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0. Introduction

In the study of real hypersurfaces of a complex projective space P,C, Takagi [10] showed that
all homogeneous real hypersurfaces could be divided into six types, Moreover, he [9] verified that
if a real hypersurfaces M of P,C has two or three distinct constant principal curvatures, then M
is locally congruent to one of the following homogeneous ones .

(Ay) a geodesic hypersphere,
(Ay) a tube over a totally geodesic P,C (1sk=n—2),
(B) a tube over a complex quadric Q,_; .

In what follows the induced almost contact metric structure of the real hypersurface M of P,C
is denoted by (¢, g, & 7). The structure vector ¢ is said to be principal if Af=aé where A
is the shape operator in the direction of the unit normal C and a=n(A¢§).

By making use of this notion, Kimura [3] proved that M has constant principal curvatures and
& is principal if and only if M is locally congruent to a homogeneous hypersurface.

The Ricci tensor of type (1, 1) of the hypersurface is denoted by S. We say that the structure
vector £ is Ricci—principal if Sé=w€, where v=g(S€, &). It is clear that if § is principal, then it
is Ricci— principal.

Many subjects for real hypersurfaces of a complex projctive space were investigated from various
of view [1], [2], [4], [5], [6], [8], ets. One of which done by Maeda and Udagawa [6] asserts
that the real hypersurface of P,C is of type A; or A, if and only if the structure tensor ¢ is
invariant under the infinitesimal transformation with respect to ¢,

In the present paper, we shall verify the following :
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Theorem. Let M be a real hypersurface of a complex projective space P,C. Then M is of type
Ay or A, if and only if the Ricci tensor S is invariant under the local one parameter group of
transformations generated by the structure vector field é and ¢ is Ricci— principal with corresponding

positive Ricci curvature.

1. Preliminaries

We begin with recalling basic formulas on real hypersurfaces of a Kaehlerian manifold, Let M
be a 2n-dimensional Kaehlerian manifold equipped with Kaehlerian structure (F, G). Let M be
a real hypersurface of M covered by a system of coordinate neighborhoods {U ; X" and immersed
isometically in M by the immersion i: M —M,

When the argument is local, we may identify M with i{(M), We represent the immersjnn i locally
by

yA=yA(xd, o, ¥871), (A=1, =, 20)

and put BA=ayA, (3=2/2x)), then B;=(B*) are (2n~1)— lineary independent local tangent
vector fields of M. A unit normal C to M may then be choosen; The induced Riemannian metric
g with components gz on M is given by g;=G(B;, B;) because the immersion is isometric,

For the unit normal C to M, the following representations are obtained in each coordinate
neighborhood ;

(L) FB=3¢{B+sC, FC=-X¢B,

1

where we have put ¢;=G(FB; B;) and 7=G(FB; C), " being components of a vector field
¢ associated with # and ¢;=30¢ g; .
Here and throughout this paper, the indices h, i, j, -- run over the range {1, 2, - , n~1} and
the summation convention will be used those indices. By the properties of the almost Hermitian
structure F, it is evident that ¢ ; is skew —symmetric. A tensor field of type (1.1) with components
¢ " will be denoted by 4.

By the properties of the almost complex structure F, the following relations are then given

B L= tnfh, &4 D=0, 5§ =0, nfi=1,
that is, the set (¢, g, &) defines an almost contact metric structure, We write §; instead of
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.
Denoting by w; the Van der Waerden—Bortolotii covariant differentiation formed with g; the
equations of Gauss and Weingarten for M are respectively obtained ;

(1.2) viBi=AC, vL=-AB,

where A; are components of the second fundamental form o, A=(AP) which is related by A;
=A/g, being the shape operator derived from C. By means of (1.1) and (1.2) the covariant derivatives
of the structure tensors are yielded ;

(1.3) Vi#n=—An+Apf, VE=-Apdl

In the sequel, the ambient space M is assumed to be of constant holomorphic sectional curvature
4, which is called a complex projective space and denoted by P,C. Then the equations of Gauss
and Codazzi for M are respectively given ;

(14) Risn=8ini — Bkt Fun @ i— # i F i
—20158 ntAmAi—ApAy
(1.5) ViAj—-ViAg=b 8 i~ &b 26 b i

where Ry, are the components of the Riemannian curvature tensor R of M, From (1.4) we see
that the Ricci tensor S of M is given by

(1.6) S;=(2n+1)g;—36£i+hA;— A,

where Af=A;Af, S; denotes components of S and h is the trace of the shape operator A.

2. Real hypersurfaces with L,S=0

The Lie derivative LS of the Ricci tensor S with respect to € is given by
(21) LeSi=8,S;+(V£)S;+(v¢)S;.
Substituting the second equation of (1.3) into this, we have |
LeSj=8v\S;— Ay #7Sy— Ay 47y,
which together with (1.6) gives
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(22)  LSy=—3(Uf+Ug) +AA; § 5+ A A2 4
—(2n+1)(Ap ¢ +A ¢ ) +(Fh)A;
+he* 7 A; — 8 (VLA A — (VA AL,

where Uj=ErVrEj and A',‘z-'-"—A'KAir.
Lemma 1. ([7]) Let M be a real hypersurface of P,C. If £ is principal, then we have
(2.3) AiAisﬁs'a*g' (Apd{—Agd N+ 4

and a i1s locally constant on M.
From Ayf'=at;, we have

(VA=A A" —al, ¢

beacuse of (1.3), which together with (1.5) and (2.3) imples that

(24)  EVidi=—3 (Ardi+A4]).

Proof of Theorem. Now, suppose that M is of type A; or A, namely Ag==¢ A ([8]). Then,
it is evident that ¢ is principal. Thus (2.3) turns out to be A?=taA-+1-2¢, 1 being the unit tensor
and hence

(2.5) hy=eh+2(n-1),

where hy=A;A* Thus, it is clear that h+4(n+1)=0, By using these facts we can, taking account
of (2.2) easily see that L,S==0,

Because of (16), it is seen that the Ricci curvature v with respect to the structure vector &
is given by v=—a’+ha+2(n—1) or using (2.5) we have v=||A;~aé§|l2. If v=0 then we have
Aj=aéf;, which together with (1.3) gives V£=0, This contradicts because of (1.5). Thus, it follows
that we have v>0 on M, ‘

Conversely, we suppose that LyS=0 and Sé=w, v>( hold on the real hypersurface M. Then

we have
(IS )E+S Vi =vfi v
which implies

—18 —
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(78 )& +8, Ur=(&v,)§-+vU,,

Multiplying & to (2.1) and summing for i, we obtain
(v, S;)€+S;Ur=0

where, we have used (1.3), LsS=0 and Sf=u

From the last two equations, it is evident that (& )&-+vU;==0 and hence U;=0 because of »>0.
Thus, we can, using the second equation of (1.3), easily verify that § is principal. Accordingly,
we have h'¢,=( by means of (24). Therefore, (2.2) is reduced to

AJAL 4 THAAZ - (20+1)(Ap 1 +A 4 ])
+hek T A — (V1AL AF — (VA ) Af=0,

which together with (2.3) and (24) yields
{ha+4(n+1)}(A ¢ ~ ¢ A)=0.

From (1.6) we have v=—a?+ha+2(n—) and hence ha+4(n+1)*0 because v>0. Thise completes
the proof of the theorem,
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