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ON VOLTERRA-FREDHOLM INTEGRAL 
EQUATIONS 

A. A. S. Zaghrout 

The existence and uniqueness of solutions of more general Volterra­
Fredholm integra l equations are invest igated. Tbe successive approxi ma­
t ions method based 이1 the general idea of T. Wazewski is the main tool 

1. Introduction 

The mathema tical li terat ure on this subject provided a good infor­
mation concerning the existence and uniqueness of so\utions of Volterra­
Fredho\m integral cquations by using different techniques (see [1 -6]) ‘ 1n 
1960, T. Wazewski [6) has given a general method of success ive approx 
imations which is very effective and can be app\ied to inves tigate a suf­
fìciently 、.v ide range of problems. Thc purpose of t bis paper is to study, 
by using Wazeweski , the existence and uniqueness of solutions of more 
general Volterra-Fredho\m integral equation of the form. 

쳐t) = 패 x(t ),1o' ft(t , s, x(s) )ds , ... ,10' fn( t, s, x(s) )ds , 

L7 gl (t, s, z(s))ds, , L1 gn(t, s , x(s))dsl O S t S T(l l) 

where x(t) is an unknown function. The equation (1.1) is of more gen­
eral nature and contains as special cascs several types of integra\ equations 
studied by many authers as example see [1 ], [3) and [4) 

We shall es tabli sh our main resu\ts on the existen ce and uniqueness of 
S이 utions of equations (1. 1) by using Wazewski method 
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Our results for equation (1. 1) in this general form will bring the study 
of a great number of integral equations under one proof and the method 
used in this chapter is very effecti ve as well as versatile. 

Our main hypotheses are 
Hypothesis A: 

Suppose that: 

1) E be a Banach space with norm 11.11 , 1 = [O;T] , 6 = {(t ,s) ‘ o ::; 
s ::; t ::; T }, J,,"' , Jn,91,' .. ,9n E C[6xE , E] , F E C[IxE2n+1, E] and , if 
x E C[I , E] and 

z(t ) = F[t ,x(t) , I J,(t,s,x(s))ds, . .. , I Jn(t ,s ,x(s))ds , 
JO Ja 

rT rT 
, Jo 91(t ,s,x(s))ds , .. . ,;0 9n(t ,s,x(s))ds ], 

then Z E C[I , E] 

11) There exist functions W l1 (t , s, ,.), W,2(t , s, r) , ‘ ’ Wκν까b써， 
W2성2(tι，펴s ，π끼T샤) ,’ .. “기.끼’ W2상써n셔(“tι， sζ’ T샤) such t내ha와t Wli‘i (μt ’ sι， ，샤)， W2i써‘i(“tι’ sι’”π서，.샤.) E C[6x R+ , R+], 
R+ = (0，∞)， i = 1,'" , n , which are nondecreasing in r and fulfil the con 
ditions W'i (t ,s, 이 프 0, W2i(t,s,r) 三 o and lIJ;( t,s,x ) - J(t ,s,i) 1I ::; 

W,i(t , s, Ilx- 페)， 119i(t ,s,x) - 9(t ,s,i) lI::; W2i (t ,s, lI x- 혜)， i = 1, ‘ ,n 
for x, i E C[IxE] 

III) There exists a function H(t , r" r2 , r3) defined for t E 1 and 0 ::; 
rl ,r2 ,r3 < ∞ such that 11(t , 0, 0, 0) 三 o and 

(a) if u E C[I , J] and 

v(t) = 11[t , u( t) , 10' W l1 (t , s, u(s ))ds , . .. ,10' W,n(t , s, u(s ))ds, 

Io
T 

W21 (t ,.s ,u(s))ds ,. ..,Io
T 

W21 (t ,.s ,u(s))ds , . .. , I W상 (t ， s ， u(s)) ds], 

then v E C[I , 1]. 
(b) if u,u E C [I ,I] and u(t)::; u(t) for t E J, then 

H페[ιt ，따씨띠’까씨씨u띠ψ(t띠t샤) ,’ 10'껴κl“(t ，μ，껴써짜폐Sι야씨’씨씨떼u띠따(μ때s 
L1 Lr W21(t ,.s, u(s))ds , .. . , I W2n (t ,s,u(s))ds] , 

::; H[t ,u(t) ,1o' Wll ( t찌(s))ds ， . . . ,1o' κn(t ， s, u(s))ds , 
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10
T 

