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1. Introduction

In 1949 ([2]), S. Bochner has introduced “Bochner curvature tensor”
on a Kaehlerian manifold analogous to the Weyl conformal curvature
tensor on a Riemannian manifold. However, we have not known the
exact meaning of his tensor yet.

In 1989, H. Kitahara, K. Matsuo and J.S. Pak ([7]) defined a
new tensor field on a hermitian manifold which is conformally in-
variant and studied some properties of this new tensor field. They
called this new tensor field conformal curvature tensor field”. In
particular, on a 2n-dimensional Kaehlerian manifold the conformal
curvature tensor field is given by

(1 1) BO.dcba:Ra'cban" 1
2n
—faaSestFeaSas—Saafes+Scafart2facSpa—2Su  fra)

+%(fdafcb _fcafdb—zﬁicfba)
_ (3n+2)s

W (np 1) BdaBes ™ Eeabis)s

(gdaRcb - gcaRdb + Rdagcb—' Rcagdb

where (f.% g,;) denotes the Kaehlerian structure, Ricci tensor and
scalar curvature being respectively denoted by R,, and s and f,,=
fcbgba and Scb:fceReb'

In this paper, we define a new tensor field on a Sasakian manifold,
which is constructed from the conformal curvature tensor field by using
the Boothby-Wang’s fibration ([3]), and study some properties of
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this new tensor field.

In Section 2, we recall definitions and fundamental properties of
Sasakian manifold and ¢-holomorphic sectional curvature.

In Section 3, we define contact conformal curvature tensor field on
a Sasakian manifold and prove that it is invariant under D-homothetic
deformation due to S. Tanno ([13]).

In Section 4, we study Sasakian manifolds with vanishing contact
conformal curvature tensor field, and the last Section 5 is devoted to
studying some properties of fibred Riemannian spaces with Sasakian
structure of vanishing contact conformal curvature tensor field.

2. Preliminaries

We first of all recall definitions and fundamental properties of almost
contact manifold for later use.

Let M be a (2n-+1)-dimensional differentiable manifold of class C*
covered by a system of coordinate neighborhoods {U ; z*} in which
there are given a tensor field ¢;* of type (1,1), a vector field &k and
1-form 7%; satisfying

@D dli=—0/4n;8, ¢/¢/=0, ne; =0, nei=1,
where here and in the sequel the indices 4,7, 7, kI run over the range
{1,2,...,2n+1}. Such a set (¢,&,79) of a tensor field ¢, a vector field
¢ and a 1-form 7 is called an almost contact structure and a manifold
with an almost contact structure an almost contact manifold.

If the Nijenhuis tensor

Nt =0 019 — #0484 — (0,02 —0:9,%) gy
formed with ¢/ satisfies
N+ (8m;—0m;) £+ =0,
where 3;,=9/8z', then the almost contact structure is said to be normal
and the manifold is called a normal almost contact manifold.

Suppose that there is given, in an almost contact manifold, a
Riemannian metric g;; such that

2.2) gt =gii—nm, =gt
then the almost contact structure is said to be metric and the manifold
is called an almost contact metric manifold. In an almost contact metric
manifold, the tensor field ¢;;=¢hg;; is skew-symmetric.
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If an almost contact metric structure satisfies
1
95;';' = 5 (aj"]i —"31'77,') s

then the almost contact metric structure is called a contact structure.
A manifold with a normal contact structure is called a Sasakian mani-

fold.
It is well known that in a Sasakian manifold we have

(2.3) Vici=g,
and
2.4 Vigr=n0t—Ehg,

where /7; denotes the operator of covariant differentiation with respect
to g If we denote by £ the operator of Lie derivation with respect
to the vector field £, we have
Lg;i=V itV mi=¢;+;;
and consequently
(2.5) Lg;i=0
which shows that the vector field & is a Killing vector field.
Now, from (2.3), (2.4) and the Ricci identity
Vijfh—Vijfh:Rkﬁhf",

we find

(2. 6) Ry ;i€ =0x"n;— 0k,
or

2.7 Ri;*m=mg;i—";84i
from which, bycontraction,

(2.8) Rj&=2ny;.

From (2.3), (2.4) and the Ricci identity
Vi jo—V V10 =Ry ;P — Ry ;'

we find

(2.9 Rujltdt—Rujitolt=—dg;i+ ¢ gri— 040 i +0 s,
from which, by contraction,

(2.10) Rji¢p+ Ryjupd* = — 2n—1) ¢,
where ¢*=g¢/ gk, g# being contravariant components of the metric
tensor g;;. Since

Ry jind* = Ry jpd*h = — Ry 5™,

we have from (2. 10)

2.11) S;i+8;;=0,
where Sj,‘ :¢thhi°
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A plane section in T,(M) is called a ¢—section if there exists a unit
vector X in T.(M) orthogonal to & such that{X, ¢X} is an orthonor-
mal basis of the plane section. Then the sectional curvature g(R (X, ¢$X)
¢X, X) is called a ¢-sectional curvature.

