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I . Introduction creased over the time.” This cost of mainten-
The expenditures for maintenance of in- ance expenditures shows the high proportion
dustrial machinery and equipment have in- for total investment cost, for example, main-

1) Marinello(1981) surveyed the industrial maintenance costs in U.S.. He reports that the total expenditures for
maintenance and replacement of industrial facilities and equipment have increased each year. Furthermore, for
the past 10 years, the annual rate of increase has averaged closed to 15 percent.
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tenance expenditures for investment in ma-
chinery and equipment amounted to 49% in
Sweden in 1968(Rapp, 1974). In the study of
housing, they have popularly analyzed the
behavior of optimal maintenance expenditures,
because the level of maintenance expenditures
has the important impact on the quality of
housing(Arnott and Davidson, 1983 ; Mar-
golis, 1981). Thus the behavior of maintenace
expenditure has been concerned as one of de-
cision variables that a firm chooses to maxi-
mize its profit over the lifetime of capital
stock.

The dynamic pattern of maintenance
expenditures has been studied by many re-
searchers.” Thompson(1968) theoretically
shows that the level of maintenance
expenditures is decreased over the time. Fol-
lowing the Thomson’s work, there have been
many studies about the dynamics of mainten-
ance expenditures with the extension of
Thompson’s assumptions(Arora and Lele,
1970), or with the inclusion of the relationship
between the level of maintenance expenditures
and repair decision(Kamien and Schwartz,
1971) or replacement dicision(Sethi, 1973).
Hartl(1983) generalizes these model using the
nonlinear function, and discusses the optimal
properties of maintenance expenditures. All
these studies are the theoretical works using
the dynamic optimization techniques,
especially a control theory approach. The use
of a dynamic model gives us the mathematical
burden to solve for an optimal function :

hence they derive qualitative properties of the
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optimal level of maintenance expenditures.
Otherwise, they need much simplifed
assumptions among variables.® Moreover, no
empirical study has been done to show this dy-
namic pattern of maintenance expenditures so
far.

The purpose of this research is to
examine the dynamic pattern of maintenance
expenditures in a theoretical model using the
explicit functional form  for the relationship
among variables. Furthermore, we present the
empirical evidence for this dynamic pattern of
maintenance expenditures using maintenance
data of business aircraft.

This paper is organized as follows. First,
we develop a theoretical model that explains
the dynarhic pattern of maintenance over the
time. Second, we present our empirical fin-
dings for the dynamics of maintenance

expenditures. Third, we conclude our findings.

I . A Simple Model for the Pattern of Main-
tenance Expenditures

1. Assumptions

We need to have several assumptions to
develop our dynamic model of maintenance

expenditures for the tractability.

Assumption 1. The firm will not purchase new
capital goods and will not resale its holding capi-
tal, until the firm use up the holding capital.
Our interest is in the dynamic patterns of
maintenance expenditures on capital stock,

which 1s given at the beginning time period.

2) See McCall(1965), Pierskalla and Voelker(1976), and Sherif and Smith(1981) for the survey of existing models

of maintenance expenditures.

3) For example, Thomson(1968) assumes a linear relationship between the level of maintenance expenditures and
capital depreciation, and shows that the optimal level of maintenance expenditures is bang —bang, which is discon-

tinuous funtion on time.
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The decision on optimal capital stock is be-
yond our interest.” We consider the decision
of maintaining the optimal capital stock over
the time. Thus there is neither resale nor pur-
chase of new capital stock until the lifetime of

existing capital stock.

Assumption 2 : All maintenance expenditures
are operaling expenses, and are immediately de-
ductible for tax purpose.

The tax treatment of maintenance
expenditure is ambiguous in general. A part
of maintenance expenditures can be con-
sidered as an operating cost which is an im-
mediately deductible expense for income tax
purposes. However, a portion of maintenance
expenditures include the replacement of major
component parts, which is normally thought of
as a capital expenditure. This portion of main-
tenance should be capitalized and depreciated
over time. Thus some maintenance expenses
might not be immediately deductible. How-
ever, for purposes of this model we assume
that all maintenance expenditures are immedi-

ately tax deductible operating expenses.

Assumption 3 : The lifetime of capital good is a
predetermined parameter.

