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ON MULTIPLE INTEGRAL RELATIO N AND 
ITS APPLICATION TO SPHEROIDAL 

FUNCTIONS 

Shri Deo Sharma and Salar Yaseen Taha Al- Sardary 

1. Introd uct ion 

Let us abbreviate, fo r conven ience, the p- parameter sequence (al , û:d , 
,( ap, C> p) , and the q- parameter sequence (b1, ßl) ,' . . ,( bq, ßq) , by (aj , C>j )1 ,p 

and (bj , 야h.q respectively. 
We start by recalling the familiar H - function in the form (cf. [8], p. 

408): 

H따n l zl (1) 
L l(b"ß,)J, q J 

_ 1 f 0쯤1 f( bj - 찌s) Oj= l r(1 - aj + C> jS ,/ ""3 ...J,, 

21l' i h m=m+1 r(1 - bj + ßjS) OJ=n+1 r(aj - C> jS) .. “) 

where L is a swtable contour 
The H - function of two complex variables was defined and represented 

by Mittal and G UI뻐 ([13], p. 117). 
T he H • function of several complex vari ables occurring in th is paper 

has been defined and represented by Srivastava & Panda (cf. [17J, p. 271 ) 
as follows ‘ 

’ ‘ ’ ‘ rI(a),O’ ,0(') ].[W) 씨 .;[ ( b( ' ) ψ(') J ; 1 

H웰펴i 벼L펴!)) I ZI , Z2 , .. . ,z. 1 
l[(c) ψ’ ι ，ψ(')].[(d’) 에; ... ;[(<1<'),6( ' )1; J 

느 1. 1. . .. 1. ψ(S 1， " " " ,ST) 따(Sk)Z배SI .. . dST (2) 
(271)r JLl JL? j Lr k=I 
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where 

ψ(8 } ， 82)". ,Sr) (3) 

I1;=1 r[1 - aj + 다=1 8(k)skl 

0;=-1+1 r[aj - 다=1 앙) Sk] [1r=l r[1 던 + 다=1 패) Skl 

'PdSk) 
rli띄 r[d\k) - fj\k) Skl [1돼 r[1 • 이i) + p?)Sk] 

D(k) - J (k)J (k) - B(i) J 1 (서 1 (k) ; (4) 
n1=이k)+l rI1 - d1 + 61 Skl n1=값)+1 1'[낀 - PJ Sk] 

(k = 1, ... ,r) 

and L
"

L2 , ‘ • ,Lr are suitable contours. 
The multiple integral (2) converges absolutely if 

larg(z)1 < (1/2) ‘ τ 6.k , k=1 ," ', I' (5) 

where 

..\ A v(k) B(k) C 

6.k εo?) - ε oik) + ε셔k) + ε 념k) 
• ε ψjk) (6) 

)=:::1 j=.\+ 1 1=1 j=v( k)+l J=l 

D(k) 

+ε6jk) ε 에서 > O,(k = 1, ... ,r) 
1=1 j=u{1f)+l 

wherever no confusion arises we wr ite the first mernber of (2) in the form 
H[Zl ,"', Zr] and H"[Z1," ', Zrl when .À = 0 

The asymptotic expansion of H[Z1"" , Zr l is given by 

J O(lzd" '" 'lzrl"r),max{ lzll ,"', IZr l} • O 
H[Z1 , ,zrl = 1 o (1Zl 1-β' . . IZrl- ßr ),.\ 프 때n{ lzd ， .. . , lzr l} • ∞ (7) 

where with k = 1,"' , r , 

Qk = d;k) /에k) 

ßk = [1 - 이k) l/앙 
J = l , , u(k) (8) 

j = l , --, u(k) 

The known results : ([1 4] , eq. (1 4); [11 ], p. 226 (7) ; [9], p. 599; [1 ], 
p. 279; [5], p. 172; [10], p. 145; [6], p. 310, 6.2(19)) required in the sequel 
are gi ven below ‘ 
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(i) The spheroidal fun ction ψ"n (c, 77) of general order a > • 1 can be 
expanded as : 

