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ON SUBSOCLES OF S2-MODULES 11 

M. Zubair Khan, Mofeed Ahmad and Halim Ansari 

Introduction 

In recent years a new theory for a special module called S2-module. has 
been developed and the well known results of torsion abelian groups have 
been shown to be valid for this module (see [1 ,2,6,7,8,9,10,11 ,12]) . In [14], 
a submodule N of an S2-modu le M is called h-pure if NnHπ(M) = Hn(N) 
for all n > O. It is very natural to ∞nsi der the case when N n Hn(M) 드 
Hk(N) , where n and k are related by some rules. In this connection, J. D 
Moore [3] got a useful technique and introduced the concept of irr뼈r 
subgroups of primary abe리lian groups. The main purpose 0이f thi잉s pape하 r 

l녕s to g양ene하ra떠때lize the concept 0이f hι-pur삐1f1띠l야ty 0이f submo여du띠l니le않s and to make a 
r디IgOl이urOl이us study 0이f t내his concept and their consequences. This paper is in 
the continuat ion of [6] 

The paper consists of four sections. In Section 1, we state preli rninary 
results needed for subsequent sections. Sect ion 2 deals with a special 
type of imbedded submodule called as ‘ regularly imbedded submodule’
We have shown that an important result of P. Hill and C. Megibben [13 , 
Theorem 1] holds for this module, namely, “ An h-neat submodule oÍ d r. 

Sz-module M supported by an h-dense subsocle of M is h-pure and h
dense in M" (Corollary 2.3). In Section 3, we study e-quasi-complete 
modules and obtain a characterization for this (Theorem 3.14) . In Section 
4, we introduce the concept of minimal e-imbedding and obtain different 
characterizations for its existence in an S2-modu le with certain property 

1. Preliminaries 

The notations and terminology have been adopted from [2,6,11 ,12] . As 
done by J. D. Moore [3] for groups we define an e-imbedded submodule 
as 
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A submodule N of an S2-module M is called l-imbedded if there exisls 
a non-decreasing fun ction l: Z+ • Z+ such that N n Ht(n)(M) 드 Hn(N) 
for each n E Z+. Triyially, {-imbedded submodules are h-pure. 

Now, we state some basic results whose proofs are triyials. 
M will be an STmodule throughout this section 

Lemma 1.1. Let /( 드 N be submodules of M such that J( is l-imbedded 
in M , then J( is l-imbedded in N. 

Lemma 1.2. [f J( is l ,-imbedded in N and N is e2-imbedded in M. Then 
/( is l2 0 e, -imbedded in M 

Lemma 1.3. Let J( ζ N be submodules of M such that N is l-imbedded 
in M , then N/ J( is l-imbedded in M/ J(. 

Lemma 1.4 . /f N is l-imbedded in M , then it is e' 0 l-imbedded for evelìJ 
e'. 

Lemma 1.5. Let J( 드 N be submodules of M such that J( is l ,-imbedded 
in M and N / J( is l2-imbedded in M / J(. Then N is l2 0 l , -imbedded in 
M. 

Lemma 1.6 . Let N, and N 2 be submodules of M. 
(a) If N, n N2 is C-imbedded in N" then N2 잉 l-imbedded in N, + N 2 
(b) If N, + N2 is l-imbedded in M and N , n N2 is l-imbedded in N" then 
N2 is {o l-imbedded in M 
(c) If N , + N 2 and N, n N2 aπ l-imbedded in M , then N, and N2 are 
C 0 l-imbedded in M 
(d) IfN,nN2 isl-imbeddedinN,+N2, thenN, andN2 arelol-imbedded 
inN,+N2. 

Corollary 1.7. 1f M / J( = N / J( (Jj T / J( such that J( is l-imbedded in N , 
then T is { -imbedded in M 

Lemma 1.8. FOI' an l-imbedded submodule N of M , N n M' = N' 

Corollary 1.9. 1f N 드 M' ’ theπ N is imbedded in M if and only if N is 
h-divisible. 

