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ON THE LIMIT-POINT CLASSIFICATION OF A 
WEIGHTED FOURTH ORDER DIFFERENTIAL 

EXPRESSIONS WITH COMPLEX 
COEFFICIENTS 

M. F. EL-Zayat 

1. Introduction 

1n this paper, we are concerned with the differential express ion 

L(y) 드 (PO(X)y(2))(2) + ~((P3(X)Y')" + P3(X)Y")'} 

+(P2(X)Y')' + ~{ü시 (x)y)' + I'I(X)Y') + P.(x)y (1.1) 

= >'h(x)y 

on [a , ∞)， we assumc th a.t the coe태cients function po(x) , p,(x) , P2(X) , 
P3(X) and P.(x) satisfy the following conditions: 

i. po(x) ,p,(X) ,P2(X) ,P3(X) and P.(x) are real-valued 

a.nd po(x) > 0 

11 ‘ 

"' ‘ 

p~(X) ， P3(X) ，1'2(X) and I' ,(x) E AC/oc[a ， ∞) 

P.(x) E L꾀a ， ∞) 

iv. Thc weight function h(x) > 0 and h'(x) is 

continuous on [a , ∞) 

( 1.2) 

lct N+ , N_ denote thc number of linearly independent solutions of the 
diffcrential equation; 

L(y) = 시'ty ，>' = μ +w (1. 3) 
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For μ > 0 and v < 0 respectively, the numbers N+ , N_ are known to be 
independent of À in the respective half-planes. 

Also , they satisfy the inequality 2 :<:; N+ , N_ :<:; 4 (see 2, section 6.2). 1n 
the real-valued case [in (1.1) this corresponds to taking both PI(X) and 
P3(X) to be null on [a , ∞)， we have N+ = N_ , in general this is not true in 
the complex case]. Furthere the integers (N+ , N_) are also the deficiency 
indicies of the rninimal closed symrnetric operator that can be generated 
from L(-) in the Hilbert function space LÃ[a , ∞r (see 1 defìnition XII 4.9) 

In the general complex fourth-order case there are known to be exactly 
five possible cases for the defìciency indicies (See 2; section 6.2) , i.e (2.2) , 
(2.3), (3.2) , (3.3) and (4.4). , but in this paper, we shall on ly be concerned 
with the rninimal case (2.2) 

2. Preliminaries 

For (1. 1), the quasi -derivatives y[.l are defìned by 

y[OJ = y , y[1J = y', y[2J =po(x)y" + ~(P3(X)Y') 

y때 = (ν[2J )' + P2(X)Y' + ~(P3(X)Y" + PI(X)Y) , (2.1 ) 

y[4J = -^h( x)y 

The equation L(y) = Àhy, has the vector formulation: 

Y'=AY (2.2) 

where 

I Y I 

Y = I ;t2J I and A = 

L y[3J J 

0 
0 
-또L 

2 

(Àh - P4) 

l 
o 
I
-
%뽑o
 

2"" 
(P2 + p~/4po) 

모L 

The Lagrange identity for (1.1) is 

L(y)ε - yL(z) = [y ,z]' 

where 
[y ,z] = y녕2J _ y[2Jε， + y[3Jε -yε[3J (2.3) 
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For (1.1), we have the quadratic expression; 

{y[3Iÿ _ y[2Iÿ'}' = (Àh _ P4)ly12 _ Po ly"12 + p21y'12 

+펠[νF (2 .4) 

We transform Y by the transformation W = MY, where M is the di

agonal matrix; M = diagonal {ph~ ， l때 부 관} and p is a posi 
”PohS ’ Poh~ 

tive twice continuously differentiable funct ion. Clearly, the vector W = 
[ω1 ， ω2 ， ψ3 ， ω4]T 1S 

W = [phgy ， p3핸싫ν[21 싫y[3l( 

The vector W satisfies: 
w c h카

 
p 

w 
(2 .5) 

, 
「

M M + 샤
 

M 
2 

T 
I 

n 
y 
-L 

“ 
-C 

We consider the conditions: 

l 
Ip‘ (x)1 2(4-;) 
t r~ \-' I .! are 0(1) as x • ∞I (i=1 , 2,3) 
po(x)h I

- t 

-P4(x)l 
~'~--" .r . <k. forsomek > O po(x)h(x) - .. , 

p2 rp'(x) , p~(a) , h'(x)l 
-|--+--+--1 =O(1) 
꾀 냐(x) , po(x) , h(x)J 

as x -• 。。

(2.6) 11 . 

