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On The Number of Replications in Simulatioin Study

Jae-Kee Song*

ABSTRACT

A method which determines the number of replications in the simulation is
proposed, particularly for small-sample comparison of estimators. This method
takes the smallest number of replications that makes the difference of mean square
errors be statistically significant and provides an efficient algorithm for calculating
the standard error of the mean square error. Two examples are illustrated, the first
one is on comparison of mean and median ; the second, the Kaplan-Meier type and

Buckley-James type estimators of a quantile function with censored data.

1. Introduction

Let 8 be a parameter of interest, and let 6 = é(Xl, -++,Xn) be an estimator
of 4 based on a random sample of size n, X;, X5, -, X,. When the small-sample
properties of 6 are compared with those of other estimators, the Monte Carlo sim-
ulation is widely used. In this case the following question is naturally arisen : How
many replications are performed in simulation ?

The purpose of this note is to answer partially the above question through
comparing the mean square error(MSE) of 8 with those of others. In section 2 a
method which determines the number of replications is proposed, two examples are

given for illustrating the proposed method in section 3.

2. A Proposed Method

~

Let § = 6(X1,--+,Xn) be an estimator of the parameter of interest 6

based on a random sample X;,X,,---,X,. If we make R replications of
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8, 8(1), 6(2), ---,8(R), by simulation, the estimator of MSE() is given by
MSE®@6) = E@-9)

1<~ s 2
= 2 lBr) -6y . (1)

As R - oo, ]\J/S\'E(é) converges to MSE(é) and 1s asymptotically normally dis-
tributed with the asymptotic variance W provided that Var(é — 9)2 is finite.

Consider an estimator of Var(§ — 9)2 defined by

R

Var(d—6) = ﬁ S [(é(r) - 6)® — MSE@) . 2)

r=1
Then we have the following results.
Fact : If the 8-th moment of § is finite, then VR[Var(f — 6)2 — Var(f — 6)?]
weakly converges to N(0, E(8 — 6)® — (Var(6 — 0)2)2 ) as R goes to infinity.

Suppose we have two alternative estimators, say §; and 8. Then an estimator
6, is said to be ” better ” one if MSE(8;) < MSE(8,). Here if we substitute
A/TS\E(é,) for MSE(6;), 1 = 1,2 , it should be checked that MSE(6,) is really
smaller than MSE(6,).

Let 8;(1), 6,(2), ---,6:(R) and a(1), 65(2), ---,05(R) be the independent
replications of §; and 6, respectively. From equations (1) and (2), we consider the
test statistic T defined by

T VR|MSE(§,) — MSE(6,)|
VVar(by - 0)2 + Var(d, — 0y

(3)

Then T is asymptotically t-distributed with degrees of freedom 2R - 2. Therefore
for given a > 0, we reject the hypothesis that MSE(,) is equal to MSE(6,) if
T > t(3pr—2,2) at the level of significance a, where #(, o) is the upper a-th percentile

point of the t-distribution with degrees of freedom v.

Now we propose a method that determines the number of replications R in

the following way : Take R as the smallest number that makes the difference of
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MSE(8,) and M SE(8;) be statistically significant. Here is an algorithm for deter-

mining R :

Step 1.
Step 2.
Step 3.

Step 4.

Step 5.

Step 6.

Generate X, Xy, -, X,, from f(z;86).

Calculate §; and 8,.

Independently repeat step 1 and 2 an initial num—
ber of replications Ry times, obtaining independent
copies 0;(1),---,6,(Ro) and 85(1), -+, 65(Ry).
Calculate T defined in (3) and perform the T — test
for the hypothesis that two MSE's are equal. If do not
rejected, then go to step 5, otherwise R is the sum

of all replications Ry, R;,---, and stop.

Go to step 3 with an additional number of

replications Ry obtaining independent

k-1 k
copies él(z Ri+1),--, él(z R;) and
=0 =0
k-l L
623 Ri+ 1)+, 620D Ri).
=0 i=0
Go to step 4.

