real vector space.

For zeElp], we define
pE)=bmp(x) for [x}ex.

Then the value p(x) does not depend on the choice of {xl} from
X

In is obvious that p is a norm on E[p] and, with this norm,
E(p] is a Banach space. The family of Banach spaces {E[p]; pel}
defined in this way will be calied the T'-completion of E. We denote
by Sp(:c) the p-class which contains the p-Cauchy sequence whose
terms are all identical to x. Then the zero element of the Banach
space E[p] is S0 and we have

PS()=p(x) for every zeE.

Let {E[p]: peI'} be the T-completion of E. First we have 2 linear

and continuous map

S, EPEp] 1 x-S (%),
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which satisfies the equality p(Sp(x)):p(x) for every xeE. Next, when

p2q in T, that is, ¢(x)>p(x) for every xcE, we have the natural
embedding

T, Elql-E(p],

which maps every x e¢Elg] to be the p-class which contains elements
of £. Obviously, this map is linear,

HT (5))Zq(x) for every zeElq]

amd

P q o

2. T-contractions and I-accretive operators

Let E and F he locally convex spaces and let T be a calibration
for (EF). In other words, each pel' has the E-component p. and
the F-component p. and T ={p, : pel'} and L, ={p,: pelt are calibra-
tions for £ and F, respectively. We shall dencte the embeddings
Sps and SDF by the same Sp.

We shall deal with multi-valued operators. By a multi-valued operator
A in E we mean that A assigns to each xeD(A) a subset Ax+¢
of E, where D(A)={xeE s Ax#¢}. And D(A) is called the domain of
A, and the range of A is defined by R(A}=x Sl Ax.

Let A be a multi-valued operator from E info F, that is, A 1is
a subset of EXF. For pel’ and [xyled, we set
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S Lyl)=[S,m), S M.
Then SP(A) CE[pIXF(p] and we set
4,57

where the closure is taken in the product E[pI1X#{p] of Banach
spaces E[p] and Flp]. Hence A, is always closed and A =(4).
- -1
Lemma 2.1[6]. () A—QSP A,),
G D)= S, (DA)),
(i) D(A)=S(DA).

Lemma 2.2{6). Assume that ¢> in I. Then for every * .
)

M T,x,eDA,),

(i) 7 Az =AT x

0 g ¢ 9 av g

Recall that a multi-valued operator A in a Banach space X with
its norm It - |} is said to be accretive if for each x, x,eD(A), yzgAx,
v,£Ax,, and for every A>0, the following inequality holds

i+ )=, +y) > lx—x, 0.

Moreover, if RI+XA)=X then A is said to be m-accretive.
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Let T be a calibration for a locally convex space E.

Definition 2.3. An operator f from a subset D() of E inte E
is said to be a I-contraction if

PG —fG)Sp(xw)

for all peT and xyeD(.
When f 15 a T-contraction and pel, {f(x)} s p-Cauchy sequence

whenever {"J is a p-Cauchy sequence. hence for every &sSp(Dd))
we can set

£@)= fim S,0x).
Then f, is a contraction of S(D(f) into E[p] and
S, p ’ SD=SP ) f
Definition 2.4. An operator A CEXE is said to be I-accretive
if, for every A>0, @+A4)" is a single-valued I'-contraction. If, further-
more, R(I+)>A)=FE, then A is said to be m-I-accretive. Where [
is an identity oprator on E.
Lemma 2.5[6]. For any operator A CEXE and A>0,
(1) (I‘*‘M}p:Ii‘Mp for all pel,

W) (@Hr4)7) =(+ra)".

Lemma 2.6[6]. (i) If A is m-T-accretive, every A, is m-accretive,
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(1) If £ is complete, A is closed and every Ap
is m-accretive, then A is m-[-accretive,
(iii) A is T-accretive if and only if every Ap is
accretive,

(iv) A m-T-accretive operator A CEXE is closed
in EXE,

™ ¥ A is m-T-accretive and xeD(A), then Ax
is closed.

3. Theorems

Definition 3.3. Let E be a locally convex space with a calibration
I' and let {T(®) :¢>0] be a family of nonlinear operators from a
closed subset C of E into itself satisfymmg the following conditions

() T(0)=IKidentity), T(+s)=T@®)T(s} for £s>0,
(i) Forevery x¢C, T{¥)x is continuous in {20,
(i) For all pel, t>0, and, xyeC,

T Wx-THy)Splx-).

Then we shall call this family {7(#) : />0} a nonlinear I'contraction
semigroup.