111 

Calculation shows that C = [αi] satisfies: 

C‘,i+l = 1,C;; is bounded (i = 1,2,3,4) [by (2 .6)] 

P5(x) \ p' 
C32 = -(P2(z) +4p 3o(z) ) po(z)hi l = 0(1) 

as x • ∞; 

C31 

Plp6 
( ) = C4? = --2p-o-hτ; = O 1 x-• @。

l C41 = (Àh - P4) P'o~l ~ - J( [by (1.10)], 
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and otberwise Cij = O. From (2.5) , we get: 

tu; 효 C，k헐h(쁨맘 '1 
k:::l J~O 

C<k = ð3k + ð.μ (kronic 

wbere (2 .7) 

we take, fo r k = 1,2,3,4. 

니 t , 'J, (k- ’l 
l 갚ψ싸k = (야h흐늑받긍쓴효 p.씨싸( 
~ l' 1'0 

If we define 

。
ι
 

J 
Q l 

서
 

ω
 

h카
 
p 

r j 
l l 
a 

-ι
 

‘ 

Thus: 

씨 = ('얀싫흐ly[k- t] 1 2 ds 
Ja Po 

(2.8) 

3. Inequalities for a System of Equations 

In this scct ion wc establish inequal it ies wbicb will be used in the re
mainder of the paper 

Lemma 3 .1. !J W is a so/ution oJ (2.5), such that C ij are bounded Jor 
a// i and j and ν (2.8) holds, snch thal W, (∞) < ∞ Then W. aπd w" 
are 0(1). Fori = 1,2,3,4, ψe have: 

w, = 0(W,;4) as I • ∞ i = 1,2,3, 

퍼 = O(W,‘;*);z = l ,2,3 aS I • ∞ 

P7'Oof Since W, (∞) < ∞， W,(x) = 0(1) as x • ∞， 1 .C 

Wl = 0(wj) as x • ∞ 

For 1씨， wc write general ly tbat: 

C 

닝
 

, d f 
L ‘ ψ

 

k ψ
 

μ
 

Ja --t 
a 낀

 
“ 

ψ
 

(3.1) 
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Thus for k = 1, [by (2.7) ], we get 

= 2[[(해 )'y + 야한/퍼yds 

2까까[(“p야댐빠빠h배때떼g쉰석)'닝야댐p야삶h해꽤g 
The first integral of the right-hand side is O(Wd [by (2.6) and (2.8)] 

as t • ∞ and by using cauchy Schwartz inequafity, t he second integral is 

t 
a 

2 
1 ψ

 

[ p2폐 0([ [ hlyl2ds까 [[p4쉰 |ν ' 1 2 ds너) 
ι ι 

O(Wj ' W2') as t • ∞‘ 

Thus, we can write that 

파l; = 0(wf[W15 + wj1) 잃 i • ∞ 

since W1(X) = 0(1) as X • ∞. Then 

꾀 = 0(wi) as I • ∞ 

Next , for k = 2, we get: 

C
나
 

,a 
--‘ 
-•2 

,‘“ 
-nr 

r
lI 

a 
= % 

By (2.7) , we get: 

W2 = [파t녀ψ2ψ띠;ds - [(씨pμ야넓h해떼l펴3 

In따l바tegra따tμing by parts the first integral , we get : 

W2 = ω2 t때 [파t녀ψlω펴;d따s- [(띠pμ띠삶h야폐l펴§ 

By (α2.7) and u삐s잉ing Cauchy-Schwartz inequality we get: 

W2 = ω2ψ l l~ + O( W:경 + wj ) 싫 t • ∞ 
But, for k = 2 

ψ3l; = 2jtψ2씨ds 
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By (2.7) an d using Cauchy-Schwartz inequali ty we get 

ωS = 0(wiIwi + wj) 잃 t • ∞ 
whi le 

ψI = 0(wi) & t • ∞ 
Hence 

tUI tU2 = 0(wjIwj + wj l:) 앓 t • ∞ 
Then 

% = 0(wiIwi + wj];) + 0(wi + wj) 잃 t • ∞ 
Thus ‘ a di vis ion by W2 gives: 

l 

…* where 1 = 감'!-

O ( W.선 [W} + W}j t) + O(W2-t + 1) 싫 t • ∞ 
O(W2 ' + 1) as t • ∞， 

Tins means t 111at I (t ) lS bounded above, moreoveI , 

t!i잎 l nf l (t) > 0 

Hence 
W2 = O(Wl) as t • ∞ 

Further, return to w~ ， we get: 

얘 = 0(wjIwj + wjl) = 0(wj) as t • ∞ 
I.e. 