3. Two Examples

(1) Estimation of mean

Let 8 be the population mean, and let 6, and 6, be the sample mean and median
based on a random sample X, -, X, from a df. F(z;8). Then the asymptotic
relative efficiencies of §, to #; were calculated for various F with F' 0) = -;— and
f(0) > 0 (see Lehmann (1983)). For finite sample size n=20(20)300, the MSE’s of
6, and 6, are compared and R(<1000) is determined by the procedure described in

section 2 with Ry=20 and R; = --- = Reg = 10. Table 1 summarizes the results of

simulations. From Table 1, we see that



50 Jae-Kee Song

(i) the sample median 8, performs better than §; for the cases of (4),(5),(6) and
(7), i.e., for heavy-tailed distributions or t-distributions with small degrees of
freedom.

(ii) in the case that two estimators highly significantly differ, R tends to be small,
and when R becomes too small (< 20), we use the smaller « in order that R 1s
not less than 20.

(iii) the ratio of variances gets close to the asymptotic relative efficiency as n in-

creases.
(2) Estimation of quantiles with censored data

Let Ty, Ty,---, T, be iid random variables with d.f. F, and let Cy,Cy,---,Cy
be iid random variables with d.f. G. Suppose that two sequences {T;}.., and
{C;}~, are independent. By random censoring mocel the true survival times Ti’s
are censored on the right by the censoring times C;’s so that we only observe the
pairs {(X;,8;)} ., where

X, =min(T;,Ci) and 6 =I(T; £C;), ¢=1,2,---,n.
Let Q(y) be the quantile function of the underlying d.f. F(t) defined by

Qy) = inf{t: F(t) > y}

In this example, two estimators are compared : the first one is the Kaplan-Meler
(1958) type estimator Q1(y) defined by

Q:(y) = inf{t: Fult) >y},

where Fi,(t) is the product-limit estimator of F(t), and the second, the Buckley-
James (1979) type estimator Q. (y) given by

Q2(y) = inf{t: Fu (t) > v}

where
- ) P
n (1) = — X, <t d
E(t) n;I( <t) an

X,-* = X;6; + E(Tlez > Cl)(]‘ - 6i)’
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. [ (-Fa(2) dz
where E(TilT,' > C,‘) = C;+ -—C‘TE—(-z))—
the following three distributions (1) F : Exp(1) and G : Exp(0.111) (censoring rate
=10 %), (2) F : Weib(1,0.5) and G : Exp(0.374) (censoring rate = 30 %), (3) F
. Weib(2,4) and G : Exp(0.936) (censoring rate = 50 %). Here Exp(\) stands for
the exponential distribution with mean % and Weib(), a), the Weibull distribution
whose d.f. are defined by

. The simulations are performed for

Ft;\,a) = 1 — e >0, 0, A>0.

For n=20, 40, 60, 100, O;(y) is compared with Q(y) for y=0.1(0.05)0.95 and
R(<1000) is determined with Ro=30 and R; = --- = Re7=10. (See Table 2)

From Table2, we see that
(i) Qs(y) is better than Q;(y) for large y in cases of (1) and (2), and for middly y
in (3).

(ii) R tends to decrease as n increases.
4. Discussions

We, in this note, proposed the method to determine the number of replications
R in simulation, and the method was applied to two examples. We see that the
method may not be used only for determining R since R depends on the underlying
distribution, the sample size, the level of significance and an estimator of inter-
est, and fluctuates simulation by simulation. However we can remarkably reduce
computing time and can compare a relative accuracy of estimators. Futhermore
the efficient algorithm for calculating an estimator of the standard error of the

mean square error is, by product, produced. The Fortran programs are available to

Author.
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Table 1. R for Comparisons of Mean and Median

{1) £ = Uniforn dist. on (-1,1)
{alphs = 0.001)