Lemma 1.10. If N is an imbedded submodule of M , then N is imbedded 
in M if and only ν (M/N)' is h-divisible, where N is the c/osuπ of N 
defined as Ñ/N = (M/N)l 

Lemma 1.11. FOT a submodule N of M , N = n응 ， (N + Hn(M)) 
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Lemma 1.12. A submodu/e N of M is h-dense in M if and onlν if 
N=M 

2. Regularly imbedded submodules 

A submodule N of an S2-module M is called regularly imbedded in M 
with index k , if N n Hk+n(M) 드 Hn(N n Hk(M)) for every n 

Evidently, if N is regularly imbedded with index k , then NnHk+n(M) 드 
Hn(N) gives that the regularly imbedded submodules are l- imbedded for 
some l : Z+ • Z+ , therefore, the results of Section 1 can be suitably 
carried over to regularly imbedded submodules. Moreover, the regularly 
imbedded submodules of index zero are exactly the h-pure submodules ‘ 

Also, we can easily prove the following : 

Prop osition 2. 1. Let N be a regularlν imbedded submodule of an S2 -
module M with index 1. If N is h-neat in M then it is h-puπ-

We recall from [21 that a su bsocle S of an S2- module M is h-dense in 
soc(M ), if soc(M) = S + soc(Hn( M)) for every n 

Now, we prove the following proposition which is a generalizations of 
a result of J . D. Moore [3 , Proposition 3.51 

Proposition 2.2. Let N be a submodule of an S2-module M such that 
soc(N) is h-dense in soc(M). If N n Hm+' (M) 드 H1(N) for some m , 
then 

(어에a매) N i앙s reg따u때i 

( b비) Hm서(M) 드 N. 

Proof (a) Firstly, we show that N n Hm+l (M) 드 H,(N n (soc( M ) + 
Hm(M) )). For this, let x E NnHm+ ,(M) , be a uniform element then there 
exists a uniform element y E M such that x E yR and d(yR/xR) = m + 1 
Also, x E H,(N ) implies that there exists a uniform element z E N 
such that x E zR and d(zR/ zR) = 1. Let ωR/xR = soc(yR/xR) , then 
d(ωR/xR) = 1. Hence, appealing to the condition (II) of the S2-module, 
we get e(z - w) :"::: d(zR/xR) = 1, and thus , z - ψ E soc(M). Therefore, 
z E soc(M) + Hm (M ), and so x E H,(N n (soc(M) + Hm (M))) , which 
proves t hat NnHm+ ,(M) 드 H,(N n (soc(M) +Hm(M))) . Now, we pro아ve e 
t매ha따t N n Hm+n(M) 드 Hn(Nn Hκ"서， 
dense in soc이(μM끼)， we have Nn미]끼(soc이(이M끼)+Hm서‘，(이M끼)) 드 Nn(soc(N)+Hm(M)) 
= soc(N) + N n Hm( M ) so, N n Hm+' (M ) 드 H,(soc(N) + N n Hm(M)) 
= H1(NnHm(M )). Let us assume that NnHm+n(M) 드 Hn (Nn Hm(M)) 
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for some n. Then, as done above, it is easy to show that 

N n JJm+n+1 (M ) 드 H, (N n (soc( M ) + Hm+n(M ))) 

<;; H1 (soc(N) + N n Hm+n(M)) 

H, (N n Hm+n( M )) 

<;; Hn+' (N n Hm(M)) , by assumption 

Hence, t he resul t follows by induction and N is regula rly imbedded with 
index m 