ψ2 = O (W경) 앓 t • ∞ 
For k = 3 

W3 = 1.'칩ω'5ds 
By (2.7) , we get 

W3 J.' ω3ω;ds - J.' [(p패 빨p3h k] y' 감τy'y[2J ds 
~I'o PO’‘>

ω3ψ21~ - J.' ψ2띤ds - f(p3떼 

+; f' J13 pV 11[2μ I ;:- p-y y'-'as 
2 J. 2po 
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By (2.6) and using Cauchy-Schwartz inequality we get: 

W3 =W2ψ31~ + O(W; + W;W.') as 1 • ∞， 

For, k = 3 

w51~ = 2 l' ψ3펴ds 
By (2.7) and using Cauchy-Sch뻐rtz inequalily, we get: 

while 

Hence 

l.e 

2 
W 3 

W3 

0(wj[wj + wjl) 잃 t • ∞ 
0(WJ[wj + l갱꺼 ) 싫 t • ∞ 

ψ2 = O( W;경) as t • ∞ 

ψ2ψ3 = O ( W;힘wj + w센) 잃 t • ∞ 

m3 = 0(wf Iwj + wilS) + 0(wj Iwj + wf1) as t • ∞ 
Thus, a division by W3 gives 

l = 0(w;i + I) as t • ∞， 

…‘ where 1 = .::상， this means t hat 1(t) is bounded above moreover 
W,‘ 

tEq￡ ln[ I (t) > 0. 

Hence 
l% = 0(wf ) 잃 t • ∞ 

Further, return to 패， we get; 

패 = O ( W.뀐Wl + WlD = O(Wl) a.s t • ∞ 

l.e 

ψ3 = O( H;선) as t • ∞ 
1n a sirrùlar way, one can prove that as 1 • ∞， 

띠 = O(μ선) ， i.e. μ'.=O(I)ast • ∞ 

177 
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and consequent ly, 
ψ4= 0 ( 1 ) ， as t • ∞‘ 

T his completes t he proo f. 
We also make use of the vector spaces; 

V+ = {y:My=Àhy}ÀnL~[a ， ∞) 

V_ {z : Mz =)..hε} n LHa , ∞) 

Next defìne 

。
ι

。
a

2 

-2 

-

에
 T0 

대
 r2o 

y-p 

z
•-n· 

。
。

-
。
。

-

nr-nr-rll

a 

fl

ja 

--= 시
“η
 

시
”
 

/
Jn 

/” 
1J 

I
d 

Y E V+; 

z E V_; 

4. Auxiliary Lemmas 

To prove thc theorcm (4 .1), we nced the following two lemmas 

Lemma 4 .1. ljdim 씨 + dim V_ > 4, then there is f! y E V+ and z E V_, 
such that: 

[y , z ] = 1 

For the proof sec (3) 

Lemma 4.2 . Let F be a non-negative continuolts function on [a , ∞) and 
define 

H (t) = 1.' (t - s)2F(S)ds 

l j as t • ∞， H (t) = 0(t2[H"]t) , then 

1.' F(s)ds = 0(1) , as t →∞ 

For the proof see (3) 

Theorem 4 .1. Let all the conditions oj μ잉， β 6) be satisjied and 

f∞펀EEds = ∞ 
JO Po 

( 4.1) 
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Then the equation M(y) = >'hy, has al most Iwo linearly independenl 
solutions in L~[a ， ∞) . 

Proof We first show J1 (∞) < ∞， from the quadratic expression we have: 

f' {(>'h - P4)ly12 - POlyfll2 + p21 y'I2 + 밤(Y”f - 패fI) 
J. 