Ron T T WSEl  HSED  SENSEL  SEMSE2
0 20 615 015 01636 04866 .0O3WS 008613
0 40 -.008-.009 L0074 02037 001208 003491
S0 60 015 .03 L0055 .0M492  .000923 .00Z385
0080 -.006-.005 L0033 LOLIST  .D000Y 002071
6100 -.005-.008 L0038 .01000  .00012 .D01638
60 120 .000-.007 00274 .00TA® 000505 001247
040 .00 .0 L0018 00T 00021 L0138
10160 .002-.004 L0073 00516 000321 .000926
80 000 -.000 00219 00642 .0DO3DS 001107
0 200 007 .006 0015 L0006 000227 600739
020 -.003 -.001 L0036 LO0MO 000211 00073
W M0 005 .00 L0016 L0048 .000222 .0006T
30020 000 -.008 L0013 .00367  .000237 .0DO60I
10180 -.000-.008 L0014 00488 00300 008935
0300 001 L007 L0015 00391  .000214 00071
(3) F = standard Logistic dist.
(alpha = 0.05)
a1 wsE KSEL SEMSEL SENSED
S0 200 01 016 L1509 1B 009633 013287
§20 40 .009 .009 07361 08507  .003485 004378
B0 60 .05 -.003  L0SDE L0602 003929 .DOMADS
10 80 .05 010 LDITL 0S99 002557 00329
780 100 -.004 -.00¢ 03182 03665 .001626 001823
90 120 -.010 .0 61191 03256 002686 004403
100 40 .18 018 L0LS88 03099 002694 00020
0160 003 .01 LBUISA 02298 .0025L4 004024
70 180 -.000 005 LOLTA 02220 001565 .00MI%
30260 005 013 U4 02040 001039 001297
360 220 -.003 -.006 L0504 01856  .001L6T 001289
B0 0 -.003 -.004 L0120 OIS0 000873 001077
G060 007 003 BLISL LOS36 00090 LO8ALS
S50 280 -.001-.002  LOLT9 L0LADL 000707 00081
80 300 -.000-.010  .00932 L0139 .001231 001685

53
(2) F = Standard Norsal dist.
{alpha = 0.001)
- o~

R X I HSEL HSE2 SENSEL  SEMSE!
e 20 003 005 L5171 07172 (003445 L00487C
4o 40 003 .008 022718 L0427 002319 005506
150 60 .004 .06 01422 02639 .001708 .00320%
200 80 .002 -.004 01084 01696 001011 001440
270 100 .004 008 00929 01418  .000785 .001245
190 120 .005 006 0078201297 000819 001221
2% 146 -.001 -.002 00767 01180 .000663 .Q0lQL6
150 160 .001 -.003 00511 00794  .000S3L 000811
210 180 .002 -.004 00563 .0083s  .000567 000883
200 206 006 .006 L0551 00900  .0DDSSH 000884

1Y I ) LI 1 00274 00371 L0004 .GealLl

90 240  .005 .003 00338 00575 .00048% 000823

S0 260 012 .004 00298 .00517  .000S32 000836

360280 001 -.009 00250 .00300 L0005 000985

20 300 .000 .05 00159 00262  .000522 .000728

{4) F = Double exponential dist.
{alpha = 0.005)
- -

Roa 1S 14 HSEL HSE7 SENSEL  SEMSE2
80 20 007 010 09343 06540 007118 006639
190 40 -.006 .005 05056 03194 005049 .003869
10 60 .002 -.017 - 02890 .0M614  .004G24 .001999
170 80 019 L0 02052 01233 002381 001654

50 100 .001 007 01906 00785 003320 .001438

60 120 -.014 -.013 (01576 .00688 002658 001249
120 140 .06 .008 01719 .00940 002286 .001136

20 16 -.02 -.023 01082 00369 .002143 .000869

70 180 .801 .07 01014 00508 001466 .000873

90 200 .002 006 01337 .00855 001703 001189
150 220 -.005 .001 00981 00613 001132 .000632

WO -0 -0 00790 .00325  .001435 009531
140 260 013 902 00729 00414 .00092% 000474

30 280 -.021 -.012 00667 00337 000946 000595
200 306 -.001 -.004 00575 00358 000684 000362
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Table 1. R for Comparisons of Mean and Median(Continued)

{5) F = Tukey nodel 1(0.10,4.0)
(alpha = 0.01)

- ~
i !

{6) F = Student’s T dist. with df = 3

(aloha = 0.05)

R n KSEL HSE2 SEMSEL  SEMSE2 Roon -X' T NSEL SE2 SENSEL  SEMSE2
U6 W -0 -.030 Li2e66 08463 012708 008333 80 20 084 064 L4145 08686 020981 012274
210 40 .008 -.00L 05798 04045 005227 .003399 040 -.089 -.007 06201 03416 .010630 006092

60 60 -.038 -.017 0473602307 008048 003422 120 60 -.012 .008 05946 03459 011626 004838

