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DISTORTION THEOREMS FOR 
ALPHA-STARLIKE FUNCTIONS 

Ming-Po Chen and Shigeyoshi Owa 

Thc object of the present paper is to prove some interesting di slortion 
theorems for a lpha-starlike fun ct ions 

1. Introduction 

Lel A denote the class of fun ct ions of the form 

n ” ’ i ( 
j(z)=z+ ε a ’‘zn 

which are analytic in thc unit disk U = {z : IZI < 1} 
A function j( z) belonging to A is said to be starlike of order a if and 

only if 

(1 .2) 
f' (x) 

Re{----} > a 
j(z) 

for some a(O < a < 1), and for a ll z E U. We denotc by S‘ (a) the 
su bclass of A consisting of fun ctions whi ch are starlike of order a in the 
unit disk U. Note that S*(a) 드 S*(O) 드 S* for 0 :::; a < 1 

A fundion j(z) belonging to A is said to be convex of order a if and 
only if 

이
 

-( f" (z) 
Re{ 1 + -~" '~J } > a f' (z) 

for some a(O :::; a < 1), and for a ll z E U. Also we denote by K (a) t he 
sllbclass of A cons isti ng of sllch functions. We note that K (a) 드 K (이 三

K for 0 :::; a < 1, and that K(a) c S*(a) for 0 :::; a < 1‘ 

R.eceived A ugust 2, 1989 
1980 Mathematics Subjecl CJassificatiol1. Pr imary 30C45 

155 



Ming-Po Chen and Shigeyoshi Owa 156 

Let a be real and suppose t hat f( z) belongs to A. If f( z) sat빼es 

f' (z) , _ " , zf" (z) 
Re{(1 - a)--- + Q( l + ---)} > o f(z) ,-,- ' f' (z) (1.4) 

for some a(-∞ ::;a 으 ∞)， and for a ll z ε U , then f(z) is said to be 
a-starlike in the unit disk U . We let the class of functions which are 
a-starlike in the unit disk U be denoted by MQ • 

The class M Q was first introduced by Mocanu [4] , and was studied 
by Mocanu and Reade [5], Miller, Mocanu and Reade [3] , Miller [2], and 
Sakaguchi and Fukui [7]. 

Distortion Theorems 

In order to prove some di stortion theorems for functions belonging t。
M Q , we have to recall here the following lemmas 

2. 

U 1, then f( z) E S' Lemma 1 ([7]). If f (z) E M Q with 0 ::; 
f (z) E MQ with a ~ 1, then f(z) E f{ 

Lemma 2 ([1]). If f( z) E f{ (a) , then f( z ) E S'(β( 0')), ψhe1"e 

< a 

( 젠쏟핀20 ) (0' ￥ 4) ß(a) = ~ ‘ , - ‘ . --η • 

l 넓g2 (0' =4) (2.1) 

Lemma 3. If f( z) E M Q with 0' ~ 1, then f(z) E f{(월! ). 
Proof By using Lemma 1 and Lemma 2, we note t hat if f( z) E M Q with 
a 으 1, then f (z) E f{ C S'W, that ι that 

(z E U) 
-
-2 > 리

 
/ -

( 

「
낀
 

% -n 하
 

‘ 
R 

(2.2) 

Therefore , from (1씨， we have 

f" (z) , _ ,0' - 1, n _ , z f ’(z) , _ 0' - 1 
{1 + -~.，'~'} > (-==--:---:)ReC~/'~'} > -,, _ -f' (z) J - \ 0' ,--- , f (z) (2.3) 

which implies f( z) E f{(뚱! ). 