_8 

+받(yÿ' - 패)}(l -;?ιds 
“1'0 

, t ‘ 8 
= / . {y (3)ÿ _ y[2)ÿ’}'( 1 - 으 ?~ds 

J. '" V V v" l ' po 

(4.2) 

In tegrating by parts the right hand side, we have ; 

l‘ {y많 ‘ 1'0 

= O( 1) - f' {y[3)ÿ _ y[2)ÿ’ }[(1_ ~)2쁘]' ds 
Ja L Po 

But 
2P8 p6hi 

[(1 - ~ y.c...]’ = O(!:_~ ) as t • ∞， [by (2.6)] 
l ' PO PO 

Therefore 

l' {y[3)ÿ _ y[2년}[(1_~)2쁘l’ds 
L po 

= O( f' {[(y[2))' + P2Y' + i(p3yfl + Ply)]ÿ _ y[2)ψ}짝ids) 
Ja po 

= O( {(y[2))'ÿ댄ds) + O( f' {P2패 + ;IPlY 
“ U PO JQ ι 

맘 (y[2) - ~p3Y'빠 y[2)ψ}댄ds) 
1'0 ι 1'0 

Since 
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But 
p6hi p4hS 
(!:_~ )’ =O(~)ast • ∞. 

1'0 J.lo 

By using Cauchy-Schwartz inequality and by Lemma (3.1) we have; 

1.'꽤R품i@ds 0(wjwi + wfwj) 잃 t • ∞ 

O(JF) as t • ∞ 
Again 

1'<. .1 ‘ A 

/ ‘ p2iyl뜨믿ds = 0(/ ‘ 꾀 1iJ 1. /1녀 ly'l. P2뜨ds) J. l"UU Po -- - -'J。 ’ Poll* 

By Cauchy-Schwartz inequality and by (2.6) , we get: 

Also; 

lt P2gylE응rids = 0(W썩) = O(지) 싫 t • ∞ 
1'0 

1.' {P2Y' fj + 냐)dyl 2 + 쩍(y121 _ 받y')]}힌ds 
• 1'0 ι 1'0 

= r /hty' . h채 P2맏ds + ~ [' hlν1 2 빡ds 
Ja

'- .. 07 

Poh~ 
--- , 

2 Ja 
-, .... , 

pohi 
f ‘ [낀 r' , 1 

_ p"yl'J P3P 
+~ I h2 ν --_._--

ja s 
Po polli 

f t ,,304 
+τ / h채 p2h ’ y' →「Tdsq 

“ a PÔhï 

By Cauchy-Schwartz inequality and by (2 .6) , we get: 

Finally 

['{P2Y'fj + 따dyl2 + 꽉(y12J _ ~P3y')le떤ds 
μ a ~ PO ι 1'0 

5s s: sl l 
= O(W.'W;' + W1 + W1'Wl + WiiWn = O(Jn as t • ∞ 

1.'항훨펴
t녀}꾀fj'yl21젠ds 

PO 

rt ... 4" ,[2] r' _2'!~， p'y 
O( I p" h ‘ Y --ds 

J. PO 

O(채) 앓 t • ∞ 
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Return to (4.2) and the left hand side can be est imated as follows: 

1.'싸 P.) lyl2뽑 ( l - f)2ds = o따 
From (2.6) , we gei : 

1.'싸 p.)lyI2찮(1 - f)2ds 

And 

1.' P쇠Ul|2(1 f)2찮ds 

Also 

0([ hlyl2ds) = O(Wd 

0(1) as t • ∞ 

o바2 1y'I2옳ds) 

0이에(시f' p.애페h 
Ja poh2 

i 
0(W2 ) = O (자 ) as t • ∞ 

j ‘ l)3ytliI(l -- f)2옳ds f (yl2l - ;P3yt)P3jl(l - ?)2혔ds 
" ‘ 1'0 

O( f' p~~8 y'y l2lds) + O( f‘ 摩ly'I2ds) 
JQ 1-'0 JQ 1-'0 

Therefore 

j tpilil(1 -1)2홈ds = 0(wiwj) + 0(W2) = 0(Jf) 잃 t • ∞ 
(,. J.lO 

Since 

1.' Plyy'(l- ~)2옳ds I ‘ ~I I 2 , 1. 1 _ 11 PIp6 O( I 1.때 1. p'htly'l r '~τ ds) 
Ja pon ‘ 

0(wfwi) = 0(피) as t • ∞ 

jt s P8 l Plyi(l - f)2「ds = 0 (지 ) as t • ∞ 
‘ 1'0 

Finally 

1.' P떼1 -;짧s = O(피) 잃 t →∞ 

181 
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[By Lemma (4.2); with F = p8 1ν "1 2J 
Hence J， (∞) < ∞ Simi la rly J2 (∞) < ∞ 
If 1mÀ = 0, t hen V+ = V_ 
1f 1mÀ ￥ 0, then d im V+ + dim V_ > 4, and by Lemma (4 .1 ), then [y , zJ = 
1, for y E V+ and Z E V_ , i.e. 

