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OSCILLATORY PROPERTIES OF VOLTERRA 
INTEGRAL EQUATIONS 

Hiroshi Onose 

1. Introduction 

Consider the Volterra integral equation with advanced argument 

x(t) = 지t) - 파(t ， s)g(s ， X(7(s)))ds ， t ::::: O. (1) 

[n (1) , J ’ [0 , ∞) • R is continuous , 9 [0 , ∞) x R • R is continuous , 
7(t) is continuous, nondecreasing and 7(t) 으 t on [0 , ∞) and a : [0, ∞) x 
[0 , ∞) • R is such that a(t ,s) = 0 if 5> t , a(t ,s) 즈 o for 0 ~ t < ∞ and 
o ~ 5 ~ t. Let a(t ,s) be continuous for 0 ~ t < ∞ and 0 ~ s ~ t. We 
consider only the solutions of (1) which exist and cont inuous on [0, ∞) , 
and are nontrivial in any neighbourhood of infinity. A solution x(t) of 
(1) is said to be oscillato대 if each of the sets {t > 이x(t) > O} and 
{t > 이x(t) < O} is unbounded; it is said to be weaklν oscillato매 if the 
set {t 으 이x(t) = O} is unbounded; and it is said to be nonoscillato매 if 
it is not weakly osci ll atory. We note that this notion of weaklν oscillatol.Y 
is usually call ed oscillato1"y (C f. [1]) , but here we use the defìnition of 
oscill atory as same as in [2]. [n thi s paper, we propose some criteri a 
su ffi cient to impJy a ll soJu t ions of (1) are weakly osci llatory, which is not 
considered in [2] ‘ 

2. Results 

Theorem l. Let lim sup，_∞J(t) = M and lim inf←∞J(t) = N , ψhel .e 
M > 0 and N < 0 are constants. Let xg( t, x) > 0 iJ x f 0 and the 
Junction ha (t) = f; a(t , s)ds satisβes 낀gh。 (t) = O for eueη/ 파ed σ > 0 

Then all solutions oJ (1) al.e weakly oscillat01-y. 
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Proof Let x(t) be a not weakly oscillatory solution of (1) on [0, ∞) . Then 
there exists a T > 0 such t hat x( t) > 0 or < 0 for sufficiently large ι 
Suppose that x(t) > 0 for t ~ T > O. From (1) and T(t) 즈 t , we obtain 
X(T(t)) > 0 on t ~ T and 

0< x(t) = I(t) 파(t ， s)g(s ， X(T(s)))ds 

= I(t) 파(t ， s )g(s , x( T(S)) )ds 

-;>이떼μ싸씨(“ιμ씨tιμ씨，껴씨S야)씨g이(sι씩， X셰z쳐(T서떠써쩨(“에씨s야씨))씨))d 
,r 

:'s I(t) - I a(t ,s)g(s ,x(T(s)))ds (2) 

< 재) + L 파(ι s)ds , T :'S t < ∞ 
where L = sup Ig(t ,X(T(t)))I . 

'E(O，끼 

,r 
This (2) , Iim inf，→∞f(t) = N < O and tl많hr(t) = J

O 
a(t ,s)ds = Olead 

a contradiction to x(t) > O. On the other hand , suppose x(t ) < 0 for 
t ~ T* > O. From (1) , we have 

O > Z(t ) = f (t) - LT· a(t, s)g(s, z(T(s)))ds 

-L a(t , s)g(s, z(T(S)))ds 

~ I(t)“씨t”) - L TT. a이(“tι’껴써쐐s야따)g(μsι쉰펴’J셰#떼x쳐ψ떼(η여T끼떠써떼(μ에씨s야씨))끼)) 

~ I(t찌(“떠t) - L* f찌t ，씨，껴씨s야)dsι t ~ T* ’ 

whereL* = sup Ig(t , X( T(t)) )I. This inequality, lim sup，→∞I(t) = M > 0 
'E(O,r-l 

and tll!￡hT· (t) = O lead a contradIChon to z(t) < 0 

Example l. Consider the equation 

X(t) = I(t) -10' a(t ,s)g(s ,x(T(s)))ds (3) 

where I(t) = 날d-(t+2π) cos t + sin t + 2π} +(웹)i ， a(1,s) = O if 
s > t , a(t ,s) = 날d(s + 2π)2 + l} 2 for 0 :'S t < ∞ and 0 < s < t, 
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r(s)=s+2π and g(s ,x(r(s))) = {(s + 2π)2+ 1} -1 x (x(s+2π))5. 5ince 
equation (3) satisfìes all conditions of Theorem 1, all solutions of (3) are 

weakly oscillalory. 5uch an oscillating solution of (3) is x(t) = (띈)k 

Remark. Example 1 is not examined by the results of [2]. 