(b) If x E soc(Hm(M )) is a uniform element , t hen t rivia ll y, using 
Lemma 1.11 , x E N . Let us assume that a ll the uniform elements of 
Hm( M ) of cxponcnt at most k belong to N and let y E Hm( M ) bc a 
uniform elcment of exponent k + 1. Then there cxists a uniform clemcnt 
z ε Hm( M ) such that z E yR and d(yR/z R ) = l. So z E Hm+1 (M ) 
Also, e(z) k , 50 Z E N , by as5umption. So that z = !l + t , where 
u E N and t E llm+n+ ,(M) for every n . T hen u = z - t E Hm+l (M ) 
and so u E N n lJιJ，ι"싸， 
H，이(N n lJιJ，서M) + Hκm’n서‘바+n서‘， (M )) . He없n따1κce’ t l네here cxists a un iform clemcnt 
ψ E (N n Hm(M ) + Hm+n(M )) such that z E wR and d(ψR/zR) = 1 
Hence, appealing to the condi tion (II), we get e(y - ω) :S d(yR/ zR ) = 1 
I.e. y - ψ E soc( M ). T hus, y E soc(M ) + N + Mm+n( M ) for every n 
Hence, y E N , as soc( N) is 1νdense in soc(M ). The result fo llows by 
induction 

We reca.1I from [2] t hat an S2- module M is called a n S3- moωle if it 
furth er satisβ cs onc more conditions ‘ 

(1II ) For evcry fi ni tcly gcnerated submodule N of M , R/ann(N) is 
right Artinia n 

In [2], we have gcne때 izcd a rcsult of P. J-l iJl and C. Mcgibben [15, 
Theorem 1] for ST modules. As an a.pplication of thc Proposition 2.2 , wc 
further improve t ha.t for S2- modules as follows 

Corollary 2.3 . A n h-neat sllbmodule N 01 an S2 -modllle M sllppo1'l ed by 
an h-dense sllbsocle 01 M is h- ]J ure and h-dense in M. 

3. Subsocles and C-quasi-completeness 

ln [6] we ha.vc ma.따 a.n study of quas i-complete S2- modules. lIcre we 
introd uce f-q uasi-complete STmodules and get a cha.racteri zation 

Definition 3.1. An S2-module M is caJled e-qua.si- complete if t he closure 
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N of every e- imbedded submodu le N of M is an imbedded submodule of 
M 

As it is remarked earlier that e-imbedded submodules are exactly 
the h-pure submodules, hence quasi-complete S2-modules are l'-quasi 
complete. Apparently, e-quasi-complete S2-modu les do not seem to be 
quasi-complete, but the following proposition sbows that l'-quasi-complete 
S2-modules a re qu asi-complete. The proof, being a nalogous to [3 , Propo
sition 2.9], is omi tted 

Proposition 3.2 . Let N be an 1'-imbedded submodule of an S2-module 
M. [f N is imbedded in M , then N is e-imbedded 

As dcfìned in [6], an Srmod뼈uniform element o[ infìnitc hcigh t. Also, an S2-mod ule M is reduced if 0 

is its only h-di visible submodule. 

The [ollowing proposition can bc proved eas il y. 

Proposition 3.3. A ,.educed e-quasi-complele S2 -module is sepamble. 

l Defin띠l니iκt디ion 3 .4 . An eι- 1아imbeddcd su띠i싸bmoαd씨u비l낭e 0이f an S2-mod u비I니le M i엽s sal“d 
tωo b야)e strongly l'ιμ-냐1m매1 

s u띠ppo아rts an f- imbeddcd submodule of M containing N 

Proposition 3.5 . Every 1'-imbedded submodule of an 1' -quasi-complete 
S2-module is strongly f-imbedded. 

Proof Let lVf be an f-quas i-comp\ctc S2- modu\e and for any ιimbcdded 
submodu\e N and for any subsocle S of M containing soc(N) , let F = 
{J1 드 MIH is ιimbedded in M , N 드 H and soc( H ) 드 S}. Then we can 
fìnd a maximal e-imbcddcd submodulc I< of M contain ing N such that 
soc( I< ) 드 S. We assert that soc( I<) = S. Suppose on contrary that there 
cxists a uniform elcmcnt x E S such th at x if- I< . Then x = x + f( is 
uniform clement of (S + f( )/I< . There a re two cascs ‘ 