The lifetime of capital goods can be in-
creased or decreased by any amount of main-
tenance expenditures. However, we assume
the lifetime of capital goods is independent of
the level of maintenance expenditures. The
lifetime of capital goods is exogenous variable,
which is predetermined when capital goods are

manufactured.

Assumption 4 : The salvage value at the ter

minal time of capital goods is zero.
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Assumption 5 : The prodution function consists
with only input variable, capital, and is a linearly
homogeneous with respect to capital input.

We examine the decision on the change of
capital stock over the time, and do not con-
sider the labor in our model. We assume that
capital is the only input for the production,
and that labor input is constant all the time.
Also we assume that the production function
(F) is a linearly homogeneous with respect to
capital input such that @

F(K)=aeK (1

where ¢ is parameter and «>0.
Assumption 6 . The change rate of capiial
goods is assumed to depend on the level of capi-
tal stock, an amount of maintenance
expenditures, and time.

We express the change rate of capital
goods (dK/dt) as a function(G) with capital
stock(K), maintenance expenditures(M), and

time(t) as follows :
dK/dt=G[K(t), M(t), t] 2)

where the funtion, G, is assumed to have the

following properties
1. G<O 3)

Capital goods depreciate over the time.
Firm spends the maintenance expendit-
ures to prevent hglding capital from a
high level of depreciation. However,
maintenance expenditures cannot Stop
the depreciation of capital good, and ca-
nnot produce more capital stock than

existing capital stock.

2. aG/oK <0 (4)

4) The optimal capital stock has been popularly examined in the neoclassical investment theory(Hall and Jorgenson,

1967, 1969 ; Jorgenson, 1963).
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This relation means that the pattern of
capital depreciation follows the acceler-
ated depreciation rather than straight

or decelerated depreciation.
3. 9G/aM > 0 and &°G/oM?* < 0 (5)

Capital goods will depreciate at a high

rate if there exists no maintenance

expenditures. Thus, it is obvious that

maintenance expenditures will reduce

the rate of capital depreciation. How-

ever, the effect of maintenance

expenditures on a change rate of capi-

tal stock will be decreased, as the level

of maintenance expenditures is in-
creased.

Thus, we assume that the dynamic pat-

tern of capital stock has the following relation-

ship with the level of maintenance

expenditures.
dK/dt = aM- 8K, (6)

where 8 is the built-in durabilty,” and the par-
ameters have the following restrictions : a >
0,0<p<l,and 0 <8< 1.

2. Algebraic Statement of the Model

Firm purchases the capital goods, Ko, at
the beginnig time, and hold this capital goods
until their lifetime, T, which is exogenous.
Thus, the objective of firm is to maximize the
aftertax profit, W, for the time periods T,
with one choice variable, which is the level of

maintenance expenditures(M), as follows :

W=(1-u) [Je"[peKr Mdt- (1- k- uz)

qkKo
subject to

dK/dt=aM i — 8K, (7

where
u . the corporate tax rate
r : interest rate
p : output price
k ! investment tax rate
z : the present value of the depreciation
deduction on one dollar of capital

expenditure.

z= [Le™D(s)ds
L : capital lifetime for tax purpose
D(s) : depreciation schedule for tax

purposes

q : the price of an unit of capital stock at

the beginning time

As our model is a control problem, we
will solve it using the maximum principle tech-

nique. The Hamiltonian is as follows :®
H=(1-u)e[peK-M]+ i[a M #-5K] (8)

Where 1 is the shadow price of capital for the
given time. Expression(8) has the following

form.
HMK 4, )=F(M, K, t)+ AGM, K, t) (9)

To interpretate this relation(9), we differ-
entiate both sides of (9) with respect to t, as

follows :
HM, K, 2, t)dt=F(M, K, t)dt+ AdK(10)

The relation(10) implies that the after-

5) There has been much argument about the determination of built-in durability, which depends on market structure
(for example, Parks, 1974 ; Schmalensee, 1979 ; Swan, 1970). However, this topic is beyond our interest, so that

we assume that the built-in durability is exogenous.
6) We drop the subscript, t, for the convenience.
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tax profit for the given time interval dt(H dt)
is the summation of two components : (1) the
revenue after the maintenace cost is deducted
(F dt), (2) the capital cost due to a capital
stock (4 dK), where 2 is the shadow price of
capital, and dK is the decreased amount of
capital stock during the given time dt”and is
the negative value. Hence 4 dK represents the
capital cost.