S0 80 .04L 020 0424201921 007916 .00359% 160 80 -.012 .004 03183 .02181  .00392¢ 002604
240 100 .001 -.004 02177 .01809  .003278  .001736 € 100 005 023 02580 01208 .005432 .002613
1o 120 -.015 -.002 02001 01171 002845 001624 176 120 -.006 -.004 02423 01721 L002651 .002040
00 140 002 -.002 01606 .01231  .001147 000882 230 140,000 -.015 J01b61 01251 .001630 001289
£20 180 004 002 01682013530 ,000890 000734 90 160  .006 018 02351 01338 004138 .001699
390 130 008 .010 0134401028 000979 .000692 0 180 .006 -.002 01249 00947 001194 000856
380 200 009 .00 0133 .00999  .001047 000711 70 200 001 -.010 01597 .008%6 002460 .001818
210 220 -.007 -.008 01320 00998 001218 000969 220 -.03% -.030 00932 .00419 002228 .0010S8
210 240 .0n0 006 00995 00674 .000928 000863 100 240,010 .0L4 01052 00690 .001536 000885
60 260 -.001 -.006 00968 .00761  .000585 .000519 90 260 -.008 .000 J01317 00864 .001768 .001026
360 280 -.001 004 L0098 00778 000729 .000613 160 280 -.009 -.007 01042 .00728 001259 000954
280 300,007 004 00859 00617 .000756 000512 60 100 -.009 .003 0103300552 001992 .000865

{7} F = Student’s T dist. with df = 4 (8) F = Student’s T dist. with df = 8
(alpha = 0.0%) (alpha = 0.10)

R Y Y NSEL HSE2 SENSEL  SENSE2 R on T 7 KSEL HSE2 SEHSEL  SENSE2
1000 20 .008 004 09305 .08333  .004321 .003868 2710 2 005 017 06589 08270 .006339 007377
$30 40 .0i1 .0G4 05088 04293 003051 002376 S16 40 003 007 03788 L044LT 002257 002621
640 60 -.001 .001 0317202707 001807 L00L4M4 0 40 -.0os -.008 02440 02870 .001628 .001882
1000 80 -.007-.005 02514 02293 (00L184 .GOO992 150 8o .024 .030  .GATAD 02363 002225 002834
1000 100 .002 .002 02045 01974 000947 000879 90 100 016 004 01019 01625 .001886 .002942
1000 126 -.004 -.006 01597 .0L23 000785 000667 490 120 -.000 001 01058 01237 000646 .000769
§10 140 -.002 -.007 01829 01293 .000921 000704 W0 0 001 001 00748 01013 .000939 .001221

20 160 .027 .000 01283 .00ATA 003428 001209 70 160 .009 .003 00751 .DL1O4  .001057 .00181%
350 180 -.003 .805 01093 00885 .000811 .00071 230 180 .007 012 00829 .01028 000718 .00095S
1000 200 -.00S -.002 01022 00924 .000471 .000422 200 200 .007 .001 00666 00876 000652 001044
130 220 -.003 -.002 .00897 L0077 000461 000427 380 220 .004 005 00610 00746 .000494 000368
1000 6 001 .002 (00855 00773 .000380 000338 40 M0 -.001 001 00534 .0067L  .000480 000845
1000 260 .003 .003 00730 00679 600328 000301 140 260 -.005 .00 00438 00604 .0004ST .000767
140 280 -.008 -.013 (00702 .00481 000877 .000S7S 50 280 -.004 -.007  .00313 00572 000585 .001205
146 300 .000 -.00% 00708 00473 .000934 000555 20 300 -.003 -.008 00397 .00498 000347 .000523
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Table 2. R for Comparisons of Q;(y) and Q2(y)

(1) F = EXP(1.0) and 6 = EXP(.111)
(n = 20 and alpha = 0.03)

(n = 40 and alpha = 0.03)

55

Ry oay) aly) @(y) MSEL  MsE2  SENSEL Sewsez Ry Qly) Qt(y) Qy)  MSEL  WSEZ  SEMSEL SEMSE
40 .10 108 07 1 00493 00493 000650 .000490 £ U I U T LV ) 00229 .00229  .0004027 000802
530 .19 .163 L2027 158 J01233 00917 001195 000795 100 05 163 (167 (153 L0471 00426 000758 000561
§70 .10 .13 263 L8 01551 L0185 001366 000944 00,20 223 .16 .203 00456 00495 000638 000690
1060 .25 .288 (284 .284 Q17801714 000987 000987 130 .25 .288 274 AN 00687 00687 000705 000703
1000 .30 .357 L3S L34 02058 .02062  .001176 .001LY 200 .30 .37 L3S 3% 01052 .01059  .0006%2 .000702
1000 .35 431 429 430 02889 02959 .0i627 .oot7ss 1000 L35 831 417 428 L1431 01454 000722 000748
1000 .40 511 LS80 .18 03974 .03777 .002701 002800 1000 4D .SRL .52 .50 01811 01925 .000982 001047