W21(t ,S,u(S))ds, ... ,1o
T 

W21(t ,S,u(s))ds, ... , I W2n(t ,s, fi (s)) ds], 

for t E 1 
(c) if un e C [I ,Il ,un+I E un,n = 0,1,2,- -, and J많싸(t) = u(t ), 

t hen 

J많 H [t , un (t), l' W1l (t , s, u(s ))ds, ... , l' W 1n(t , S, un(s ))ds , 

10
T 

W21(t ,S,un(s))ds ,. .., 10
T 

W21 (t , S, un(s) )ds , ‘ , I W2n (t ,s,un(s))ds ], 

= H (t ,u(t ), l' WII (t ,s,u(s))ds , ... , l' W1n(t ,s,u(s))ds , 

10
T 

W21(t,S,u(s))ds , . .. ,1o
T 

W21(t,S,u(s))ds , . .. , I W2n (t,s,u(s))ds) , 

for t E 1 

IV) T he inequali ty 

II F( t ,x ,x ;,Xj) - F( t ， x ， ε" 칙) 11 
:::; H(t, lIx- 되1 ， IIx; - x; lI , Ilxj - 칙 11 ) ， i ,j = l , . . . ,n 

holds for X,X; ,Xj ,X,X; ,Xj E C[I ,E] ,t ε 1. 

Hypothesis B 
Suppose that : 

1) T here exists a nonnegative continuous function fi : 1 • R+ being the 
solution of the inequa li ty 

where 

H[t , u(t ), 10‘ κ1 (t , s, u(s ))ds, . . . , l' W1n(t , S, u(s ))ds , 

10
T 

W21 (t ,s,u(S)) dS, ... ,1o
T 

1 

W21(t, s , u(s))ds, , j %(t s , u(s))dsl + h(t ) S u(t ), (1 2) 

h(t ) = 팝 IIF(ι 0, l' 11(t , s, 뻐， . . . , l' In(t ,s, 빠， 

10
T 

91 (t , S ，빠， . . . ,1o
T 
9n( t ， S ，빠)1 1 
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II) In the c1 ass of function s sat isfying the cond ition 0 ::; u(t) ::; u(t) , t E 1, 
the fun ct ion u(t) 프 0, t E J, is the only solution of the equation 

u(t) = H (t , u(t) , 10찌 ， ( t ， s ， u(s))ds ， .. . ,1o' W'n(t , s,u(s))ds , 

10T W2,(t , s ,u(s))dS, . .. ,1o
T 

W2 ，(따(s))ds ， . .. ,1o' W2n(t ,s ,u(s))ds) (1.3) 

fort E T 

In order to prove thc existencc of a solution of equation (1. 1), we dcfine 
the sequence 

xo(t) 三 0 
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for n = 0, 1,2, 
To prove the convergence of t hc scquence {xn} to thc Sol ll t ion i of t hc 
equation (1. 1), wc dcfìne the sequence {u n } by t he relations 

uo(t) = u(t) , 

un+ ,(t) U끼(tιμ씨쐐꽤’내내써u찌싸써’n(‘， (t샤)， 10' J파‘V끼fιμl이(“tι’ sι잉μ씨쐐’시씨싸씨u싸씨ln써n서써(μ에s야) )dsι’ ,10' Jn씨싸Aμμ(tι싸’， s 

l파1;9￠l이(tιt ，따’피싸sι씨섹싸꽤’객ι싸폐Uιμ씨따쐐’”씨“써폐‘」μ써써(μ에씨s야씨))써dsι’ ’ L7 gιn(“tι싸，셔싸sι， u싸씨싸꽤n서싸써(μ에S야))d따씨s야) (1.5) 

for n = 0,1, 2, ... , where the flln ct ion u(t) is from hypothesis B 

Now we estab lisb the following basic lemma needed in our subscqucnt 
discllssion. 

Lemma 1.1. If condition (fII) oJ 1ηIPoth esis A and hypolhesis n ar-e 

satisfied, then 

0::; un+ , (t)::; U’‘ (t)::;u(t) , tEJ ,n=0 ,1,2,... (1. 6) 

Jlf& Un(t) = 0, t e I , 
and the con vergence is uniJor'm in each bouηded set , 
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Proof From (1.5) and (1.2) we have 

UI(t) = H(t ,uo (t) ,fo' fl(t ,s ,Uo(s))ds , ... ， fo' fn(싸o(s))ds ， 

L1 gl (t, s , uo(s))ds, , LT gn(t, s , uo(s))ds) 

S H(야(t) ， fo' fl(t꾀(s))ds ， ‘ fo' ι(t ， s, u(s))ds , 

L7 gl (t, s , i(s))ds, , LT gn(t, s , i(s))ds) + h(t) 

u(t) = uo(t) 