If the ¢-sectional curvature at any point of a Sasakian manifold of
dimension =5 is independent of the choice of ¢-section at the point,
then it is constant on the manifold and the curvature tensor is given
by

Rkﬁhzjll— (k+3) (grngji— &in&ri) +71£ (B—1) (Qmigin—7i8kh

+ g1 Mh— L5t OunB i — O inPri — 20 i0in) 5
where % is the constant ¢-sectional curvature (cf. [14]).

3. Contact Conformal Curvature Tensor Field

In a (2n+41)-dimensional Sasakian manifold M?*"!, we define contact
conformal curvature tensor field Cg,;;* by

G CO,kjih:Rkjih+§1n—(5thji_5thki+Rkhgji“‘thglzi_Rlzh7]j77i

+ Ri* 0 — i R ji + 18" Ry — 3t Si -+ Sk
— S+ S g+ 204;S 4+ 28 0.7
1

ot D | a5 g
+m]\2n2 n—2 '{"———2—71——3} (¢k}l¢ﬂ ¢1h¢kt

— 2040 TR [n+2— Bnt2)s Otg;i—0,"gw)

2n(n+1) 2n
__.1___]_ 2. Bnt2)s (54,
+ i D) (4n?-+5n42) + o @&t

— it mét e — 06 g,
which is constructed from the conformal curvature tensor field (1.1) in
a Kaehlerian manifold by using the Boothby-Wang’'s fibration ([3]),
where s=Rj;g7* denotes the scalar curvature of M?**!, R*=R;;g"* and
SHh=S;g.

We next recall definition and fundamental properties of D-~homothe-
tic deformation due to S. Tanno ([13]), where D denotes the distri-
bution defined by a contact form 7.

D~homothetic deformation g—>*g is defined by

rgii=agjitala—1)nm;
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for a positive constant a. From *g;; we have ([13])
xghi=q 1ghi—a~2(a—1) &4,
*Rjh=Ry;ih+ (@—1) (Grip;* — ;05" + 204 ;0.
3.2) +(@—D 20 —md M) mi+ (a—1) [ (gt —1:0,7)
— i (@rt —0i0k) +1; (0,044 — 10 ],
*Rpj=Ry;—2(a—1) gs;+2(a—1) (na+n+1) 747,
rs=a ls—2na (@—1).
If (#,&,7,g)is a Sasakian structure, then (x¢, *&, ¥y, *g) is also a
Sasakian structure, where we put
3.3 *p=0¢, *=a"l, x=an, *g=agtala—1)n¢y
for a positive constant @ ([13]). In this case it is said that M (¢, &,
7, &) is D-homothetic to M (xd, &, *1), xg).
If M(¢,&,7,g) is D-homothetic to M (@, +&, *7, xg), then by using
(3.2) and (3.3) we have
*Qp; =QQkjs
*Ryi=a 1Ry — 2071 (@—1) 0y’ +2(n+1) a~Ha—1) &,
*Sy; =81 —2(a—1) Pz,
*Sf=a" 15 —2a 1 (a—1) glsk".
Taking account of (3.2), (3.3) and the above equations, we can easily
verify that
*Co, & jih:CO,k jih,
where *Cy ;;* denotes the contact conformal curvature tensor field with
respect to (x@, *&, *7, xg).

Thus we have

THeoREM 3. 1. The contact conformal curvature tensor Co,1ji* with
respect to (@, &, 7, g) coincides with the one with respect to (*@, *&, *7,
*g).

CoroLLARY 3.2. A Sasakian manifold with vanishing contact conformal
curvature tensor field is D-homothetic to a Sasakian manifold with
vanishing contact conformal curvature tensor field.

4. Sasakian Manifolds with Vanishing Contact Conformal Cur-
vature Tensor Field

In this section we assume that M?**! is a Sasakian manifold with
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vanishing contact conformal curvature tensor field. If Cg;#=0, then
we have from (3.1)

OZMRJ'H‘—L[Z (n—2) — n—2 S:{gji
n n n

1)_
+4
and consequently

4.1) R;i= (—;—n———l> gji+ <2n+1—%> N

that is, M?*! is y-Einsteinian, provided 2n+1>>2. Substituting (4. 1)
into (3.1) with C, ;m *=(), we have

(4.2) R; jz’h: 3 (Oitgji—0 grs) +A1 (¢kh¢u G ni

- 2¢k1¢1h - 5kh77]77: + 5Jh77k771 ﬂkf”gﬂ + vjshglzi)

__ 1 _
where k—m[s n(3n+1)].

Thus we have

2 S:] Ni%:

THeoreM 4.1. A Sasakian manifold M?***' (n>>2) with vanishing
contact conformal curvature tensor field is of constant ¢—holomorphic
sectional curvature [s—n(3n+1)]/n(n+1).