ψo.(c， η) = 프얀균ε *∞ I ak(cla )(찌t(，，+1/2) Jk+O+1/2(찌) (9) on(C) L...J -.- k=O ,l ...... ~\ ..... I ..... n 

which represents the function uniformly on ( ∞， ∞) ， where the coef
ficients ak(clan ) satisfy the recursion formula ([14], eq. (67)) , and the 
asterisk (*) over the summation sign indicates that the sum is taken over 
only even or odd values of k according as n is even or odd 

(i i) 

Z‘ Ju(z )=ZU 짧[z2/4|((1/2)(u+U) 1) ((싸이 J 
이
 
” / ” ( 

패n [4X:$::r] = c 탬n [zc1;z:텔]， c> 0 씨
 

( 

(iv ) 

(1+ zt o 
= r뇨Hfj [z|캅 1)] 찌

 

( 

(v) 

H따" I zl (1 3) 
L I (b" β1) h,q j 

m ∞ (-l)'z"' 0뜸 1 rj;éh(ι - ßjη.) 0;;1 r(1 - aj + Ejη.) 
=εε←----t:o ~ t! ,ßh m;n+1 r( aj - Ej 77. Jnl;m+l [(1 - ι +ßjη. ) ’ 

where 7J. = (bh + t)/ ßh . 

( vi) 

j∞ j∞ L∞ r (n;=1(zZki)f(타꽤') 
• c ,‘ “ ‘ dXl ... dXr (14) 

170 + T(ε;=1 X앙 )h 

1 rlk; 1 r( ak/ Pk) r∞ zε~=I (0,/ .. )-1 f( z) 

- m;1 (Pk) r(Lk;1 ak/ Pk) Jo (';'0 + T zh)ε("，/p，) ’ 

where ak ,pk , T ,17o(k = 1,' " ,r) are all positive quantities 
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(vii) 
f∞ x p

-
1 a- p

/
h f (p/ h)r(μ p/h) 

/ ---- = -- (l5) 
Jo (1 + axh)μ h r(μ) 

largal < π ， Re(p) < Re(μ) 

2. The Multiple Integral Relation 

1n t his section, we establish the multi pJe integraJ reJation: 

f∞ f∞ f∞ n X=I 야한 1 )f(εX= 1 Z앙) 
10 10 10 {O'o + T(ε;=l ZT)h}ε;(a./ð.) 

H':샤 b 마=늬=1 (x짧웹r댐) I(a，μ(a，아ι띤， ，μ’ι씨‘ 
p ，q씨 l {aO + Tπ(ε;μ파I샤zkη)까h}εL;(싸싸(U싸u싸k싸)시I (b야b이μ써J껴써ß，때l시끼h，J a따z작2'" a따t와 r 

-1 f∞ zε~=I(Q./ð.)-1 'f(z) 
= If(Ok) A / f L、?“ lnJ 

H따J 

[( 
0'0 ~

bzL징짜짧싫짧εE다다다잃;(싸싸싸(U싸싸u싸싸k“따싸싸/μ싸써ð.씨k샤) 

1「「(“
l쐐 U씨에i시아/ð이에i샤) "'，(υ1 。에생짜/μ싸o야Ur/μð ，)시(‘a，젠(lJ'(Jμ싸써싸"씨씨1시씨h 

(σ0'0 + T z상h )ε~(u싸씨k

“
/μð.씨k서) I(“씨b아" ’ß，이J시h，’q ’ ,( 1 ε~( O'k/(1k)ε;(Uk/ð.)) 

which is vaJid under t he fo Jlowing set of condi t ions: 

(16) 

(i) ak ,O'k,Uk(k = 1," ' ,r) and T ,h,O'o are a Jl positive qu삐tities and 
b is a complex quantity 

(ii ) Re[εk= ， (ak/O'k + (bw/ßw)(Uk/σdl > 0, (ψ = L , m) 
P m q 

D = ε(Ej) - ε(fj) + ε(예) - ε (예) > 0 
j=1 n+l m+ l 

larg bl < (1 /2) , D π ， ε(예) - ε(Ej) > 0 

Proof Let 

L∞ 1000 " ' 10∞ { 0'0민:fgJJ짧당월/ðk) 
H::，~n r brr~ (X~k ~"r ， ,_ ， 1“)1Pl dτ1따2 ' "dx r = 1 (say) 

p ,q l { 0'0 + T (εI zZ‘ )h)ε;(U./ð.) 
l(b"ß,h) 
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Now expressing H- function in its contour integral form (1) , we get: 

f∞ f∞ r∞ n;(zZkl)f(ε; zT) f 1 r l l · / · l { / 8(C) 
Jo Jo Jo {"o + T(εI z앙)" }ε; (<>.Iu.) t 2πi JL 