045 .98 .63 IS 03738 06828 004943 .0LLLHL U0 A4S 398 425 678 L02524 03675 003109 004189
1000 .50 .693 691 498 05702 06017 002745 002909 990 .50 693 .16 .7NS L02681 03181 001412 001795
1000 5% .799  .804 .812 06688 L0703 .003el7 .003886 680 .55 .T99 307 .833 L3345 04009 001843 002288
1000 .60 .96 923 %W 08175 .08096  .O0AA3Y 004196 1008 .60 %16 925 983 L0434 04709 L002112 002383

780 .65 1,050 1.098 1.191 10980 (13445 (007216 008595 580 .65 1,050 1.072 L.144 51907171 005485 005815
1000 .70 1204 1239 1.219 L4276 12368 008746 006959 1000 .70 1,204 1.225 1.231 06255 05720 .003477 003009

920,75 1.386 1.380 1.3M4 18001 15022 .0L1686 007132 1000 .75 1,386 1.3 L.318 L09089 08180 004703 004183
620,80 1,609 L1.610 1.506 V20946 17700 01485 008965 1000 .80 1.809 1.607 1.5 1090409941 005480 004388
400 .85 1.897 1.918 1.728 J3TMT2 26586 043508 019590 900 .85 1.897 1.914 1.803 7071 L1434 010085 007400

1000 .90 2,305 2.485 2.520 JTR339 LTTS4A 056443 056960 1000 .90 2.303 2.343 2.365 30662 29073 019404 019570

100 .95 2.99 3.262 2.498  2.30853 87622 .642355 080268 160 .93 2.996 J.113 1.684 JILIAS 49424 173922 (059445

(n = 40 and alpha = 0.03) {n = 100 and alpha = 0.03)

Ry ofy) afy) eay)  MSEL  KSEZ  SEMSEL SEMSE2Z Ry Qly) Ql(y) ea(y)  HSEL  MSED  SEMSEL SEMSEZ

00010 105 JUS LIS 00252 .00257 000695 000695 300 .10 108 097 097 00106 00106 000233 000233

045 163 163 198 00205 .00222 000438 000449 LS S U SN U S B ¥ 41 00257 .00259 000652 000658

80 .20 .23 .1 s 00364 00354 .000710 000692 5 .20 223 .9 .8 00312 .00317 000590 000588
260 .25 .88 191 .93 (00728 00733 000686 000687 .15 .88 299 299 00226 .00230 000559 000362
90 .30 .87 35T ISR 00739 00757  .000682 006705 150 .3 3% M L3 00521 .00529  .000460 .000677
350 35 431 439 L4l 00877 .00963  .000688 000715 80 L35 43 2 4 00636 .00693 000659 000726
390 .40 BM1 LY .7 00971 00989 000879 .000729 170 .40 51F .50 .13 00617 08681 .000439 000761
270 45 .998 434 6Tk 01818 .02696  .002216 003238 150 .45 598 404 640 00860 01146 000657 .0009%0
790 .50 693 704 TN 01822 .02215  .001038 .061429 0 .50 495 703 TR 00992 .01340 000850 .001256
510 .55 .799 .80 .83 02245 02847 061511 .002129 140 .55 799 813 852 1202 .01772 .001361 002042
LZT I T I I 1 R B 0264803227 001603 001981 280 .60 916 %06 .97 (01355 .01983  .001L48 001586
280 .65 1.050 1.056 1.136 02812 03749 (002393 003352 200 .45 1.056 1.050 1.128 01943 .02601 001597 002329
1000 .70 1,206 1.205 1.226  .03853 03869 .00L895 001965 1000 .70 1.204 1.207 1.235 02513 .02577 .001188 001258
1000 .75 1.386 1.394 1.389 L5373 04813 002634 002210 1000 .75 1386 1.386 1.39% 03319 .03284 001605 001608
1008 .80 1.609 1.630 L.5%1 08062 07033 004163 003370 1000 .30 1.409 1.615 1.99% 04493 04181 002123 .001901
1006 .85 1,897 1.917 1.83 10902 09617  .00660S 004959 1000 .85 1.897 1.900 1.843 06210 .05885  .00304¢ 002653
1000 .90 2,303 2.329 2.3 17796 16290 .009315 .008145 1000 .90 2.303 2.320 2.301 L1061 10482 005904 005713
200 .99 2.9% 3061 2709 48822 36106  .DSOLLL 026709 1000 .95 2.996 3.007 2.770 2624223035 (013415 008845
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(2) F = ¥EIB(1.0,0.5) and 6 = EXP(.374)
{n = 20 and alpha = 0.03)