Lemma 4 ([2]). If f(z) E M Q with 0' > 0, then for Izl = r < 1 ψe have 

J( (a ,-r)::; If(z)l::; I<(O', r) , (2 .4) 
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ψhere 

(2.5) f( (a ,r) = {싫r pI/a-l (1- p)-2뻐r 
Equality holds in both cases Jor the Junction 

(2 .6) β(a ， z) = {싫끼1/，，- 1 (1 _ 삼r2/"d( }。

Lemma 5 ([얘에6히떼]). !f J( z) E S'(어Q띠) uψ‘U때1 have 

(2.7) 

Equality in (2 η holds true Jor the Junction J(z) = zJ( l - z)2(1-") with 
z=r 

Lemma 6 ([8]). J(z) E S'(a) with 0 ::; a < 1, then Jor Izl = r < 1 ψe 
have 

(2.8) Re{썩}~a+(l-a)쑤프IJ(z)1 1 /(I-") 
J(z)J -'\- -', ’ ‘ 

/ 
and 

J' (z) , ~ 1 + (1- 2a)r 2,' Iog {압깎며J(z)l} 
Re{ -~/~_~/} ~ 

~ 

' ~~ - ~/' 

+ J( z) J- 1 -)' (1 -r2 )log(뀐) 
(2.9) 

For the functions J(z) belonging to M" , Miller [2] gave the following 
conjecture 

Conjecture. !J J( z) E M" with a > 0, then 

(2.10) (ðJðr) f( (a , -r)::; 1J'(z)l::; (ðJðr) f( (a,r) , 

ψhere f( (a ,r) is given by (2.5) . 
Furthermore, Miller [2] proved t he above conjecture for a 으 1. Now , 

we prove 

Theorem l. !J J(z) E M" ψith 0 ::; a < 1, then 

f( (a , )') rr log { 다야(a， r) } , , 1 IJ’(z)| 5 ---{ + 1 } 
r L (1 - r) log (놈) 

,- ) 피
 

n 
ι
 

( 

Jor Izl = r < 1, ψhere f( (a ,r) is given by (2.5). Equality in (2.11) holds 
true Jor the Junction J (z) = zJ( l - Z)2(1-") with z = r. 
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Proof Note that Lemma 1 gives J( z) E S' for functions J(z) belonging 
to M", with 0 ~ 0' < 1. Applying Lemma 5 when 0' = 0 and Lemma 4, we 
can show the in여uality (2 .11 ) ‘ 

Combining Lemma 2, Lemma 3, Lernma 4, and Lemma 5, we have 

Theorem 2. !J J(z) E M", with 0' ~ 1, then 

1< (O', r) rrlog {반맏꽉1< (0'，，.)} . , 1 
|r(z)| 5 ---{ + 1 } 

,. ( l -r) log(판 I .•. J 
(2. 12) 

Jo"l z l = r < 1, ψhere 1<(0', ,.) is given by (2.5) and 

{ 임뜸뽕유õï (1 ~ 0' < ∞) 
ì( 0') = < 2‘1-2 ’ 

l 꽤"2 (0' =∞) 
(2.13 ) 

Proof 1n view of Lcmma 2 and Lemma 3, we have J( z) E S’(7(0')), where 
ì(O') is defìned by (2. 13). Therefore, Lemma 4 and Lemma 5 imply the 
inequality (2.12) 

With the aid of Lemma 6, we have 
Theorem 3. !J J(z) E M ", with 0 ~ 0' < 1, then 

(2. 14) 
J'(z) , , ,.2_1 

Re{---} 즈 -' -,.--1< (O', -r) 
J( z) 

and 

(2.15 ) 째
 
} W 

Jor Izl = r < 1,’ uψ‘U띠l 
Proo이{ Ap까p미〕기ly시이ing Lcm ma 1’ Lcmma 4, and Lemma 6 when 0' = 0, we can 
easily show the inequalities (2 .14 ) and (2 .15). 

Finally, we prove 
Theorem 4. !J J(z ) E M", wilh 0' ~ 1, then 

(2. 16 )Re{經} ~ ì( O') + (1 - ì(O'))콰펴(-1< (0'， -r ))I/(1 케이)) 

and 

J'(z) , ~ 1 + (1 - 2ì(0'))r , 2,' log { 맏맏낀1<(0'， r)} 
(2. 17) C~ ， '~'} ~ 

J( z) J ~ l -r ( l-r2 ) log(판) 
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lor Izl = r < 1 , ψhere J((o , r) and ,(0) aπ defined by (2.5) and β.19)， 
n~spective/y 

Proof Combining Lemma 2 , Lemma 3 , Lemma 4 , and Lemma 6 , we can 

prove the inequalities (2.16) and (2.17). 
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