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NEGATIVE DEFINITE KERNELS OF 
INFINITELY MANY VARIABLES 

Hoda A. Ali 

ln t hi s paper we shall introduce negative definite kernel of infinitely 
many variables. After giving some equivalent formulation of the notion of 
negative difiniteness, elementary properties are discussed ‘ We shall also 
illustrate the relation between negative definiteness and positive definite
ness 

1. Properties of Negative-Definite Kernels 

The fundamental connection between positive and negative defi ni te 
kernels was introduced by Schoenberg(1938) 에. 

A study of pos it ive and negative defi ni te kernels wi t h invariance prop
erties under a group action may be found in Parthasarathy and Schrnidt 
(1972) [3J. 

Let X be a nonempty set . A fun ct ion ψ : X xX • C is called a 
negative definite kernel if and only if it is hermitian (i.e. ψ(y ， x) = 파감피1 
for all x , y E X) and 

ε C/}kψ (Xj ， Xk) ~ 0 샤
 

1 ( 

for all n > 2, {x" ... ,Xn} 드 X and 

{C1 , ... ,Cn } 드 C with ε Cj = 0 [2J. 
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lf the above inequalities are strict whenever X ,, " ', x n are different 
and at least one of the C" , • . ,C,’‘ does not van ish , t hen the kerncl ψ ,s 
strictly negat ive defìnite 

We now li st some simple properties of negative defì nite kernels 
(μ끼1 ) A real-valued ke히1'[‘'r뼈 ψ on X x X is negat ive 삐ìnite if a nd on ly if 

ψ is symmetric (i.e. ψ (x ， y)= ψ (y ， x) for all x ,y E X) and 

ε CjCkψ (Xj ， Xk) ::; Ó 

for all n E N , {x" “ ,Xn } 드 X and {C"" ‘ ,Cn } 드 R and 

ε Cj = 0‘ 

(2) The negat ive c1efinite kCl 찌 ψ sat isfi es the in eq뻐lity 

ψ (x ， x)+ ψ (y ， y) ::; 2Reψ (x ， y) 

Now we consicler a ncgat ive c1 cfìnite kernel with an infìnite numbe l' of 
va l' iables 

Let Rf' = (-ι e) x R∞ c R' x R∞ = R∞ (0 < e ::; ∞) be a laye l' of the 
space Roo , an cl Ict X = (X"X' )(X, E (-e,e) , x' = (X2 ,XJ ,"') E R∞) 
be points of th is layer [1). In R∞ let us int l'ocluce a measure dO(x) = 
(p(x , )dx,)@ (p(X2)dx2) @ ‘ whe l'e C' (R ' ) 3 p(t) > 0 is a fìxecl weight 
(JR' p(t)dt = 1) 

In particulal', th is measure is c1cfined also on a ny layer R쁜， with 
O(Rγ) > 0 

A kernel ψ (x ， y) ， (x ,y E R앓) is said to be negat ive c1efìnite if for any 
cylinclrical function u(x) = uc(x" . . . ,xm)(uc E Cf) (Rt)). \<\닝 have the 
inequality 

LF LF ψ (x ， y)u(x)펴dO( x )dO(y) ::; 0 

with fRF u( )dO( ) = O 

( 1.2) 

A simi lar c1 efinition holcls in the case e = ∞， in which case Rf' = R∞， 

the measure dO(x) must be taken to be Gaussian measure 

Lemma 1.1. JJ J : R'{l • C is an a7'bitra7"Y Junclion, then the kemel 
ψ (x ， y) = J(x) + J (y) is negative de，까nite. 
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Proof Let fRS。 u(t)dO(I) = 0, from the inequality 

4∞ 4∞ ψ (x ， y)u(x)폐dO(x)dO(y) 

= Jn∞ 4∞ [J(x)+f폐]u(.1: )폐dO(x)dO(y) 

= 싸 f(x)u(x)dli(x) 1nγ 꽤dli(y) + 싸 펴폐dli(ν) 

L∞ u(x)dli(x) = 0 

Hence, ψ is negative dcfinite. 