Theorem 3.2. Let E be a sequentially complete, locally convex
Hausdorff space with a calibration I’ and A be a I-accretive operator
in E such that D(4) CR(I+AA) for all sufficiently small positive A
Then
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3.1) T(tx= hm{+=A)" x
exists for xeD(A), uniformly in t on every compact interval of [0,
w). Moreover, T(t) defined by the formula (3.1) is a I'-contraction
semigroup on D{A).

Proof. If A is T-accretive and D(A) CR(I+\A), then, for every
pel, A is accretzve and DA 7 CRI+M D) Thus, for pel’ and xeD(A p)
T" (t)a:- hm (7+—= A ) "% exists and {T°() >0} is a contraction se-
migroup on D(A ) ([2]) Let xeD(A) and let n and m be positive
integers such that n>m. Then, for any peT,

t L3 £ -m - t_ -n L -

A+ A) I+ - 4) D) =p(S I+ -A) %)-S (I+ - A) %))
=p(I+7A)"S (A +=A)"S (1)
<at-Lf i) zeASwt €2
—““n mﬁ TEERY e

and hence p((I—i—»A) (I+ A )0 as nm—o.

Therefore lim(I +-A) x= T(t)x exists uniformly in t on every com-
pact subset of [0, oo) Then, for every pel’ and xeD(A),

sp(T(:)x):sp(ng;§(1+%A)'“x)

. t -n
= nl_l'{i)Sp(I +HA) x)

. t -n
= }gg a +;1-A F) Sp(x)
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=TS,
and hence T(txeD(A). Since (I+":~IA)—" is T-contraction, we find that
HTWx-T)y)<px-y) for every >0, xyeD(A), and for all pel’. Therefore

7(t) is [-contraction on D(A). Moreover, for all pel’ and xeD(A), we
obtain

PTx-T(s)x)=p(S T(t)x)-S (T(s)x))
=p(T°OS (3)-T'(5)S (%))
<2lts| - inflp@ txeA S (2D
In particular, this shows that T{tkx is continuous in for every xeD(A).
In order to complete the proof, we shall verify the semigroup property
T(t+s)=T®T(s). For all pel and £s>0, we have
S(T+sm)=T(+)S ()
=T'OT°(9S )
=T'() (S(T(s)x))

=S(T(t) T(s)x),  for xeD(A).

Since E is Hausdorff T(t-+s)=T()T(s) for £s>0. This completes the

proof.
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We shall call a calibration ' dually uniformly convex if, for every
pel, Elp] and its dual are uniformly convex.

Lemma 3.3.[6]. Assume that B is a closed subset of £ and
Sp(x) € SP(B) for all pel.
Then xeB.

Theorem 3.4. If E is complete, locally convex Hausdorff space
with a dually uniformly convex calibration I" and A is a m-T-accretive
operator in E. Then for each xeD(A) the initral value problemr

d
® { Eg't)—i-Au(t) 50 0

u(®)=x

has a solution u : [0,)>E given by w®)=Tx= m( -t-%A)'nx,
t>0.

Proof. By theorem 32, for each xeD(d), T(tx=jlim@+— A)"x
exists. Since A is m-T-acretive and T is a dually uniformly convex
calibration, A  is m-accretive and E[pl is uniformly convex space

for every pel. Hence the initial value problem

{ LuwrAuy 3 S0,

#0)=S,&x)
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has a unique solution #:[0,w)~>El[p] given by

1 H=T")S,©=limI+=A,)°S e (1.
Then, if ¢2p in T, Tq' l,13}‘,(0)=Tq’p.Sq(Jc)‘—'Sp(x) and

Tq,p (gt]é q ®) + Tq,p(Aqr—‘ q(t) > Tq.p Sq(O) '
which implies

d

T AWTAT, 1l > SO0,

Hence, by the uniqueness of solution, T 2 =1 for t>0.  Si-
nce E is complete, there exists #(#)eE such that u p(t)=.$‘p(u(t)) for
all pel’ and >0([4]). Then, for all peT" and t>0,

Sty =4, )= lim A+=A)"S (1)
= lim (I+-4)) S,
_ . [
=S lim (I+-4)")
=S (T()x).

Hence u()=T(tr==lim I+=A4)s for xeD(A) and t>0. Further-
more, for all pel’ and £>0,

S, (L) + Au(t) 35,00).
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Then, by lemma 3.3, we have

d%u(t)mu(r)) 50,

Therefore w(t)=T(H)x= lim([ +%A)'"x is a solution of the initial value
problem (E).

-
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