According to the maximum principle, the
optimal control of maintenance expenditures
maximize the Hamiltonian at each point in
time. Thus, the first-order conditions are as

follows :

Hu=-(lue "+ pgM? !=0

(11)
dA/dt= -Hk= - (1-u)pae™+ 18 (12)
A[TI=0 (13)
dK/dt=aM # - 8K (13a)

The relation (11) shows that Hamiltonian
function should have the extreme points with
respect to the level of maintenance
expenditures, M. For the interpretation of the
relation (12), we multiply both sides of (12)
with dt, and reexpress it as follows :

(1-u)pae™dt= -di+ Addt (14)

The left-hand side of (14) is the
expression from Fx dt, which represents the
marginal revenue due to a change in one unit
of capital stock. The right-hand side of (14) is
the marginal cost due to a change in one unit
of capital stock, which has two components,
where the shadow price of capital, 1, is de-

creased over the time because capital stock is
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decreased over the time from Assumption 6.
The first component (-dl) is the change in
the price of capital due to using up one unit of
capital stock, where di is negative. The sec-
ond component (A8 dt) is the cost of capital

" depreciation for an unit of capital stock dur-

ing the given time dt. The summation of these
two components represents marginal cost due
to a change in one unit of capital stock. Thus
the relation (14) implies that marginal re-
venue for one unit of capital stock should be
equal to its marginal cost. The relation, (13),
shows the transversality condition, which me-
ans that the shadow price of capital should be
zero at the terminal time, T. This condition is
quite simple to interpretate. The lifetime of
capital stock is T from Assumption 3, and its
salvage value is zero at the terminal T from
Assumption 4. Thus the shadow price of capi-
tal stock should be zero at the terminal time
T. The relation (13a) shows the optimal level
of capital stock at each time, which is deter-
mined after the optimal decision of mainten-
ance expenditures.

The second order sufficient condition for

the maximization problem is as follows :

Hw=2aB(81)M*? < 0 (15)

where 2 is the shadow price of capital, and
should be positive for 0=t <T, because capital
stock cannot be negative. At the terminal time
T, the shadow price of capital is zero from
(13). Then there is no need to maintain the
capital stock, which is no maintenance
expenditures at t=T. We do not consider the
terminal time T in our analysis, and develop
our model for 0=<t<T. Thus Hamiltonian, H,

7) Note that capital stock is decreased over the time, irrespective of how much maintenance expenditures are spent,

from Assumption 6.

8) See Dorfman(1969) for the economic interpretation of ‘optimal control theory in detail
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is strictly concave function with respect to the
level of maintenance expenditures (M) for 0
<t<T from our first and second order con-
ditions, (11) and (15).

Using (12) and (13), we solve the differ-
ential equation with respect to 4, and get the
optimal shadow price of capital goods at the
time t, 4% :

2 =(1u)pae [e e/ (r+8)  (16)

where u, p, r, & are constant, and are not
changed over the time. The optimal shadow
price of capital, (16), is expressed as the func-
tion of time t, hence we can get the dynamic
pattern of maintenance expenditures (16). We
get the relationship between the shadow price
of capital(1) and the level of maintenance
expenditures (M) using (11) as follows :

Mi=[aper/(1w)]1 a7

We differentiate (17) with respect to 13 as fol-

lows :

aM';//(ig'z= [ape™/(1-F) (1-u) J[ape" A"/ (1-
u)] >0 (18)

The relation (18) means that, for the given
time t, when the shadow price of capital is de-
creased, firm spends less expenditures on
maintaining its existing capital stock. Firm
will make less efforts to maintain its existing
capital, because the capital cost is relatively
lower. Less expenditures on maintaining capi-
tal goods leads to a higher rate of capital de-
preciation.

