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A WEAK PROJECTIVE COVER OF A 
MODULE 

Young Soo Pal' k and Hae Sik Kim 

1. Introduction 

Jn [5 ], dualizing the notion of an injective envelope, Rotman defined a 
projectivc cove l' of a module and showed it is equivalent to the concept of 
already well-knowned one 

1n [4 ], the fì l'st author showed that a well-knowned projectivc cove l' of 
a modulc implics the one in a sense of Rotman, but its converse is not 
a lways t l'U C. 

10 this paper, we in t roduce the concept of a ‘veak pro jecti ve cove l' of a 
module, which is same as a projective cover in a sense of Rotmao 씨le have 
to investigate some propert ies of weak projectivc cover and fìnd cond itions 
under which two concepts are equivalent 

Tbroughout this paper, R denotes a ring witb 1 and evcry module is a 
unitary left R-module. For tcrminology and notation , we refer to [3], [5] 

2. Main results 

We defì ne a weak projective cover of a module, wbich is t hc dual con
cept of a n i nject i vc envelope. 

Definition . An cpimorphism t: : P • M is a weak projective cover of a 
module M if P is a projective module and there ex ists a n epimorphism 
dashed arrow below 
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P、 é→ M-→ o 

'ø-, " rψ 
Q 

whenever Q is a projedive modu le and ψ Q • M is an epimorpbism 

Rema7'k. 1n [41 , the first author showed that every projective cover of a 
module is a weak projective cover, but its converse is not always true. For 
example, let é : Z -• Z2 be the natural epimorphism as Z-modules ‘ Then 
it is not a projective cover but a weak projective cover of Z2 

Proposition 1. Let ç : Q • P be a weak pmjective covel' of a p1'Ojective 
module P and é : P • M a homomorphism. Then é : P • M is a weak 
p1'Ojective cover iJ and only iJ éÇ : Q • M is a weak projective cover 

Proof Consider the following diagram 

/ 

/ 

k
φ
 、

5 
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、
 

where S is a projedive module and ψ S • M is an epimorphism 
Suppose that é P • M is weak project ive cover. T hen éÇ is an 

epimorphism and there exists an epimorphism q, : S -• P with f:q, = ψ， 
Since é : Q -t P is a weak project ive cover of P , there is an epimorphism 
q, :S • Q with φ = q,. Hence 택 :Q • M is a weak projeιti ve cover of 
M. Conversely, let éÇ : Q • M be a weak projedive cover of M. T hen 
ε is an epimorphism and there exists an epimorphism q, : S • Q with 
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(éf, )rþ = ψ. Let rþ = 생. Then rþ is epic and 얘 = ψ Hence é: P • M is 
a weak pro jective cover. 

P r oposition 2. Let é : P • M be a weak projective cover of M and 
f, : M • N a super.βuous epimorphism. Then f,é P • N is a weak 
pl띠ective cover of N. 

Proof Let Q be a projective module and ψ :Q • N an epimorphism 
Then there is an homomorphism ψ Q • M with f，ψ = ψ. Moreover, 
M = ker f, +im ψ. Since f, is superßuous , M = im ψ Hence ψ is epic;.. By 
assumption, there exists an epimorphism rþ : Q • P such that érþ = ψ It 
[ollows that f,é : P • N is a weak projective cover. 

Theorem 3. Let R be a IBN (=invariant basis number) ring such that 
every projective R -module is free. If a module M has a weak projective 
coveπ then it is unique μP to isomorphism. 

Proof Let é : P • M and f, : Q • M be two weak projective covers of 
M. Then there are epimorphisms rþ : P • Q and ψ :Q • P such that 
얘 = ε and 1':ψ = f,. Let X and Y be bases of P and Q, respectively. Since 
rþ is epic, rþ(X) generates Q , and hence IYI ::; Irþ(X)1 ::; IXI. Similarly, 
IXI::; IYI . Thus IXI = IYI. Since R is IBN, P and Q are isomorphic 

Remark. lt is well-known that a projective cover of a module is unique. 
However, a weak project ive cover of a module need not be unique in gen
eral 

Corollary 4. Let R be a commutative l-ing such that evel'Y p1'Ojective R
modu/e is free. Th en a modu/e M has a unique weak projective cove1" if it 
has one. 

Examp le . Let R j be a quasi-Iocal ring, R2 a P. I.D. , R3 a Bézout ring , 
and R4 K[Xj ,X2"" ,Xn ], where K is a field. Then every κ-module ， 
i = 1,2,3,4 has the unique projective cover if it has one 

Theorem 5. R be a JBN ring such that everlj projective R-module is free. 
Jf M has a projective cover and 1': : P • M is a weak projective cover of 
M I then it is the projective cover. 

Proof Let f, : Q • M be a projective cover of M. Then it is also a weak 
projective cover. By Theorem 3, there is an isomorphism rþ : P • Q with 
f, rþ = 1':. We claim that ker 1': is superfluous in P. Let N be a submodule 
o[ P such that ker é + N = P. Since rþ is an isomorphism, it [ollows that 
Q = ker f, + rþ(N). Hence Q = rþ(N) , that is, N = P. Thus ker ε IS 
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superfluous in P 

Corollary 6. Ler R be a left per[ect rBN ring such that every projective 
R-module is jiπe. r[ é : P • M is a weak projective cover o[ M , then it 
is the p1'Ojective cover. 

Remark. This may be false without the hypothesis of left perfectness. For 
example, t he natural map é Z • Z2 is a weak project ive cover of Z2, 
but it not the project ive cover 

C orolla ry 7. Let R be a le[t 1Jer[ect rBN ring such lhal ever'y p1'Ojective 
R.-module is [ree . Then a direct sum o[ any weak projec live cove1"S 잉 also 
a weak pr'ojeclive cover' o[ lhe dir-ecl sum o[ modules 

R.emark. In general , a direct sum of weak project ive covers is not a weak 
projective cover of the direct sum of modules. 

For example, let ç Z • Z3 be the natural epimorphism. We show 
that it is weak projective cover of Z3' Consider the following diagram ‘ 

zιL Z3 - • 0 

where Q is a project ive module over Z and ψ an epimorphism. Since 
Q is projective, we may assllme that Q = lloZo, where Z o = Z for each 
α Let U o : Z。 • lloZ o be thc a t. h inject ion. Since ψ is epic, there exists 
a such that ψUo = ç or there is ß sllch t.ha t. ψuβ =2ε For each a , definc 
% ’ Z o • Z as follows 

r 1 if ψ싸 =ç 
øo (1)= ~ - 1 if ψUa = 2ç 

l 0 if ψUo = 0 

Then çØo = ψtLo for each a. Lct ø bc t. hc coproduct map of the family 
{øo }. Tben t. he exis t.ence of a or ß implies ø is an epimorphism. Moreovcl 
gφtLo = çφ。= ψtLo for each a. Wc havc 니lUS 얘 = ψ So ç ‘ Z • Z3 
IS a 、veal‘ projec t. ive cover of Z3' We alrcady showed t.ha t. é Z • Z2 
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is a weak projective cover of Z 2. I-Iowever, f: x ç Z x Z • Z 2 X Z3 is 
not a weak projective cover of Z 2 x Z3' lndeed, let ψ :Z • Z 2 X Z3 be 
defined by ψ(1) = (1, 1). Then it is an epimorphism. But there exist no 
epimorphisms from Z to Z x Z 
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