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ABSTRACT

Let a p-component vector y have a p-variate normal distribution N(bg, X), £ unknown, b specified,
then for testing 6=0 against general 0, Khatri and Rao(1987) derive a certain t test and obtain
its power function. This paper presents a direct derivation of this power function in terms of the
original variates unlike Khatri and Rao(1987) who resort to the canonical transformations of the
original variates and the conditional distributions.

1. Introduction

The GMANOVA model of Potthoff and Roy(1964) is
X=BEA+E D

where X is pXn, specified B is pX (p-t), specified A is qXn, € is (pt)Xq, and E in the usual
sense is pn-variate normal with mean vector zero and covariance matrix Z®I, £ unknown. Assuming
all matrices of full rank, Khatri(1966) shows that the pair (&, S) where

£=(B'S'B)'BSYAG", S=X[I-AG'AIX, 2
is sufficient for the pair (¢, ). He shows that the likelihood ratio test criterion for testing the linear

double compound CEV=0, against CEV£0, C and V specified appropriate dimensional full rank matrices,
is

A=1Q| /1Q+P|, 3
where

Q=C(BS'B)'C', P=(CEV)(VRV)" (CEV)-, (4)

R=G"+G'AX[S'—S'B(BS'B)" BS'IXAG",

G=AA". (5)

In case C is mX(p-t), V is qXg, then Q has a Wishart density with (n-g-t) d.f., and independent
P is Wishart with g d.f. and both have the population covariance matrix C(B'%'B)" C-. Although Khatri
(1966) derives the density of A in the null case, the nonnull density of A still remains uninvestigated.

Now Khatri and Rao(1987) assume t=(p-1), q=1, and write(1) as
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Y=0bJ+E, (6)

where p-component b is specified and J has all n components unity, and investigate the noncentral

density of (3). )
From (2) it follows that the pair (8, S)

8=bSy/bS'b, S=YV'—nyy, ny=JY, (7
is sufficient for the pair (8, X). For testing Ho : 0=0, against H, . 6%0, they propose the statis-

tic
Vr(n-p) bSy
= T+ ny S9bSb—n(bS5) s (®)

where S is the sample dispersion matrix and y is the sample mean vector of a sample of size n on
y. They show that in the null case(8) has a t-density with. (n-p) degrees of freedom and also derive
the noncentral density of (8).

Khatri and Rao(1987) resort to canonical transformations of the original variates to obtain the noncent-
ral density of (8). This paper presents this noncentral density in terms of the original variates.

We find it easier to derive the noncentral density of

16 (b'S'b) £/ (n-p)

M AAnySy) TIRE Gep) (9
rather than that of (8). Note that in our coutext(3) yields
. nR A
1A= (14+nysty) i nR=1+nyS'y—n8*(b'S'b). (10)

The next section records some useful results and Section 3 develops the distribution theory. Someti-
mes the same symbol denotes different quantities, however, its meaning is made explicit in the context.

2. Some Useful Results

Let y be a p-component vector, H a pXp positive definite symmetric matrix, Di, (q:Xp) and D,
(@Xp), @+q<p be two given full rank matrices. Then Sverdrup(1947) shows that

fomdy=n 5" @(ELE) | H

22
y’Hy=u, Dz{zvzg Dy=v: !
_1 L
| DH'D,|? [|D, H'D,—D,H'D(D,H'D)* DH'D> | 2
Lu—v(D.H'D vi— (ve—D:H'D"/(D:H'D") " v1)*
(D.H'D;—DH'D'\(D.H'D")" DHVID)'Z)'I
(va—DH'D(DH D) vi) J7 e (1)

For a suitable density function f the right hand side of (11) is the joint density of u, vi, and ve.

" \/'ﬁr(p)aZIup+r-;—

Ny
| explox}(u—2)"dx=x 1 (12)
Ve =2 T(p+rt+3)
The following system of matrix identites may be easily verified

(St+nyy)'=S'"—nS'yyS'(I1+ny S'y)’, (13)
yS'y=h/(1—nh), h=yH'y  H=S+nyy, (14)
bS'y=bH'yk(1—nh)" (15)
bSb=bH'b+n(bH )/ (1—nh), (16)

bSb)'=(bHb) '—gn(l—nh+nm)", a7
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g=(bH"b)! bH'y, m=g(bH"), (18
(b'S'™D)?! bS'y=g/(I—nh+nm), (19
S92/ (bS')=m,/(1—nh)1—nz), h=m+z, (20)
A=nm,/ (1—nz). €30

We now proceed with the distribution theory.
3. Distribution Theory

From (6) the joint density of S and y is

&S, =K ep| —5tr TTS+nyyltnobT) | S| 702 22)
and setting H=S+nyy’, the density of H and y is found to be

g(H, P =Ko(H) explnbb=y ) U—ny H'y)?"> (23)
where

oD =expl—3tr TH} | H | T (20)

and K as a generic letter, denotes the normalizing constants of density functions in this paper.
Now using (11), we integrate (23) with respect to y over the region

yH'y=h, (bH'b)' bH'y=v;, bT'y=v,, (25)
and obtain the density of H, h, vi, and v, to be
1 1.1 1
gH, h, vi, v2)=KoH) | H2(bH"b) 2w 2exp {ndv.} (1 —nh)z "2

[h— (O H ) Vo~ (v bEbvi) /0] 26)
where
w=(bZ'HZ'b— (bHb)* (b'T'h)?). 27
Futher, setting
W= H'b) % 21, (v bElbv)w =2, (28)
z=h—m=h—2, (29)

we derive the joint density of zi, z, z and H. In this density we first set H=X"? G, £?, and then
set G'=PGP’, where the pXp orthogonal matrix P is so chosen such that bZ¥?P=((b'’T'b)"2, 0,
0,--0). Thus the joint density of G, z, z, and z, is

&(G, zi, z, z)=K exp {—étr Gl 161 Zorp)
. explnbalge GL gu) I (bE'B)2+70 21(ED): (gu—g'w G'xE0)7)
(z—22) B —nz—nz’) 162, (30)
where

I Gx(p—DX(@p—1D). (3D
go Gz,

Gz[gu gw]l
From (30), using (12), integrate out z first to find that

Yop

2(G,z2) =Kexp{—3 G} | G |
*exp {n0z, (b):’b) % (gn —g“(nG"zgg(n)'/z}
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Z(n -2} zv;s)

- (A—nz—nz)

- (n0)* (g nG'Izgu))'(b'EJb)'Z' (32)
s .
=0 gyl I‘(-%(p~1)+r)

Next we transform from z to A using
nz;=\1—nz), (33)

and integrate z, and find the joint density of G and A to be

“(npl) *(npz)

g(G, M= Kexp{—ztrG}IGI (117

nr+562r+25(b’2-1b)r+sr(n_ pt 1+ SN

2%yl F(Q +s+7)(2s) !
- (grGlagw) (gu—ghG lagw) . (34)

Finally we integrate out G from (34), and find that

! 1
2np-2)

(V) =Kexp{— L S nE ) AT (I—-n)

R (Y lb)r+s(1“(n g’*‘ 1

277! I‘(’—;+s+r) (2s) !

+s))inz

Ms
'TlMe

~
Il
©

(35)

The expression(35) is the noncentral density of A. Khatri and Rao(1987, p.181, equation(3.4)) set
0=1 in (35), and contend that A is also useful for testing the hypothesis that

Ho. EQ)=0, against H,: E(y)=b (specified), (36)
where (6), with 8=1, now represents a sample of size n on y of (36).
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