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ON VOLTERRA-FREDHOLM INTEGRAL
EQUATIONS

A. A. S. Zaghrout -

The existence and uniqueness of solutions of more general Volterra-
Fredholm integral equations are investigated. The successive approxima-
tions method based on the general idea of T. Wazewski is the main tool.

1. Introduction

The mathematical literature on this subject provided a good infor-
mation concerning the existence and uniqueness of solutions of Volterra-
Fredholm integral equations by using different techniques (see [1-6]). In
1960, T. Wazewski [6] has given a general method of successive approx-
imations which is very effective and can be applied to investigate a suf-
ficiently wide range of problems. The purpose of this paper is to study,
by using Wazeweski, the existence and uniqueness of solutions of more
general Volterra-Fredholm integral equation of the form.

z(t) = Ft,z(t) /fltsa; ds,---,]tfnt,s,:cs
[ e,z s, -, [ gty sals)ds] 0<t<T(LY)

where z(t) is an unknown function. The equation (1.1) is of more gen-
eral nature and contains as special cases several types of integral equations
studied by many authers as example see [1], [3] and [4].

We shall establish our main results on the existence and uniqueness of
solutions of equations (1.1) by using Wazewski method.
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Our results for equation (1.1) in this general form will bring the study
of a great number of integral equations under one proof and the method
used in this chapter is very effective as well as versatile.

Our main hypotheses are :
Hypothesis A:
Suppose that:

I) E be a Banach space with norm || - ||, I = [0;T], A = {(t,s) : 0 <
s<t< T}) fl?' . '3fﬂagls' s 0n € C[A-TE)ELF € C[IJ:EZ’H-IsE] and: if
z € C[I,E] and

z(t) = Flt,z(¢) /fl (t,s,z(s))ds,- /fn(t, s,z(s))ds

--,/UTgl(t,s,a:(s))ds,v--,/o gnl(t,s,z(s))ds],

then Z € C[I, E].

IT) There exist functions Wy, (¢, s,7), Wia(t, s, 1), -, Win(t, s,7), Way(t, s,7),
Waal(t,s,r),- -, Wan(t, s,r) such that Wy,(t,s,r), Wai(t, s,r) € C[AzR*, RY],
R* =(0,00),2 = 1,---,n, which are nondecreasing in r and fulfil the con-
ditions Wy,(t,s,0) = 0, Wy(t,s,r) = 0 and || fi(¢,s,2) — f(t,s,2)]| <
Wli(ta‘ga ”_r._. i”)! ”gl(t1 S, .27) - g(tisv f)” = W?i(t137 ||2’,' - 53”): t= l,-++,n
for z,z € C[IzE].

IITI) There exists a function H(t,ry,rz,73) defined for ¢t € [ and 0 <
ry, 2,73 < oo such that H(¢,0,0,0) =0 and
(a) if w € C[I,1] and
oft) = HIt,uf / Wi (t, s, u(s))ds,- - / Win(t, s,u(s))ds,
] W21(t13vu(3))d‘91 i 1/ W‘Zn(tvsau(s))ds]a
0 0

then v € C[I, I].
(b) if u,u € C[I,1] and u(t) < u(t) for t € I, then

HIt, u( f Wi (t, s, u( f Win(t, s,u(s))ds,
fo Wn(t,.s,u(s))ds,---,./(; Wan(t, s, u(s))ds),

< H[z,a(t),/; Wu(t,s,ﬁ(s))ds,---,/ot Win(t, s, @(s))ds,



On Volterra-Fredholm Integral Equations 163

T T
] Wn(t,s,ﬁ(s))ds,---,j Wan(t, s, a(s))ds],
0 0
fort € 1.

(c) if u, € C[I, I}, %41 < Un,n = 0,1,2,++, and nan;lou"(t) = ‘u{1),
then

lim H[t,un(t),f; Wu(t,s,u(s))ds,---,lot.Wm(t,s,u,,(s))ds,
/T War(t, s, un(s))ds, - -, jT Wan(t, 5, tn(s))ds),

— H(t,u / Wa(t, s, u(s))d / Win(t, s, u(s))ds,
f War(t, s, u(s))d / Wan(t, 5, u(s))ds),

fortel.
IV) The inequality

“F(t,.ﬂ',‘, xiv:rj) - F(t,if,i;,ﬁj)”
S H(t,”l’ - ‘1_:"1 ”wl - ig”,”l‘_., = {EJ”), 2’] = ]_,.. . ’n

holds for z, z;,z;,%, Z;, Z; € C[I,E],t el

Hypothesis B:
Suppose that :