(n = 40 and alpha = 0.03)

Ry oay) auy) @) wsEL s ML sewsez Ry G(y) Ql(y) @(y)  MSEL NSED  SEMSEL SENSEZ
100 .10 .01l 015 015 .00058 .000S8 .000385 .000365 30 .10 .011 015 .015  .000i2 .00012 .000000 000000
700 .15 .02 .073 .04L 00865 .00172 .003100 .000426 SO .15 .026 .49 .03 .00229 .00183 .000736 .00057)
§00.20 .050 .072 .04 .00304 00167 000777 000487 50 .20 .050 062 056 00174 .00160 .000859 .000633
1000 .25 .08 100 100 .0L133 LO0MLA9 001532 .0OASSS 17D .25 .08 .09 .09 00365 .0C365 000676 .00067¢
1000 .30 .17 L9 150 01940 .02036 .002308 002451 1000 .30 121 .43 .lé 00818 .00835 .000851 .000872
1000 .35 .86 024 .21% L0007 .0SL10  .0M2e44 012480 1000 .35 186 200 204 L0L3SQ LOIS30 001039 001336
1000 .40 L2610 341 L340 08043 .72759 L0305 116969 1000 .40 261 283 288 07195 .02821 001658 .002392
80 45 35T 49 TT1 17846 L99699 089978 160298 70 45 L3ST 400 LS L4785 L1194 010957 029122
1000 S0 680 607 866 44797 49077 134267 086180 170 .50 480 S04 .573 05492 12715 .0O9H4T 029648
130 .55 438 7190 92 J28065 61608 LDA84TO .142013 90 .55 638 713 0L JBT3TA4T36 036186 121460
1000 .50 L840 1.057 1.205 90771 L.06152 .I17877 .097052 40 .60 840 969 L.3TL 21599 .B1608 065789 224014
4300 .65 1102 L.3BK L.865  1.20223 L.9SBST 234697 245827 180 .69 1.102 1219 1786 .56599 L.S1199 169231 .I34A4Y
1000 .70 150 1.811 1.867  2.39868 171608 323789 214677 110 .70 1.430 1387 1972 .3S513 97938 106390 .158988
1300 .75 0922 2750 2.394 495824 2.13259 1.140055 480916 280 IS 1922 2.358 2421 2.29017 1.37882 376381 182072
10 .30 2,598 2.815 L.4S5  2.95776 112659 LATATSS .297814 190 .80 2.590 5.188 2,928 4.26852 1.974LE 887733 410480
390 .85 3.599 3.378 2.827  3.00799 2.31049 282620 122367 110 .85 3.599 3973 3.109  5.08462 179404 1.440633 .283032
1000 .90 5.307 3.962 T.TAT 0 6.00617 $.92323 290153 202046 1000 .90 5.307 4.684 4,097 L.84450 41829 2THALS (199099
80 .95 8978 4490 3.909  22.9469028.07369 1.513016 1.503680 80 .95 8.974 5.200 4.678  17.4216221.64381 1.266881 1.400165
(n = 60 and alpha = 0.03) (n = 100 and alpha = 0.03)