[or t E 1. Further we obtain (1.6) by induction ‘ But (1.6) implies the 
convergence of the scqucnce {싸(t)} to some non-negative function 4>( t) 
for t E 1. By Lebesgue’s theorem and the continuity of H it follows that 
Lhe function 4>(t) sat isfies equation (1. 3). Now from hypothes is B , we have 
4>( t) 三 0, t E 1. The uni[orlll convergence of the sequence {u,‘} in 1 follows 
[rom Oini ’s theorem . Thus the proo[ of LClllllla 1.1 is complete 

2. Main Results 

We establish our main rcsults on the existence and uniqueness of the 
solutions of equation (1. 1) 

Theorem 2. 1. If hypotheses A and B an~ satisfied, lhen the7'e exisls a 
conlinuous solution x of equation (1.1). The sequence {Xn} defined by 
μμ conve7yes u띠formly on 1 10 X I and the followin9 eslimates 

IIx(t) - xn(t)11 S un(t), t E 1,71 = 0,1,2,'" (2 .1) 

and 
IIx(t)11 S u(t) , t E 1 (2.2) 

hold. The solution x of equatioπ (1.1) is unique i71 lhe class of funclions 
salisfying the condilion (2.2) 

Pmof We fìrst provc thaL the sequence {xn(t)} , t E 1, [u lfìls the cond ition 

IIX’‘ (1)11 <u(l) , tEI, n=0 ,1,2, (2.3) 

eviclently, we see that 

IIxo(t)11 三 o S u(t) , t E 1 
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Further, jf we suppose that the inequality (2.3) is true for n 즈 0, then 

IIXn+, (t)11 = IIF(씨(t) ，1o' J, (t , s, xn(s) )ds , ... ,10' Jn (t , s, xn(s ))ds , 

l T 
9,(t ,s,xn(s))ds , ... , l T 
9,(t ,s,xn(s))ds , ... , l' 9n(t ,s,xn(s))ds) 

-F(t ,0,1o' J,(t ,s, 빠， ... ,10' Jn(t , s, 뼈， 

l T 
91(t ， S ， 빠， .. . , l T 

9n(t ,s,0)ds) 

+F(t,0 ,1o' JI (I, S, 빠， .. . ,10' Jn(t , s, 뼈， 

l T 
9, (t ,s,0)ds , ... , l T 
9， (t ， s ，빠， ... ,1' 9n(t ,s,0)ds) 1I 

::; H (t , IIxn(t)ll , 10' κ， (t ， s ， Il xn(s) lI )ds , ... , 10' κn(폐Xn(s) lI )ds ， 

l T 
W21 (t ,s, IIXn(S)II)dS , . .. ,l T T 
W2낀lι마(“tι폐， 

으댄쩌H제(tιtι， ü페i떠m뼈(μ에t) ，’ 10'찌κ1이(t ，’껴씨샤폐sι띠페’i쩌떼쩨i피마쩨써(μ에씨s야씨))d따s ， ... ,10' W1n(t , S, ü(s ))ds 

l T 
W21 (t ,S,ü(s))ds ,..., l T 
W21 (t ,S,ü(s))ds , ... , I W2n(t ,s,ü(s))ds) + h(t) 

::;ü(t) 

for t E 1. Now we obtain (2.3) by induction. 
Next we prove that 

IIXn+,(t) - xn(t)11 ::; 싸(t) ， t E J, n = 0,1,2,... (2 .4) 
r = 0,1,2, 

By (2.3) we have 

IIX ,(t) - xo(t)11 = Ilx,(t) 1I ::; ü(t) = uo(t) ,t E J,r = 0, 1,2 , 

Suppose that (2 .4) is true for n , r 2: 0 then 

IIXn+싸n아n+r+l써패꽤I이마써(“에t샤)-Xμ쇄싸써n셔써써+꺼써I“(t띠씨t샤씨싸) I 

10' Jn(t , s, xn+,(s))ds , 

l T 
91(t ， S ， Xn+， (s))따， ... , l T 

9n(t , s, xn+,(s))ds) 
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-I\ F[(t ,Xn(t), lo' !t (t ,s,xn(s))ds , .• . , L‘ fn (t , s, xn(s))ds , 

loT 
9,(t , s, xn(s))ds , .. . , loT 
9,(t , s,xn(s))ds , .. . , f 9n(t ,s,xn(s))dsl ll 

