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1. Introduction

Extreme values from observational data are the
information of special importance in several areas
of engineering application. In the field of ocean
engneering, wave height is main factor to be con-
sidered for various design purposes. This paper
discusses the methods of statistical estimation of
extreme significant wave height which may be
encountered for a certain return period. Gumbel”
had classified the asymtotic distributions of the

extremes as the type I, II and HI asymtotic fo-
rms. Ochi®¥ has shown that the type I distribu-
tion may yield and increasingly overestimation of
the extreme value with increasing variate values.
In this study Type NI asymtotic distribution is in-
tensively applied to observational data.

There are many avilable methods for estima-
ting the parameters of the. distribution. Ochi® il-
lustrated 3 methods of solutions. These are maxi-
mum likelihood method, skewness method, and a
nonlinear regression method. The calculations

using these methods do not give satisfactory re-
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sults. Ochi” proposed a newly developed modified
type II asymtotic extreme value distribution
which yields an excellent fit over the entire range
of the cumulative distribution. What he did was
introduction of polynomials which fit the differe-
nce between the results of the nonlinear regres-
sion method and the observed data. This newly
introduced fittting function yielded an excellent
fit over the entire range of cumulative distribu-
tion, and the probability density function. The au-
thors of this paper attempted to apply that fitting
function not only to the nonlinear regression me-
thod but also to the rest of the estimation me-
thods. In this study, multinomial discretization
method is newly employed in the field of extreme
sea level estimation. Test of the four methods
with fitting functions provide excellent results.
The skewness method combined with fitting poly-

nomials can be considered to be very practical

Table 1 Data A

Significant wave

number of

heighty, M3y observations
02-04 11
0.4-06 151
06-08 158
08-1.0 175
1.0--12 109
12-14 116
14-16 o9
16-138 63
1.8-20 47
20-22 40
22-24 27
24-26 19
26-238 21
2.8-30 12
3.0-32 6
3.2-34 7
34-36 6
36-38 2

total - 1,061

Table 2 Data B

Significant wave number of

heighty, M3, observations
0.0-05 144
05-1.0 63
1.0-15 48
15-20 27
20-25 15
25-30 10
3.0-35 5
35-4.0 3
4.0-45 1

total : 316

because of its explicit form.
2. Data for the Study

The data base used in this study is consisted
of two types. Data A is adopted from Ochi® for
mutual comparison purposes. Data A represents
significant wave heights which were observed
four times a day during a 42 month period from
1979 to 1983. Data B represents daily significant
wave heights which were recorded in wave mea-
surement station near Cheju Island in Korea du-
ring 1975 to 1985. Those data for February were
compiled in data B. Those two sets of data are
shown in Table 1 and 2. The probability density
function of data B shows a monotonically decrea-
sing feature which is different from most of the
other propbability density functions.

3. Asymptotic Distributions

Gumbel” had classified the asymptotic distribu-
tions of the extremes as the type 1, II, Il asy-
mptotic forms. Those relevant mathematical for-
mulae are shown in Appendix 1.

The extreme value from an initial distribution

with an exponentially decaying tail will converge
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asymptotically to the type I limiting form, whe-
reas, for an initial variate that decays with a poli-
nomial tail, its extreme value will converge to the
type Il asymptotic from. If the extreme is limi-
ted, the corresponding extremal distribution will
converge to the type lif asymptotic form. Ochi”
has shown that the type I distribution may yield
an increasingly overestimation of the extreme va-
lue with increasing variate values. Wave height
can be considered to be bounded. This leads us
to use the type Il asymptotic distribution for ext-
reme sea level computation. The cumulative dist-
ribution function and the probability density func-
tion of type Il asymptotic distribution can be re-

presented as
F(y)zexp[*(%:_%*»)k] .................. (1)

_ k WY vk LA AT

4. Determination of Parameters

Determination of parameters are the main sub-
ject of extreme value theory. Ochi¥ illustrated 3
methods of solutions. These are nonlinear multi-
ple regression method, maximum likelihood me-
thod, and skewness method. In this study multi-
nomial discretization method is newly employed.
Therefore four different methods are used.

A nonlinear multiple regression analysis have
been used widely in all branches of engineering.
Ochi(1986) demonstrated this by taking the log-
raithm of equation(1) twice as follows
w-‘yk)
w—V

In[~1n F(y)1=k In(

The calculated cumulative distribution functions
(cdf) obtained by the nonlinear regression me-
thod have been compared against the observed
data. Figures 1 and 2 show the comparison using
data A and B, respectively. Figures 3 and 4 show
the probabiltity denisty functions(pdf) and the
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fied type Il asymptotic distribution have been co-
mpared against the observed data in Figures 5
and 6. A significant improvement in the cumula-
tive distribution function can be noticed immedia-
tely. The probability density functions are shown
in Figures 7 and 8 which also show signifiant im-
provement.

The maximum likelihood method is based on
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histogram of observed data. A nonlinear multiple
regression method does not give a good fit over
the entire variate range of the cumulative distri-
butions.

To improve the agreement between the type IlI
asymptotic distribution and the observed data,
Ochi® proposed modified type Il asymptotic dist-
ribution. What he did is the introduction of poly-
nomials which fit the difference between the
theoretical distribution calculated from the nonli-
near multiple regression mehtod and the obser-
ved data.