1 = 

[{"o + T(~(IT많) leJr1 I d( ~dX1dx2 . .. dx , (17) 
{"o+ T(εI 샤.)h}ε;(u.lu.) J -, J 

Now on changing the order of integration on the right- side of (17) (which 
is permissible under the conditions stated), expressing the inner integral 
thus obtained by an appe때 to the multiple integral relation (14) , we get: 

J = 
μ r~ ( _ 1 \ n~ r[앞픔띄 
ι b. O(Ç) I fI("k' ) ;;~:τ그파 
JL '""' L.&.t \ ""r{ι~ (→;zajl 

f∞ z[ε;(o;+u.e)/u.]-1 . f( z) Jl 
l 、 dz ld( Jo n;[ ("" + T z )(o.+u.O!u'l - -' 

(18) 

Again changing the order of integration in (18) and interpreting the ( 
integral by vir tue of (1), we arrive at the result (16) ‘ 

3. Application of Integral Relation (16) 

As an appLicat ion of integ때 relation (16) 、ve obtain the following in
tegral 

J = 
f∞ f∞ f∞ n ; z한 l (ε; z앙)P , 1 

)0 )0 .. ‘o {oo + 7(ε; z앙 )h}εt(ak/0k) γ'O /l lC， 

(ε; z?)t 1 H m.n r bn; (Xk)" Ic l(aJ ,fJ)l ,pl 
{uo+T(ε: x앙 )h }써 -ι9 l{ C7o+T(ε‘ X J; ' )h}ε;(u.lu.) l (bJ •β" )，꺼j 

HI ω1 (ε~ X~k)Vl Wr (ε; zT)U~1 
l{ C7o+ T (εt z감 )h }p, ’ { C7o+ T(ε; z감 )h} p, J 
F v깐마 ("k" 1) 낀 (1/h)[ε~ (C>:I./σ.)+ρ} 

1jgl/(c)2(a+l) h oF(0싸) 
(19) 

m ∞ ∞ n7' r(bj - T/ t ßj) m r(l - a j + Ej까) -ε ε ε <~0.1ak(c I Qv) 
h=l t=o =Ol n z‘+1 r(1 - 이 + T/t예 ) n~+1 r( aj - EjT/t) 

rb(웹)(-llh) ~;(싹/0*)1 
m

민 1 n~ r(따/C7k + T/t(Uk/ C7k)) 
l ' U' -' ( J t ! ßl r[ε; (o.</"k + T/ t(uk / C7dl 
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rR[--J; ... ;[•- J;-------- - ----•• ’ HOα’，>.셔+2;(싸’')，’ ’，(아u“(ν(. )샤)싸 
.-4+2’ρC+ 1;(떠B'ι’D'’');’ ’; (B(ν끼r서) ，’， Dα(ν에r샤이) )새);시’;(ω0ι’， 2야) I 

LS; [ - - J;.,,;[ - - J;(k/2 ,l/2 ,( - Q- k/2-! /2 ,1/2); 
”,7; (Ui/h) 1 , 7 :-(ia/h) ”L 7.-(Ur/h) 7.-(t l/h) 1 

」f;「-:;스-p-，--- ' ' • fF7- , (c/2)4τ-1 
Uo Uo Uo 0"0- J 

where 

(i) 낀 ='T /ao 
(ii) 7), 二 (bl + t)/아(l=1 ，"'， m) 
(iii ) R stands [or 

[1 - (1/ h){ε(Otk/ak + 7), (Uk/ak) ) + P}, Vi> V2’ ‘ , vr ,.ed, 

[1 一 {(1 - h) ε(이/ak + 7)t(uk!ak)) + p/h ), (Pl • v , / h), (P2 - vzlh ), 

", (Pr - vr/h) , (l2 - 1',/ h) ], ([a]; 에 ， 0; ， ‘ ， 아r) ， 1} 

(iv) S stands for 

{[c]; ψ ψ"，，， 'lþ(사， 1} ， [1 - {ε(a.k/ ak • η ， (uk!ak))};Pl ， '" ， Pr써 

AJso, above integral is valid under the following set of conditions: 
(a) c,Otk,ak ,T , uk ,Vk , pdk = 1, " ., r) , ao , h are all positive quantiti es 