~ H(t , Ilxn+r(t) - x,,(t) I\ , 10찌， (t ， s, IIx ,,(s)l l)ds,"', 

l κn(씨x"+r(s) - x,,(s) lI )ds , 10
T 

W21 (t ,S, IIXn+r(S) - x,,(s)ll)ds , .. . , 

LT %n(ι s, IIx ,,+r(s) - x,,(s)l l)ds) 

~ H(t , u,,(t) , l WlI (t , s, un(s))ds , .. . , l κ，，(t， s ， u ，， (s))ds ， 

10
T 

W2, (t ,s,un(s))ds , ... ,1o W2, (t ,s,un(s))ds , ... , I w:야(t ， s ， u ，， (s))ds) 

= U ,,+I (t) 

for t E J. Now we obtain (2 .4) by induction . Because of lemma 1.1, 
lim，，_∞ u，， (t) = 0 in 1, we bave from (2 .4) μ • x in 1. Tbe conti nuity 
of x follows from lhe uniform convergence of t he sequence {x,,} and the 
cont inuity of all functions X". If T • ∞， lben (2 .4) gives est imation (2.1) 
Estimalion (2.2) is implied by (2 .3) . II is obvious tbat x is a solution of 
equalion (1.1) 

To prove that the solution x is a unique solulion of equation (1.1) in tbe 
class of funclions sal isfying the condi t ion (2.2). Let us suppose thal lhere 
exists anothersolulion :î: defined in J and such lhat x(t) 줄 :î:( t) for t E 1 
and 1I:î:(t) 1I ~ u(t) for t E 1. From (2.1) we get 1I:î: (t) - xn(t) lI u,,(t) , t E 1, 
n=0 ,1,2, ‘ and il follows that x(t) = :î:(t) for t E J. This contradiction 
proves the un빼eness of x in lhe class of functions satisfying relalion (2.2). 
Tbis completes tbe proof of tbe lbeorem 

We next establisb a tbeorem wbich give condilions under whicb equa­
lion (1. 1) bas at most one solution . T bese conditions do not quarantee 
existence 

Theorem 2.2. [J hypothesis A is satisfied and the funct ion m(t) 드 0, 
t E J is the only nonne9ative continuous solution oJ the inequality 
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o ::; t ::; T , (2.5) 

then equation (1 .1) has at most one solution . 

Proof Let us suppose that there exist two solutions x and :î: of equation 
(1.1) such that x( t) 흥 :î:(t) , t E 1. Pu t m(t) = IIx(t) - :î:(t) 11, t E 1, then 

m( t) = IIF(t , x( t) , 10' J, (t , s, x(s ))ds , ... ,10' Jn(.t , s, x(s ))ds , 

L7 9l (t, s, ￡(s))ds ， , L1 gn(t, s, f(s))ds) 

- F( t, :î:(t) , 10' J, (t , s, :î:(s ))ds , ... ,10' Jn(t , s, :î:(s ))ds , 

j1 1T 1 9l (t, s, ￡(s))ds ， , L gn(t, s, *(s))ds)|| 

::; H(ι IIx(t) - :î:(t) 11, 10' Wll (t,s, IIx(s) - :î:(s) lI )ds , ... , 

10' W' n(t ,s, IIx(s) - :î:(s) lI )dsds , 

[ W2,(I ,s, 1I :;;(s) - :î: (s)l l)ds , ... , [ W2 ，(ι s, 1I :;;(s) - :î: (s)l l)ds , ... , f W2n (t , s, II x(s) - :î: (s) lI )ds) 

= 1I (ι m(I) ,1o' 씨끼 ,( t, s, m(s) )ds , .. , , 10' W1n( t, s, m(s ))ds , 

L1 ] TW2 ， (t ， s ， m(s))ι , l' W2n (t ,s,m(s))ds) 

and by (2.5) wc conc\ ude that m(t) 프 o for t E T, i. e. x(t) = :î:(t) ,t E J 
This contradiction proves our theorem ‘ 

Rema7'ks 
(1) Asirov and Mamedov [1] and Mamcdov and M usaev [4] have studied 

a special casc of cquation (1.1) of the form 

x( t) = F(t , 10' J(t ， s ， x(s))쐐T 9(t, s, z(s))ds), o s t S T 

(2) Equation (1.1) in turn can be carridcrcd as a fu rther generali zation 
。f thc nonl inear volterra integral equation st lldicd by Grossman [3]. 

K ey words and phrases. Volterra-Fredholm integral eqllations , exis­
tencc and llniqllcness of solutions 
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