Theorem 2. Let 많J(t) = 0 or J(t) 프 0, and xg( t, x) > 0 iJ x f. O. lJ 
the Junction hq(t) as in Theorem 1, sati챔es 많hq(t) = 0 Jor every βxed 

(7 > 0, then every solution x(t) oJ (1) is ψeakly OSCIllatory oT J많x(t) = 0 

Proof Lel x(t) be a nonoscillatory solution of (1). 5uppose that x(t) > 0 
for t ~ T > O. From (1) and r(t) ~ t, we have 

0< x(t) = J(t) - foT a(t ,s)g(s ,x(r(s)))ds 

- ;: a(t ,s)g(s ,x(r(s)))ds 
,T 

S; J(t) - I a(t ,s)g(s ,x(r(s)))ds (4) 
,T 

S; J(t)+LJo a(t ,s)ds , T S; t< ∞， 

where L = sup g(t ,x(r(t))) 
IE[O,T] 

,T 

5ince ‘,li rTl hT(t) = }im I a(t,s)ds = 0, JimJ(t) = 0 and (4) , we obtain 
t_oo t-oo Jo t-o。

J많x(t) = O. Let x(t) < 0 for t ~ T* > O. 50 

o > x(t) ~ J(t) - fo찌t ， s)g(s ， x(r(s)))ds 
,T' 

~ J(t) - L* I a(t , s)ds , (5) 

where L* = sup g(t ,x(r(t))). 
IE[O,T'l 

From (5), we have tE앞x(t) = O. 

Example 2. Consider tbe integral equalion 

x(t) = J(t) 한(t ， s)g(s ， x(s))ds 
where J(t) = 퍼τ + e- I , a(μ) = 0 if s > t, 

a(씨and g(s ,x(s)) = e'(x(s))3. 

(6) 
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For equation (6) , a ll condi tions of Theorem 2 are sat is fied , so that 
every nonoscillatory s이u t ion x(t) of (6) sat isfies 많x(t) = O. Such a 

solution of (6) is x(t) = e-‘ 
Remark. T heo rem 2 is concerned with [2 , T heorem 3.이. But we t reat 
Wlt h the case t hat tl1e eXlStence of i밍x( t ) is not assumed 

We note that these theorems 1 and 2 are extended at once to t he mo re 

general integral equatio n of Volterra type (Cf. [3'], [4]) 

x(t) = J(t) - 흐 fo' ai(t ， s)gi(S ， X(끼(s)))ds ， t > 0 (7) 

ln (7) , J : [0 , ∞) • R is cont inuous, gi [0 , ∞) x R • R is cont inuous fOI 
every i , I :::; i :::; n a nd ai : [0 , ∞) x [0, ∞) • R is such that a‘(t ,s) = 0 il 
s > 1, ai( t , s) > 0 fo r 0 :::; t < ∞ and 0 :::; s :::; t , for evcry i , 1 :::; i :::; n . Let 
ai(t , s) be continuous for 0 :::; t < ∞ and 0 :::; s :::; t for every i , 1 :::; i :::; n , 
and 7i(t) be continuous, nondccl않.sing and π (t) ::::: t on [0, ∞) ， for every 
i , 1 :::; i :::; n 

Theorem 3. Lel lim sup，_∞J(t) = M > 0 and lim inf'_ooJ(t) = N < 0, 
ψhere M and N are conslanls. Let xgi(t ,X) > 0 iJx f 0 J0 1' eve깨 i , 1 :::; 
i:::; n , and lhe Junction i - h.(t) = J; ai(t ,s)ds satisfies ，~및i - h.(t) = 0 

J0 1' every βxed a > 0 and i , 1 :::; i :::; n. Then all solutions oJ (η are 
weaklν oscillalO1l1 

The proof is procecded as same as in Thcorem 1 
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