Ry oy) afy) @y} #SEL  MSED  SEMSEL SEMSE2Z Ry O(y) QUy) @2y}  WSEL  HSEZ  SENSEL SENSEZ
30 .10 .01 .01 L0127 .00007 .0000T  .0000OO .0000DO 30 .10 .01 .01L .OL1  .00004 .00004 000000 .000000
300 .15 626 .038 L0337 .0004L .00036 .000099 .0000%4 30 .15 .026 029 .08 .00028 00029 000104 000104
50 .20 050 .05 .063 00207 .00206 .000628 .000628 30 .20 .050 0S4 0S4 .00046 .00048 000124 000125
60 .15 083 .090 090 .0G268 .00268 .00CG48 000648 30 .25 083 .09 .09  .0OLLS 00115  .000187 000187
1200 .30 .27 L1280 129 00390 00394 00069 .000639 90 .30 .127 139 .14l .00290 .00307 .000630 .000649
1000 .35 .18 .204 .08 00949 01082 .000496 .000793 SO .35 .18 .190 193  .00261 .00330 .000510 000804
00 .40 261 288 301 .OL4TL 02018 001334 002124 350 .40 261 274 288 00736 .QL04B 000687 .00121B
U0 45 LIST L3787 .00225 04552 005062 009187 100 .45 387 L3S 436 .0M4ST 03736 002834 009608
B0 O.30 .80 517 .59%  LD493D L1D3GL 011798 020938 SO LSO 480 492 .5Th Q1805 .0A26  .0O3AIT 009434
A055 638 691 L840 LOSTIS L1849 LOLIT2E 054050 A0 .55 638 696 88T 03989 15994 .0LL046 .0AT29T
300 .50 L840 976 1281 10107 50299 L032231 .162057 60 .60 L340 810 L.123 04884 .J09RD Q08134 110182
00 .65 1102 LU0 1738 20373 .88294  .090754 L2733 30 .65 1162 1.204 1.927 (L4645 1.30202 044865 376158
W0 LASE L3890 D051 L3209 LALTA0 023448 3333230 .70 1450 L6500 0.277 28177 102940 083387 244302
1080 75 1927 1167 D475 LATOTI LLITEAS L2706 081957 40 7S 922 2.084 2.616 39979 112745 129756 28783
160 .80 2.590 2.931 2.881  3.13486 L.49504 681937 .261838 260 .80 2.590 2.9%8 3.085  2.02633 1.11056  .396512 .140072
150 .85 3.599 4.066 3.7 S.iS467 1.93040 L.44el05 .S52587 70 .85 3.399 4166 3.580 £.02962 101177 1.285096 226350
150 .90 5.307 5.208 4.270  5.90985 396667 793956 .386L7S 30 .90 5.302 5.848 4.623  4.00824 L.73446 304835 342679
60 .55 8.974 6.131 4.980 13.7268519.15548 1.527083 14663t 30 .95 8974 6028 4.923  10.4795218.00993 1.5THASE 1.900033
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Table 2. R for Comparisons of @,(y) and Q:(y)(Continued)
(3) F = WEIB(2.0,4.8) and § = £XP(.936)
(n = 20 and alpha = 0.005) (n = 40 and alpha = 0.00%)
Ry oofy) ey) @(y)  KSEL  WSEZ  SEMSEr SEMSEZ Ry Qy) @l{y) Q2(y)  MSEL WSEZ  SENSEL SENSEZ
050 .10 479 .49 495 01012 01100 000672 .00073 L0 .10 479 493 .33 00852 00918 .000638 001105
MO .15 53 545 586 01009 01668 L0012 001844 60 .15 534 54D 599 00448 00961 .000820 .00M4LS
190 .20 .578 58T 636 .00767 .G1185 000839 .0OLITT 30 .20 578 607 675 00567 .01673 .60092 .003707
80 .25 616 621 6% L0046 .0MTE 001299 002120 30 .25 .16 .835 718 .00MGZ .01SST .000964 002938
S0 .30 L650 L66T L7386 L0081 L0281 .ODMLAD L0OZAO9 30 .30 650 632 .Te6 00399 01200 000781 .001707
290 .35 681 68T LTé6 00789 L0090 000744 .000E63 70 .35 681 L6TT ISL 00358 00743 .000SAE .00MO1T
90 40 L7i1 .TI8 .76 00620 .00ST5 .00066Y .0006%6 50 4G T1L LTi6 LTTS .00292 L0060y  .000SSL 000895
WE 45 LT39 LTM TS 00800 00473 .000903 000589 30 .45 I3 736 761 .00301 .0018 .000768 000353
50 .50 767 L1800 .T68  .O0DMO 00275 000765 000332 30 .50 26T LT L76L 00296 00235 000731 .000399
100 .55 795 800 .66 L0052 00409 .000808 000474 40 .55 195 % 769 00306 .00239 .0006% 000489
130 .60 823 .83 785 00629 .00607 .DOO&TS .0OD&EY 30 60 823 .B2Y 782 00207 00262 .0BOALT 000469
0 .65 851 858 .BL3 00§78 .00602 000700 .000677 S0 .65 .851 B34 392 00366 00572 .0006D2 .000TM4
§0 .70 881 .B6E .93 00632 01235 .0OLLIS .0OLSS8 70 .70 .B8L .882 .B08  .00367 00781 .000727 00106}
10 .75 917 .06 .B25 00951 .01408 001124 001163 30 .75 912 893 818 00528 .01197 .00105C 001868
90 .80 947 LT .86 .009%9 01598 .OOLATH .00D641 40 .80 547 .45 860 00567 01109 .001056 .001é03
100 .85 987 983 871 LOLITS 01972 .0DISO4 002222 30 .85 .987 992 892 00428 .0Lis0 .0DO8EY 001621
10 .90 1.036 1.021 .97  .01307 .0M5Y 000731 LDO0ETO 290 .90 1.036 1,050 967  .00GGY 00925 .000759 .0006L4
60 .95 1406 1.059 978 L0460 02697  .002587 LOD3I%6 30 .95 1.106 1.088 1.000  .DOADD .DMABS D009 .DO273)
{n = 60 and alpha : 0.005) {n = 100 and alpha = .005)