having Vk < Pk(k 1, '" , r) , a. > -1 , and the H - function of several 
variables in (2) satisfy conditions corresponding appropriately to those 
given by Srivastava and Panda [17] , 

(b) Re[p + εk=l (a.dak + (bw/ ßw )(udσk)+ εk= 1 vdψ)j앙))] > 0 

R e[p+ ε(Uk - Pk)(dF/선k))l < 0, (m = l ,- , mJ = l , - , A) 

D= ε Ej - L Ej + ε찌 - ε ßj > 0 

Ia?'gbl < (1 /2) ' D π ， ε ßj - ε Ej > 0 

(c) The series occurring on the right- hand side of (1 9) is absolutely 
convergent , 
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Proof We take 

| “ .... tJ l ".. ...Vr 

f( z ) = zPψαJμ1， j(σ0+ T zh)I' ]H I r:::二1 ~ 二E:-- | 
l (ao + T zh)p, ' '(σ0+ T zh)p, J 

(20) 
Now substituting this value of f (z) in (1 6), expressing H-fω'unction 0이fr . 

、va디따&때b비les 、w꾀! 

contour integrals (which is permissible under the conditions stated) , we 
obtain 

1 = #oII ) r삶과 k， .. . L 야(8 1 ， 52 ， -" ， ST) 설 ['Pk(S k)파 l 
{fo∞ zI:; (O ,/UdVk' k)+P- l H m n+r [ bz I:; (u，/σ，) 

(ao + Tzh) I:;(야/0k+PkSk) P+r,q+1 [ r

1:::::] x ψ。，， (c ， Zl, j(ao + T상써SI dS 2 . . . dS r (21) 

、"，here . ‘ indicate that the parameters of H - function in the above equa 
tion are the same as in the result (16) and ψ (SI) 82 ， "ι) ， 'Pk (Sk) , (k = 

1,' .. ,7') stand for the quantities mentioned in (3) a띠 (4) , respcctively 
Now in order to evaluate the z- integral in (2낀1) , 、we express t야he sp띠띠)[매b e밍1'0띠o이.(띠d 

function 
ψ。Jc， /, j(ao + T zh)l, ] 

as (에9이) and the H -func야띠tμl0n lDVO、

Jn마teg망ra허1 b바y de해fini띠tion (1씨l니)， in따terκc야야:ha뻐ng얄e tbe order of z and (ç1 ,6) • integrals, 
also interchange the summation and int탱rations ， evaluate the z-intcgral 
thus obtained by using the well known formula (15) and interpret the 
result so obtained again by virtue of (2); we get under the c∞oαon찌l띠d이itioαon 

s야ta따te뼈:d w씨it바h (μ19이) ， , 
i"Ji잇-(0+1) ~ ∞ ( 1 r r r r 

1 = v ←「?L * Fμcicw){ {"_ ~\r-'- l 1. 1. , .. 1. 1 ψ(S I ’ ‘ . ,Sr ) ι~ k=O,1 ' -0' -, .-- { l(2πi)r+1 h , h , J L, h r+, 
r (( l j2)k - ( l j2)") 

mψk(Sk)피k](c/2)el P/ ~ 4 L ” l q lq l / 1 lqv, 、 (낌2깅끽 2긴 ) 

r디[tt(ψp따k-얘내U싸k )싸s아k야+서애(μ[ 1 - [2폐fμ씨2상)Ç1 - P씨] 낀섣(- 1/씨써h샤셰)[I:;싸써/까o아k+바U아맹싸kμ샤써'k 

r I ε;(μ(ωu싸k“/μUk씨k“) IιL 1 、
- [ε~ (0 ,1;;/0' k+P ,I;; Sk )+(2씨 um ,n+r+2 1 baO • 1- 1_1. .1. J . H 1 