(y녕21 _ y[2lz’) + (YZ[31 _ y[3Iz ) = 1 

‘ i • Multiply ing bot h s ides by (1- f)담「 and lnteglating from Q • 1 we get: 

,. 1 J...+ _6 ’ _6 1..+ 
/(y녕21 _ y[21 z' )(1 _ 으) ".ιds + I (yz [31 - y [3lz)(l - 으)ζ「ls 
J. '" t ' Po J. W " t ' po 

rt J~}ro6 

= 1 ( 1 -~)二~ds (4.3) 
J. ' t ' Po 

The firs t integra.l in the left-ha nd s ide is: 

r< 0 ‘ t ,,6 rl. ,.4 .,. [2J 
/ ylzl2l(1 - :):ζds = 0(/ ht p2y' ι ~"ds)ast • ∞ 
J. v t ' Po ' J. Po 

Simi la rly 

= O ( I-t강 wn = O(J;' Jl) 
= 0([J， J2꺼 ) as t • ∞ 

J.' y[21 z' (1 강)폈ds 0패 
= 0 ([J ， J2꺼 ) as t • ∞ 

Tbe second in tegral can be estimatcd as fo ll o lVs 

j t s ’ ; 8 YZ[31(1 - ~)~뜨ds = l' y[(z [2l)' + P2 Z 
1'0 

셰p， z + 암(z[21 _ 짧)}]( 1 - F)단Efrls 
ι }JO ~ L J.lO 

=1.‘ ν(zI21)I( l - f)폈ds + j t 1]2YZI( i - f)폈ds 

+; /t 1)lUZ(l - F)댄 + ; /t 감yz씨 (1 - ￥)팍ds 
‘:. "(1 ‘ 1'0 ι Ja f'O ‘ 1'0 

r' ， p;에li +0( 1 yz' rJ~，2 - ds) 
Ja 1'0 
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Since 

J.' (ZI21)싸 ι a 

O( r Z121(표뜨)'ds 
J (t PO 

O( / t ￠zl2lhip2ylds) + 0( f ￠zI2l 꾀 Iy l ds) 
Ja PO Ja po 

O(Ji1i‘ ) + O(JiWn 

= 0([J ， J2꺼 ) as t • ∞; 

l t P2YZl(l ;)폈ds = O(따껴) = 이져) 잃 i • ∞ 
Also 

jt PIYZ(1 - f)폈ds = 
I t l l Pl P6 、

O( { h ' y.h'z r>~， ds) J • .• , .. -poh~ -~J 
= 0(1) as t • ∞ 

-i 
u 

g 
9 

-

/ 
i ’ -, ‘ 
n 
u 

l ‘ 
-
p 

i 

L “~ -s」
γ
 

-i ( 지
 

z 
에
 

p 
t r l 

l 
a 

rt 114 .,.. [2J , r' ，~ p"Z I'1 p,p 、
O( I h'1/' ~!:.!!:，ds) 

‘ J. Po poh. 

Hence 

= O (피) 싫 t • ∞;and 

LlZIp3편(l - f)ds = 0(Jj ) ￡ t • ∞ 
1'0 

fνz떼 ￥)섣Efds = 0(IJlJ2)S) 잃 t • ∞ , 1'0 

Similarly 

f t S flgp6 4 
/ zy131( 1 - ~)"'V ds = 0([J,J2)t) as t • ∞ 

J." t ' Po 

AII these inequalities in (4.3) gives: 

lim，→∞ sup 끄 ( 1 - n많ds < ∞， and this Cont l'a l'y to the condition (4. 1) 
of the p l'esent theorem, this means that , the equation M[y ] = >'hy , has at 
most two linearly independent solutions in LÃ[a, ∞). 

F!.emark 1. The contents of this papcr generalize the results of the author 
in (3) with n = 2. 
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Remark 2. It is possible to compare the present results with these in (3) 

by choos ing P,(x) and P3(X) to be rnil l. 
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