I) There exists a nonnegative continuous function @ : I — R* being the
solution of the inequality

H[t,u(t),/: Whi(t, s, u(s))ds, - ,/Ot Wia(t, s,u(s))ds
jj Wai(t, s, u(s))ds, - - ,/DT Wan(t, s,u(s))ds] + h(t) < u(t), (1.2)

where
h(t)=sup|[Ft0/f1ts(}ds /f,,t.so
/ogl(t,s,O)ds,---,/(; gn(t, 5,0)ds)]].
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I1) In the class of functions satisfying the condition 0 < u(t) < u(t),t € I,
the function u(t) = 0, t € I, is the only solution of the equation

u(t) = H(t,u(t) lelt.su( )ds, - /Wlntsu())d
/ War(t, s, u(s))ds, / Wan(t, s, u(s))ds) (1.3)

forte I
In order to prove the existence of a solution of equation (1.1), we define

the sequence

Easilt) = Flt, zn(t / fi(t,s,zn(s / falt, s, x0(s))ds,
T
| arlts,aals))ds j gult,s,2a(s))ds)  (14)
for n=10,1.2, <

To prove the convergence of the sequence {z,} to the solution # of the
equation (1.1), we define the sequence {u,} by the relations

Uns1(t) = H(t,uq( t)]fltsztn )ds, - /fntsun
i
/0 anltis, sle))ds, - ]0 galt. s ualsds)  (1.5)

for n =0,1,2,---, where the function u(t) is from hypothesis B.

Now we establish the following basic lemma needed in our subsequent
discussion.

Lemma 1.1. [If condition (Ill) of hypothesis A and hypothesis B are
satisfied, then

0 < tupti(t) Sun(t)Lu(t), tel,n=0,1,2,--- (1.6)
lim u,(t) =0, tel,

and the convergence is uniform in each bounded set.
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Proof. From (1.5) and (1.2) we have

u (t) = H(t uo(t) ]fltsun ))ds, - - /fntsuo
[(]Tgl(t,s,UU(s))ds,---,.[) gn(t,s,uo(s))ds)
< H(t,a(t), j Fi(t, 8, @(s))ds, - j fald, 3, 3(s))ds

T
f a1(t, s, u(s))ds,- - ,f gn(t,s,u(s))ds) + h(t)
0 0
u(t) = wuo(t)

for t € I. Further we obtain (1.6) by induction. But (1.6) implies the
convergence of the sequence {u,(t)} to some non-negative function ¢(t)
for t € I. By Lebesgue’s theorem and the continuity of H it follows that
the function ¢(t) satisfies equation (1.3). Now from hypothesis B, we have

#(t) =0, t € I. The uniform convergence of the sequence {u, } in I follows
from Dini’s theorem. Thus the proof of Lemma 1.1 is complete.

2. Main Results

We establish our main results on the existence and uniqueness of the
solutions of equation (1.1).

Theorem 2.1. If hypotheses A and B are satisfied, then there exists a
continuous solution z of equation (1.1). The sequence {z,} defined by
(1.4) converges uniformly on I to &, and the following estimates

1Z(t) — za(t)|| < un(t), t€I,n=0,1,2,-- (2.1)

and
Izl <u(t), tel (2.2)

hold. The solution T of equation (1.1) is unique in the class of functions
satisfying the condition (2.2).

Proof. We first prove that the sequence {z,(¢)}, t € I, fulfils the condition
lza(t)|| < u(t), t€el, n=0,1,2,--- (2.3)
evidently, we see that

lzo(®)| =0 < a(t), tel
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Further, if we suppose that the inequality (2.3) is true for n > 0, then

2 Ol = 1 2a(t), [ fultss,zn(s))ds, [ faltys, za(s))ds

‘[0T9'1(t s mn(s))d.s’...,‘/:g (t,s,zq(s))ds)
_F(tO/fl(tsO ff,,ts()ds,

/OTgl(t,s,U)ds,...’/o gnlt,s,0)ds)
HE(0, [ Aty 0)ds, -+, [ fult,5,0)ds

/[,Tgl(i s O)ds,---,fngn(t s,0)ds)|

< Ht a0, [ Wialtss,len()ds, [ Wanlt,s, llea(s))ds

/ War(t, s, ||a(s)[[)ds, - - ] Wan(t, 5, l|za(s)]])ds) + (1)