We reexpress (17) using (16), and get
the optimal level of maintenance expenditures

for each time t as follows :
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M.t= [aaﬂe(r+8)t (e-(r+8).le-(r+8)T )/(l"+8)]m_€19)

where r, & are constant over the time. The
function (19) shows the optimal level of mainten-

ance expenditures for each time t(0=<t=<T).

3. The Dynamic Pattern of Maintenance

Expenditures

We use the comparative statics to derive
the dynamic pattern of maintenance
expenditures over the time. Differentiate (16)
and (19) with respect to the time, t, (0=<t<T) to
get the dynamic patterns of the shadow price
of capital and maintenance expenditures as

follows :®

Ar/di= -(1-w)alre™+ 8o J/(r+8)<0
(20)

{(T4)
M/(1-8) <0 (21)

dMy/dt= -aaﬁeA(M)
The relation (20) implies that the shadow
price of capital is decreased as time goes. It is
because capital goods depreciate at the rate of
& when there is no expenditure on maintaining
capital goods. Even though there is certain
amount of expenditures on maintaining capital
stock, Assumption 6 indicates that the level of
maintenance expenditures cannot produce
more capital stock than existing capital stock.
As a consequence, the shadow price of capital
stock, which reflects the amount of capital
stock, should be decreased as time goes. The
relation (21) implies that the level of mainten-
ance expenditures is decreased as time goes
(for 0<t<T). Firm finds that the shadow
price of its holding capital is decreased over
the time. The decrease in the shadow price of

holding capital causes firm to spend less

9) Note that u, r, 3 are not changed over the time, hence 4} and M3 are functions of the time t.
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expenditures on maintainting its existing capi-
tal goods, because maintenance cost might be
more expensive than the capital cost.

Our next question is about the dynamic
pattern of the ratio of maintenance
expenditures to the shadow price of capital,
which is d[Mi/41]/dt. From (17), we get the

following expression :

M‘t/x.t:‘
[aﬁ/(l—u)]l/(l'ﬂ)e“/“_ml'ﬁ/“‘ﬁ) (22)

We differentiate @2 with respect to t (0
< t < T) to find the dynamic pattern of the
ratio of maintenance expenditures to the

shadow price of capital over the time

d[My/2]/dt
=[1/(1-A) Iag(1~u)] "7 ™7 2777
[r + A(dA’/d1)Ai] (23)

where 0 < < 1,and 21 > 0for0 < t
< T. The sign direction of @3 depends on [r
+ pA(da’/dt)/2)]. As we discussed earlier, 1
is interpretated as the shadow price of capital.
We interpretate [dA'dt]/i’ as the rate of
economic depreciation at the given time t. As
d2’\/dt is negative from @0, we difine d(t) =
—[da"/dt]1/A] to represent a positive rate of
economic depreciation at time t, where 0 < d
(t) < 1. Then the sign direction of d[M"/A"]
/dt will depend on the sign direction of [r—2
d(t)], where 0 < r< 1 and 0 < f < 1.
The dynamic pattern of the ratio of mainten-
ance expenditures to the shadow price of capi-

tal is as follows :

If 0 < d(t) <r/B then d{M/2\]/dt > 0.
If d(t) > r/B, then d[MV/A3]dt < 0 (24)

The relation @4 implies that the dynamic
pattern of the ratio of maintenance

expendituress to the shadow price of capital
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depends on the rate of economic depreciation.
If the rate of economic depreciation is less
than a certain point (r/f), then the ratio of
maintenance expenditures to the shadow price
of capital is increased as the capital ages. On
the contrary, if the rate of economic de-
preciation is greater than a certain point (r/
B), then the ratio of maintenance expenditures
to the shadow price of capital is decreased as
the capital ages. This breaking point (r/8)
consists with the interest rate and the degree
of the effect of maintenance expenditures on
capital stock. A firm decides the level of
maintenance expenditures for its existing capi-
tal to maximize its present value over the
capital lifetime. This decision is done through
the comparison among the interest rate, the
degree of the effect of maintenance
expenditures on capital stock, and the rate of

economic depreciation of existing capital.
M. Empirical Evidence

In this section, we show the empirical
evidence for the dynamic pattern of the ratio
of maintenance expenditures to the shadow
price of capital that our theoretical model dis-
cussed. Our theoretical model shows that an
amount of maintenance expenditures is de-
creased as time goes. We need panel data for
this empirical estimates to trace the pattern of
maintenance expenditures for the given capi-
tal good over the time. However, we could
not get any useful data for this study. Our
theoretical model also discusses the dynamic
pattern for the ratio of maintenance
expenditures to the shadow price of capital
which depends on several parameters. We

test this theoretical finding using our data of

maintenance expenditures on business air-
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craft. Our maintenance data from business
aircraft was available for this research.'?
This data has the observations of 39.