Lenuna 1.2. The kernel iIi (x , ν) = (x- ν)2 on R% is πegative deβnit e ， 

Jnγ u(x)dli(x) = 0 
Proof 

싫 4γ ψ(x ， y)u(x)펴dli(x)dli(ν) 

= Jni 1，맑=1nμγ z쐐2U피놔쐐u띠ψ뼈(xψz야싸뼈)d빼빠dO 
-2 Jn싫γ Lγ I떼따때y따뼈u미(떠z야)u띠(띠y띠)u미때(ω띠빼y)d얘삐빼뼈9어빠뻐(야에x야)d뼈삐빼0이배삐(ω예y피) :::: 0 

80 ψ is negative defìnite. 

2. Relation between Positive and Negative Definite 
Kernels 

Lemma 2.1. Let ψ R앓 • C be a hermitian kern el. Set X o E Rl' 
and put φ(x ， y) = ψ (x ， xo) + 파ζ김 - ψ (x ， ν) - ψ(xo ， xo). Theη φ IS 

positive deβnite ν and onlν if ψ is negative definile. lf ψ (xo ， xo) > 0 and 
φ。 (x ， y) = ψ(x ， xo)- ψ (y ， xo)- ψ (x ， y) ， then φ。 is positive definite if and 
onlν if ψ is negative definite. 

Pmof Let φ be positive defin뼈 ancl let fRF u(·)dO(.) = 0, then 

o < 1n∞ JR~。 φ(x ， y)u(x)펴dO(x)dO(y) 
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= AF Af ψ(x ， xo)u(x)꽤dO( x )dO( xo) 

+ JR∞ 4∞ ψ(XO ， y)u(xo)꽤dx(xo)dO(y) 

-싸 싸 ψ(x ， y)u(x)폐dO(x)dO(y) 

-1n，1nγ ψ (xo ， xo)u(xo)돼dO(xo)dO(xo) 

Consequently, 

o s - 4∞ LF ψ(x ， y)u(x)폐dO(:c )dO(y) 

Hence, 
AF Ar ψ(x ， y)u(x)폐dO(x)dO(ν) ::; 0 

s。 ψ is negative defìnite 

Conversely ‘ Let ψ be negativc defìnite. 

then 

o > 과 싸 ψ(x ， y)u(x꾀dO(x)dO(y) 

= 1n
r 
1nγ ψ (x ， xo)u(x)돼dO(x)dO(xo) 

+1nγ Lf ψ (XO ， y)u(xo)폐dO(xo)dO(y) 

-1nγ 4μγ ψ찌파(야Xo씨，껴째폐폐싸Xo헤따따0야에싸)t싸u띠따떼때i씨@뼈때(야떠써Xo헤0이)죠펴핍꽤펴I감파펴꽤도감파퍼0)매)d뼈삐O(빠싸빠(야떠써Xo헤o야)빠d 

-LF Lf φ(x ， y)u(y)폐dO(x)dO(y) 

O 즈 - Ar 싫 φ(x ， y)u(x)폐dO(x)dO(y) 

Aγ 4γ φ(x ， y)u(x)u(y)dO(x)dO(y) 으 o 

I.e. φ is positive defìnite. 
Now if ψ(xo ， xo) 즈 O. Then 

4∞ 4∞ φo(x ， y)u(x)폐dO(x )dO(y) 
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= Jnγ 과[φ (x ， y)+ ψ (xo ， xo)]u(x)폐dO(x )dO(y) 

= 1n∞ L∞ φ(x ， y)u(x)폐dO(x)dl:l (y) 

+ 1nγ 짧(xo ， xo)u( xo)꽤dO(xo)dO(xo) 

is positive definite 
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Theorem 2.1. Let ψ R앓 • C be a kern el then ψ is negative definit e if 
and only if exp(-tψ ) is positive definite for all t > 0 

Proof [f exp(-Iψ ) is positive definite t hen 1 - exp( -Iψ ) is, of course, 
negat ive defi nite and so there for the point wise limit 

I)i = 。빵o f(l -exp(-tψ) ) 

Now suppose that ψ is negative definite. We need to obtain that 
exp( -tψ ) is posit ive definite for t = 1. We choose Xo E R'[' and witb φ 
as in the Lemma 2.1 we have: 