< H(t,u(t) f Wii(t, s,u(s))ds,- / Win(t, s, u(s))ds

i i
[D War(t, s,a(s))ds, -, / Wan(t, s,(s))ds) + h(t)

for t € I. Now we obtain (2.3) by induction.
Next we prove that

|Zn41(t) — zn(t)]| Sun(t), tel, n = 0,1,2,---
0,12,

r

By (2.3) we have

llz+(8) = o(Oll = lla(&)]| < a(t) = uo(t),t € I,r = 0,1,2,---

Suppose that (2.4) is true for n, r > 0 then
t
|Zntrs1(t) = Tnsa(t)]| = ||F(t=$n+r(t)s]0 Ji(t, s, Tnyr(s))ds

t

‘/(; fn(tasamn-f-r(s))dsa
T T

[ 91(t5,200(5))ds, -, [ galt 5, nse(5))ds)
0 0

(2.4)
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N 2al0), [ ity s, zalo)ds, o [ Faltys,za(s))ds,
[ antt, a6y, [ gnlty s, a(s)asll

< H(t [nsr (1) = 20, [ Waaltys, lzals)Dds

[ Winlt 5, [2nsr () = 2a())ds, [ Warlt,s, lwse(s) — 2n(s)l)ds
[ Wanlts, s (3) = 2a(s)])ds)

< H(tun(t), j Win(t, s, un(s))ds, /Wln(tsun( ))ds

-/o Wzl(t,s,un(s))ds,---,/o Wan(t, s, un(s))ds)
= un41(t)

for t € I. Now we obtain (2.4) by induction. Because of lemma 1.1,
limy, 00 un(t) = 0 in I, we have from (2.4) z, — Z in I. The continuity
of z follows from the uniform convergence of the sequence {z,} and the
continuity of all functions z,,. If r — oo, then (2.4) gives estimation (2.1).
Estimation (2.2) is implied by (2.3). It is obvious that z is a solution of
equation (1.1). |

To prove that the solution Z is a unique solution of equation (1.1) in the
class of functions satisfying the condition (2.2). Let us suppose that there
exists another solution # defined in I and such that z(t) # z(t) for t € 1
and ||Z(t)|| < u(t) for t € I. From (2.1) we get ||2(t) — z.(t)||u.(t), t € I,
n=0,1,2,--- and it follows that z(¢) = Z(¢) for ¢ € I. This contradiction
proves the uniqueness of  in the class of functions satisfying relation (2.2).
This completes the proof of the theorem.

We next establish a theorem which give conditions under which equa-
tion (1.1) has at most one solution. These conditions do not quarantee
existence.

Theorem 2.2. If hypothesis A is satisfied and the function m(t) = 0
t € I is the only nonnegative continuous solution of the inequality

bl

m(t) < H((t,m(t),]o' Wu(t,s,m(s))ds,---,/o' W s 5 90

& T
]0 Wi, s, m(s))ds, - --, ]0 Waa(t, s, m(s))ds),
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0<t<T, (2.5)

then equation (1.1) has at most one solution.

Proof. Let us suppose that there exist two solutions # and & of equation
(1.1) such that z(¢) # &(t), t € 1. Put m(t) = ||2(t) — &(t)||,t € I, then

m(t) = [F(t2(0), [ lts,2(s)ds, o, [ fult,s,5()ds,
/Orgl(t,s,:c( ))ds, - /gn(t,s,a‘ s))ds)
~F( 30, [ ilts,#()ds, -, [ Fults s, 3()ds
T T
f g,(t,s,.i:(s))ds,---,/ ga(t, s, 3(s))ds)|
[t} 0
< H(t () = 2O, [ Warlts,12(5) = (s)ds,

t
f Win(t, s, [|2(s) — &(s)||)dsds,

[ Wt s, I12(s) - o [ Wanlts, la(s) — #(s)l)ds)
= H(t,m(t) / Wii(t,s,m(s))ds,--- / Wi (t, s,m(s))ds,
f Wal(t, s, m(s))d / Wan(, s, m(s))ds)

and by (2.5) we conclude that m(t) =0 for t € I, i.e. &(t) = Z(t),t € I.
This contradiction proves our theorem.

Remarks.
(1) Asirov and Mamedov [1] and Mamedov and Musaev [4] have studied
a special case of equation (1.1) of the form

¢ T
z{t) = F(t,/ f(t,s,x(s))d.s,/ g(t,s,z(s))ds), 0<t<T
0 0
(2) Equation (1.1) in turn can be carridered as a further generalization

of the nonlinear volterra integral equation studied by Grossman [3].

Key words and phrases. Volterra-Fredholm integral equations, exis-
tence and uniqueness of solutions.
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