Combining Theorem 4.1 with Proposition 4.1 ([14], p.504) and
Corollary ([12], p.282), we have

CorOLLARY 4. 2. Let M?***1(n>>2) be a complete and simply connected
Sasakian manifold with vanishing contact conformal curvature tensor field.
(i) If s>—2n, M is D-homothetic to the unit sphere S>**1;

(i1) If s=—2n, M?>'1 {5 isometric to E**1(—3);
(i) If s<<—2n, M?®*1 s D-homothetic to the universal
pseudo—Riemannian covering manifold of Si*', which is diff eomorphic

to E?» X S1,

We suppose that the contact conformal curvature tensor coincides
with the C-Bochner curvature tensor Cy;# (for the definition of Cu;it,
see [9]). Then it follows that
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Conversely, if M?n*1 js y-Einsteinian,

Cq, kjih:Clejih:Rkjih_k—_Zi (Oxtgji — 07 gri) — kzl (Brtd;;

— @ Gui— 20404 —Sxtn;m;:+ 0 P,
—MEhg;it0;8hgu).

Thus we have

THEOREM 4.2. A necessary and sufficient condition in order that Co,1ji*
coincides with Cy;* is that M*"*! is y-Einsteinian.

5. Sasakian manifold as fibred space with invariant Riemannian
metric

It is well known that in a Sasakian manifold we have

(5. 1) .«ng,':O, .quji:O, .Qﬂ,':O, .QS'.-‘:O.
Thus, assuming that & is regular, we can regard the Sasakian
manifold M?**1 as a fibred manifold with invariant Riemannian metric
(cf. [16]). Such a manifold is called a fibred Riemannian space with
Sasakian structure.

Denoting by #*(x) 2n functionally independent solutions of &@d,u=0,
we see that u* are local coordinates of the base space M?%. We put

(5.2) E#=0u% E,=w;, E"=¢&},
where here and in the sequel the indices a, b, ¢, d, ¢ run over the range
{1,2,...,2n}. Then we have

EE#£=0, EE;=1.

Since E# and E; are linearly independent, we set

Then we have

(5. 3) E,~"E",,:5ba, E,'aEi:O, E,'Eib:O, EiE,':l
and

(5 4) EiEEhe+EiEh:5ih.
For the Lie derivatives of E’s we have

(5.5) LE#=0, LE;=0, LEYW=0, LE*=(.
Using Lg;;=0 and (5.5), it turns out that

(5.6) 8sa=g;i BN E,

is a metric tensor of the base space M?". From (5.6) it is clear that
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5.7 2;i=8yE?EL + EE,.

It will be easily verified that

(5.8 Ei,=E;jgiigy,, E‘=E;g/, Ef=Eg;g" E,=Eig;,
where g’ are contravariant components of the metric tensor g;, of
M3, Also using L¢+=0 and (5.5), we see that

(5.9 fP=0 EYE*
is a tensor field of type (1,1) of M?* and defines an almost complex
structure of M From (5.6) and (5.9) it follows that

(5. 10) Zac S foE = &bas
which means that g,, is a hermitian metric with respect to this almost
complex structure. Thus the base space M?* is an almost hermitian
manifold. From (5.9), we have

(5.11) PHPEL=fi*Et,, QPEN=FfIES, ¢P=frELEh,.

For a function f(xz(z)) on the base space M2* we have

(5 12) aif:Eiaaaf’ aaf: E‘ﬁ;f,
whered,=23/0us.

Now using (5.7), we compute the Christoffel symbols [jhi} formed

with £ji and find
h
613 M=) BeEems 60 Pt L GE 08 B
+E;jpt+Eigh,
where {cab} are Christoffel symbols formed with g;,. From (5.13)
we have
h

(5.14)  9Ef— {]. z} Ep+ {C"b} EfEp=— (E,Ef+EE;/)f"

by the help with (5.11). Setting
h .

it follows from (5.14) that

(5. 15) VjE,'“: — (EjEje"I‘E,‘Eje)fea.
Thus putting F,=E‘V; we have

(5.16) ViE#=—fy°E;
and

(5.17) VoE = — fraE*,

where f;,=f3’g... Hence we have from (5.9), (5.16) and (5. 17)
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Vrfba:();
which shows that the base space M?* is Kaehlerian.
From (5.15) and the Ricci identity
ViV Ef—=VViEf=—Ri;i*Ep*+ Ry E2EFEP,
we find
Ry’ EEFE =Ry ; Ep*— (EyE*— E;E%) E;
+ (Ex*0ji— Ejdri— 204 E0) £,
and consequently
(5.18) Ryey*= Ry *E*gES ERE* + f i f o —F 2 v —2 fac o™
We now assume that the contact conformal curvature tensor field of
the Sasakian manifold M?**! vanishes identically. Then we have from
(4.2) and (5.18)

Rip*= k1—3 (08— 028+ i fov—f e ap—2F ac S+ -

Thus we have

TueoreM 5.1. If the contact conformal curvature tensorfield of a
(2n+1) ~dimensional fibred Riemannian space M***1 (n>2) with Sasakian
structure wvanishes identically, then the base space is a Kaehlerian

(s+2mn).

manifold of constant holomorphic sectional curvature

1
n(n+1)
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