Ry oaly) ey) @y)  MSEL  MSEZ  SEMSEL SENSEZ Ry Q(y) u(y) Qa(y)  MSEL  MSEZ  SEMSEL SEKSE
00 .10 479 485 522 00260 .00491 000439 .000890 30 .10 479 475 .525  .001%9 .00384 .000528 .000822
A0 35 53 536 598 .00321 00898 000606 001804 30 .15 .53 .S4D 608 .0OI76 00769 000248 001195
.20 578 570 L6k 00235 01065 L00DASY LODIOI2 30 .20 .37B .57B .55 00204 00780 .000384 .001314
W15 .66 631 LT26 00733 L0b44k 000603 002000 30 .25 .66 625 721 .00M62 01258 .DOORO2 .00
.30 650 .61 LJ6T  .0027L .0148 000623 .00IS3L 30 .30 .650 .860 742 00145 01332 000306 .001108
300 .35 681 683 6L L0013 00748 .000323 000842 30 .35 681 681 765  .00M03 .00760 000215 .000780
0 .40 . L7100 .76l .00237 .00356 .000ST0 000707 30 40 LTIl LTME.TST 00127 00294 .0OD433 .00044S
045 39 JMS Tek L0025 00219 000407 000529 30 .45 739 720 .65 00183 00156 .GO0AB4 000369
W50 367 66 69 00255 L00ML  .000S91 .00026) 30 .30 LI67 .%0 .78 .000B9 .00OS4  .DOCI9L .0OOL49
30055 195 091 LT68 00277 L0021 .000486 000552 30 .55 195 806 775 .00led 00133 000337 .DODALS
W0 .60 825 823 776 .00209 00382 .000477 600630 30 .60 828 816 776 .00 00353 000576 000658
40 .65 851 84D .95 .002% .00462 .00051¢ .000835 30 .65 .851 .BS5 .03 .00SO 00343 0002717 .00074¢
.70 .881 879 805  .00306 .0075 .000643 001170 30 .70 .88 874 837  .00190 .00547 .000402 .000835
300.75 912 906 826 .00267 .00%6 .000el12 001376 30 .75 512 .901 .824  .00IST .00882 000365 .001152
10,80 .96 953 864 .00202 .0DR29 .00OSSI .00RIOG 30 .BO %47 %47 .63 .0DM2% .00829 000339 001140
300 .85 987 953 .894 L0051 .OL1%¢ .00M2(7 .001T0 30 .85 987 986 904  .00178 00863 000402 .001719
60 .50 1.036 L.031 960  .00429 00873 .0Q06BY .00LM4L 30 .90 1.036 1.038 .98 00278 0086} 001051 .00L3T2
40 .95 1106 1.091 1.011  .00550 01161 .001200 .00167: 30 .95 1.106 1.103 1.036  .00276 .01023 .0006d0 .001637