For the statistical analysis, we need to
transform our data to standardize the values
of maintenance expenditures. Business air-
craft are heterogenous goods in size and in the
market price, and hence show the wide vari-
ation in maintenance expenditures (M) and in
the market price (P) of aircraft. Large air-
craft is higher in the market price and needs
more expenditures on maintenance than small
aircraft. For the aggregation of these differ-
ent kinds of aircraft, we use the ratio of main-
tenance expenditures to the market price of
each aircraft model and examine this ratio
over the time. This ratio is used to represent
the ratio of maintenance expenditures to the
shadow price of capital, which was discussed
in our theoretical model. We assume that the
second hand market of business aircraft re-
flects the shadow price of capital perfectly.
For more convenience in interpretation, we
use 100°M/P as a dependent variable, which
represents the percent rate of an amount of
maintenance expenditures with respect to the
market price of business aircraft. We get the
information of the market price of each differ-
ent aircraft model for each age from aircraft
bluebooks.’>  The prices in aircraft bluebooks
reflect the real market transaction price.

For an independent variable, we use AGE
of each aircraft model to get the dynamic pat-
tern for maintenance expenditures, because

our data is from cross section, which is from
1987. Thus model is [100'Mi/P.] = S + A

10) See Appendix for the models of business aircraft.

AGE, wherei = 1, -+, 39, and $ indicates
the dynamic pattern of the ratio of mainten-
ance expenditures to the market price of capi-
tal. Table 3—1 shows our empirical results

using business aircraft data.

Table 3—1 . Dynamic Pattern of Maintenance
Expenditures
[100'M/P] = —1.174 + 1.199 AGE
(5.3)
R? = 0.43, Sample Size = 39
(The value in parenthesis is t ratio)

The estimate(1.199) that AGE variable
has is positive, and is statistically significant
at the 5% level. This implies that the percent
ratio of maintenance expenditures to the mar-
ket price of capital is increased as capital
good ages. Moreover, business aircraft needs
almost 1.2% increase rate in the ratio of
maintenance expenditures to capital price for
an additional year. QOur empirical result
shows that the pattern of the ratio of mainten-
ance expenditures to the market price of capi-
tal is increased over the time for the case of

business aircraft.

V. Conclusion

Our theoretical model finds that an
amount of maintenance expenditures is de-
creased as time goes. However, the dynamic
pattern of the ratio of maintenance
expenditures to the shadow price of capital de-
pends upon the interest rate, the degree of ef-
fect of maintenance expenditures on capital

11) We used the bluebook of “Aircraft Bluebook —Price Digest” published by Aircraft Bluebook Corporation. Okla-

homa, 1987.
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stock, and the rate of economic depreciation
of capital good. We empirically examine the
dynamic pattern of the ratio of maintenance
expenditures to the market price using main-
tenance data of business aircraft. The percent
ratio of maintenance expenditures to the mar-
ket price of business aircraft is increased as
business aircraft ages, which is 1.2% increase
rate per one additional age.

More empirical evidence should be done
using the different kinds of capital goods to
support our theoretical findings which depend
on several different parameters. Our empiri-
cal evidence is based on the cross sectional
data. However, the study about the dynamic
pattern of maintenance expenditures should
be done using available panel data to carefully
examine  the level of maintenance

expenditures for a given capital good over the

time.
V. Appendix
No. Model Sample Size
1 Aero — Commander 2
690
Beech King Air 100 4
3 Beech King Air 200 5
4 Beech Super King7
Air 200C
5 Beech 99 2
6 Cessna 441 3
7 Falcon 50 4
8 - Falcon 20 5
9 Gates Lear Jet 25 4
10 Gates Lear Jet 55 3
Total 39
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