-ψ(x ， y)= φ (x ， ν)- ψ(x ， xo)- ψ (y ， xo) + ψ (xo ， xo) , 

where φ is posit ive definite. Hence 

LF LF exp(-ψ (x ， y))u(x)꽤dl:l(x)dl:l (y) 

= 1nγ 싸 exp[φ (x ， y) - ψ (x ， xo) - 파꾀 + I)i (xo , xo)] 

exp[ψ (x ， xo)u(x)]. exp[ψ(ν ， xo) u(y)]dO(x)dO(y) 

= 1nγ 싸 exp[<þ(x,y) + ψ (xo ， xo)]u(x)폐dl:l (x)dl:l (y) 

from the above lemma 

= 1n∞ L∞ exp(φo(x ， y))u(x)펴dl:l (x)dl:l (y) 

since exp(φo(x ， y)) is positive defìnite if φ。(x ， y) is positi ve defìnite [see 2 
page 7이 Hence 

4r 4f exp(-ψ (x ， y))u(x)u(y)dl:l (x)dl:l (y) 즈 0 
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So exp(-ψ) is positive definite. Since t > 0 and ψ is negative definite we 
have tψ is also negative definite. 

Lemma 2.2 . Let ψ (x ， ν ) be a negative definite kernel with stπctly positive 
real part. Then i is positive definite. 

Proof Since ψ is negative defìnite, then by theorem 3.1 the fun ction 
exp(-t lj)) is positive defìnite for all t > O. We can write for (x ,y) E R앓 

.T. (~l _ , r∞ exp(-tψ )dt 
ψ (x ， y) Jo 

Now 

k， kγ 넓꾀u(x)폐dO(x)dO(y) 
= JR∞ L∞ (10∞ exp[-tψ (x ， y)]dt)u(x)꽤dO(x )dO(y) 

=10∞[k∞ 4∞ cxp[-tψ때]u(x)폐dO(:t )dO(y) ]dt 으 0 

So i is pos잉l“비L“ive defini띠1πt 

Theorem 2.2. Let μ be a pro이ba’>abi“lit깨y meas삐11‘lre on R'2앓? S앉?μ‘κC야h /1;샤ha띠t 0 < 
J~얻10 Sd따lμ띠‘씨(μs) < ∞’ and let Lμ denote its Laplace tmnsJo1"1n , i.e. L,, (z) = 
f밤 e-"dμ(s) ， zEC. Then ψ :R앓 • C is negative definite iJ and only iJ 
Lμ (tψ) is positive definite JOI' all t 즈 O 

Proof If ψ is negative defìn ile then by Theorem (2 .1) exp(-tψ) is posi ti ve 
definite for all t > O. We have 

L，， (tψ) = 10∞ exp( -tsψ )dμ(s) 

point wise on R앓， which is posit ivc defìnite. 
[f on the other hand Lμ (t ψ ) is positive definile for all t > 0, then fOl 

each (x ,y) E mu we get 

씨
 

1 

씨
 

( 
μ
 

L l 1
」1t L∞ l exp 1- tSψ (x ， y)1 

dμ(s) 

• ψ (따) 10∞ sdμ(s) for t • 0 

Being a point、.vise limit of negative definite kernels, ψ itscl f is ncgative 
defìnite, too. 
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Definition 2.1. A positive d efìnite kernel <p is called infinite ly d ivi s ible 
if for each n E N the re exi st s a positive d e finite kernel <Pn such th a t 

<P=(<Pnt 
If ψ is negat ive d efìnite t hen <p = e-ψ is infini tely d ivis ible sin ce <Pn = 

exp(-Wψ ) is positi ve defìni te and (<Pn)n = <p 

Lemma 2.2. [f f ‘ R ï • C satisfi es R e f ~ 0 then for each a E [1, 2J 

th e kern el 

ψα (x ， y ) = - (J (x ) + f(y ))" 

is n egative de.끼nzte 

Proof An equi valent fo rmulat ion is t hat the ke rn e l -(x + y)" is ncgat ive 

defìnite on C. T hi s is clear when a = 1 a nd a = 2 see Lemma (1.2 ) . FOI 
lf fR?。 u (z)dO(x) = O 

L∞ L∞ ψ，， (x ， y)u(x )폐dO( x )dO(y) ~ 0 
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