Oo × H l | 1dsldS2 dsrdg1 >“ p+r+2 ,q+2 낀(1 /h) I:;(Uk/Uk) IMrùl~ù :l ~ù，~" J 
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where for convenience, 
(i) 낀 = 7 /ao 
(ii) L stands for 

[l-(l/h){ε(O:k/ak + VkS.) + f1ç2 + p }，ε Udak] ， (l- O: l/a"udal )' 

. .. , (1 - Qt / a" Ur / ar ) , (aj , fj h.p , [1 - {(1 - 1/ h) ε(o:k/ak ) + 

(e2 -fdh)6+ ε(pk - vk/ h)Sk - p/h }, (1 - l/h) ε(Uk/adl 

(iii) M stands fOI 

( bj, 예) 1 ，q ， [l - ε( O:k/a.) ， εh/ak)]， [1 - {ε (0:./ ak + Pksd 

H26), ε(Uk/ak) ] 

Now expressing the function H따’성;캅2 [ ... ] in terms of a series 0이fg탱amm 
fωunκctμlQns 、w씨，v it바h tμhe h e리lp 0이f tbe well- known formul a (13) , interchangi얘 the 
orders 0이fin마teg망ra따tioαon and sumr 
ing tbe resulting ml씨)le integral with the belp of (2) , we arrive at tbe 
desired result (1 9) . 

The cbange of order of integration and summation is justifìed [2] due 
to absolute convergence of tbe integrals and uniform convergence of tbe 
series involved in each process 

4. Convergence of Series Involved in (19) 

Regarding tbe convergence of the series on tbe right- hand sides of t he 
results (19) , it is important to note t hat tbe ratio ak+2(clo:n )/ak(cl o:n ) is 
_c2 

/ 4k2 for large k [14] and t be ratio of tbe gammas involving k and t is 
bounded for large values of k (even or odd) and t by virtue of tbe fairly 
well- know l1 result (cf. [11 ], p. 47) ‘ 

r( k + 0:) , ,,- 8 - - -• • = k"-μ[ 1 + O(k- 1
) ], k • ∞ 

r (k + ß) 

Hence the seri es 011 the rigbt- hand side of (19) a re proved to be uni 
formly and absolutely cO l1vergent by M- test [2]. 
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5. Discussion 

Tbe spberoidal wa.ve functions Smn (c, x) a.nd tbe periodic Ma.tbieu 
functions cen ( cos-1 x/2 , c2 ) , sen+l (cos-1 x /2 , c2

) a.re special ca.ses rela.ted 
t。 따.(c ， x) a.s follows: ([14J , eqs. (18) , (23) , a.nd (25)): 

r (1 - 상)-m/2 Smn(C， X), Q' = m = 0, 1, ' 

ψ".(c， x) = ~ cen(coçl x/2 ， 강)， 0: =-1/2 
l (1 - x2 ) → 1 /2sen+ l (∞ç l x/2 , c2 ) , 0: 二 1/ 2 

Tbus , by virtue of above properties of ψ".(c ， x) , new results corresponding 
to our result (16) a.nd (19) can be easi ly deduced. However, we do not 
mention them here for Ia.ck of spa.ce. 

Since t he H - functions occurring in the integra.nd of (16) a.nd (19) in 
c1udes a large variety of special functions as pointed out hy Gupta a.nd 
Ja.in [9J and Gupta., Kalla. and Handa. [10], a. number of interesting integrals 
can be obtained as specia.l ca.ses of our integra.ls merely by specia.lizing the 
parameters of the functions involved therein 

If we ta.ke 0"0 = 1, a.nd h = 1 in (16) a.nd (19) the resu lts recently 
obtained by Sha.rma a.nd Salar [15) follow as pa.rticul따 cases. 

Moreover, the convergence of double infinite series occurring on the 
right- ha.nd side of our results (19) has been particularly exa.mined 

Since the spheroidal functions a.re being used in such diverse field s as 
anteena theory [3), stochastic proc얹s [16), and the statistical theory of en 
ergy levels of complex systems [4J etc. Thus, we may find important appli
cations of these results in va.rious fields of mathematical physics , statistics , 
and engineering etc. 
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