The polynomial was determined by the nonli-
near regression procedure. That is

_ — WY Yy Ay e
In[—In F(y)1=k In( — )+ Ay (4
Where
Ay=a+by+cy2+dy“ ........................ (5)

Thus the modified type Il asymptotic extreme

value distribution can be wirtten as

= —_ _‘N__l k Ayl it
Fly) =exp{—( — ) et} (6)
This modified cumulative distribution function
still satisfies the desired condition of the cumula-
tive distribution function. The calculated cumula-

tive distribution functions obtained by the modi-

the maximization of the likelyhood function with
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respect to the parameters to be estimated. The li-
kelihood fucntion of the distribution and its loga-

rithms are shown in Appendix 2. The solutions
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can be obtained by numerical iterations. The cal-
culations are very sensitive to the initial estima-
tion of the parameters. Maximum likelihood me-
thod does not give an excellent fit over the entire
range of the cumulative distributions. Here the
difference between the theoretical distribution
and the observed data has been fitted again. Fi-
gures 9 and 10 show the results. Again good ag-
reemetns are achived.

As another approach to the full specification of
the 3 parameters of the type Il asymptotic distri-
bution, the skewness method is considered. The
3 parameters are related to the statistical mome-
nts. The relevant mathematics for the skewness
method is summarized in Appendix 3. All 3 para-
meters can be obtained explicityly without itera-
tive numerical caculation. Secant method is used
as an equation solver in this study. Again the
modified forms of type 1l asymptotic distribution
function have been attempted. Improved agree-
ments are shown in Figures 11 and 12.

Lastly the multinomial discretization method
(Castillo)? is employed. Let F(y : ¢) be the cu-
mulative distribution function of a random vriab-
les y that belongs to a ¢—parameter family.
Then, the experiment consisting of counting the
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number the elements, in a multinomial experi-
ment, and its associated random variable has pro-

bability mass function given by

\ m Nz Nk
nl pr () P2 (¢)~Px @

p(n,n,,...n0) = (7
[I']l! ngl...nk!]

where

pi(q)):F(YH»l ’ ¢) —F(yl ; ¢) ............... (8)

The maximization of eqation(7) with respect to
¢ leads to a maximum likelihood multinomial ap-
proximation of the family F(y ; ¢) of cumulative
distribution function. The modified form of Type
Il asymptotic distribution fucntions based on the
multinomial discretization method has been tired
again. The modifided cumulative distribution fuc-
ntion are presented in Figures 13 and 14.

The significant wave heights which have 50 and
100 year return period have been evaluated using
illustrated four modified methods. The results are
shown in Table 3 with Ochi’s calcuation for com-
parison. The illustrated four modified methods

predict almost the same extreme wave heights.
5. Conclusions

1) The modified form of type Il asymptotic di-
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Table 3 Comparison of extreme wave heights

189

extreme wave heights (M)

Method - :
S50year return period 100year return period

Ochi 4.2 43
Nonlinear Multiple 423 4.33

] Regression Method

‘Maximum Likelihood 4.26 4.34

Method

Skewness Method 45 4.61
Multinomial Dis- 4.17 427
cretization Method

stribution can be applied not only to multiple re-
gression method but also the the rest of the four
methods, that is, maximum likelihood method,
skewness method, and multinomial discretization
method.

2) The modified type Il asymptotic distribution
function based on multiple regression method
shows the most excellent fit over the entire va-
riate range.

3) The application of the modifided type Il as-
ymptotic distribution to the skewness method is
strongly recommended because of its sound theo-
retical background and its explicit forms of calcu-
lation.

4) The illustrated four methods predict almost
the same extreme wave heights except that the
skewness method shows a relatively higher ext-

reme value.
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Appendix 1; the asymptotix distributions
Type I ; the double exponential form,
F(y) =expl —exp(—g{y—u))]
u + the characteristic largest value of the
initial variately
a - an inverse measure of dispersion
y 5 the random variable

Type 1I : the exponential form,
F(y) =expl — (_,_3_>q

q 5 the characteristic largest value of the
initial variately
k ; the shape parameter
Type Il : the exponential form with upper
bound w,

F(y) ; exp[—<—zj§>k3

v 5 the characteristic largest value of y

Appendix 2 : likelihood function and its derivati-
ves

L{yvikw,v) = ﬁ fly) =k (w—v)
i=1

X (w—y exp{—Z (Y

i=1 wW—vVv
k n
L
ow Wy sl
WY vy k—1
(o Y 1=0
w—v  (w—y)w—v)  w-y
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O = Mk a Tk (WYL o= —IP+3/K0-3r(1+2/r(1+ 1/k) +2r (14
ov W—V iflW—V WV 1/k)} X{l/(r(1+2/k)“I‘z(l+_l/k))”2}
Lln L= -—n ln(w—v)—)e [y p=w— (w=v)r+1/k
ok =LwWTY &*= (w—vAr(1+2/k) -1+ 1/k)}
In( Y WY Y]=0 where i 5 mean
w—Vv w—v o > variance

¢ + skewness coefficient
Appendix 3 ; mathematical relations between pa-
rameters and moments
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