Casc 1‘ lf HM/ 1、 (x) = 71 < ∞ T hcn we choose a uniform y ε M such 
that x E yR and d(fjR /x R ) = 71. Us ing [14 , Lemma 1] , fjR is a summand of 
M / I<, hence, is e-imbcdclccl in M /11ιconscquently， by Lemma 1.5, yR+ I< 
is e-imbedclecl in M. Triv ially, soc(yR) = x R and x R n I< = 0, there[ore, 
yRn 1( = 0, and so yREf) I< is l'-imbedded in M such that soc(yR Ef) I< ) 드 S , 
which contradicts t he maxima\i ty of I< 

Case II: If HM/K (ε) = ∞， then as M is e-quasi-complete, we have, 
by Lenuna 1.10 , (M/ T< )1 to be h-divisible. T herefore , by [12 , Theorem 
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3], (M/K)l = EÐ L: σ‘’ where each 디 is a uniform 5해u뼈bmo여du비le 0이f infiniπt 
length and soc이(ωUj시) = xR for some j. We write Uj = T/IC Now, let 
z E soc(T) be a uniform element with z f/. K , then ε z + K is a 
uniform element of (xR + K) / K. Hence, z + K = xr + K yields that 
z E xR + soc(K). Therefore, soc(T) = xR EÐ soc(K). Also, as K is l
imbedded and T / K , being h-divisible, is l-imbedded in M / K , we find that 
T is l-imbedded in M. Thus , T is l-imbedded in M containing N such 
that soc(T) = xR EÐ soc(K) 드 S , which again contradicts the maximality 
of K. Hence, soc(K) = S and the proposition follows 

Analogous to h-pure-complete modules 띠， we call an S2-module M to 
be l-imbedded-complete if every subsocle of M supports an ιimbedded 
submodule of M. Then l-imbedded-complete modules are exactly the 
h-pure-complete modules. 

The fo11owing result, analogue to [5 , Cor. 74.2), can be easily deduced 
from Proposition 3.5 

Corollary 3.6. An l-quasi-comp/ele S2-modu/e is l -imbedded-comp/ele. 

Also, we have the the fo11owing generalization of [6 , Proposition 8J 

Proposition 3.7. A reduced f.-imbedded-comp/ete S2-module M ís sepa
rable 

Proof Using the definition of l-imbedded-completeness, we get SOC(MI) = 
soc(K) , for some l- imbedded submodule K of M. Now, for any uniform 
element x E soc(K) ,x E ](1 (using Lemma 1.8). Hence, by [12, Lemma 
2J , K is h-divisible. Hence I( = 0 and consequently, M 1 = 0 

Proposition 3.5 provides a necessary condition for l-quasi-complete 
S2-modules. In order to get a charaderization, we prove some results on 
subsocles 

Proposition 3.8. Lel M be an SJ-module and N be an l-imbedded sub
modu/e of M , then soc(N) n soc(M) = soc(N) 

Proof We have 

soc(N) n soc(M) 드 (soc(N) + Hn(M)) n soc(M) , fo1' a11 n. 

= soc(N) + soc(Hn(M)) , for all n 

드 soc(N + Hn(M)). 

There“re, 김c(N)nsoc(M) 드 soc(Ñ). Now, to show the equality, we need 
only to show that soc(N + Hl(n+l)-l(M)) 드 soc(N) + Hn(M) for every 
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n. Let x E soc(N + HI(n+1)- I(M)) be a uniform element, then e(x) = 1 
and x = y + z where y E N and z E HI(n+1)_I(M). If ann(xR) = P , 
then yr = -zr for every r E P. i.e. yP zP. 1n case zp zR , we 
have yP = zR. 80 that for r , E P , z = yrJ, i.e. x = y + yr, E N and 
hence x E soc(N) implies that the assertion follows. 8imilarly, yP = yR 
gives t hat x E Hl(’‘+1)-1 (M) 드 Hn(M) and t he assertion follows. 80, we 
consider the case when zp < zR and yP < yR. Now z E HI(n +1 )- I(M) 
gives that zp 드 Hl(n+ 1)(M). 80 that yP 드 N n Hl(n+ 1) (M) 드 Hn+1 (N) 
which yields y7‘ E Hn+1(N) , for every r E P . Therefore, there exists 
a uniform element t E N sucb that yr E tR and d(tRjY7'R) n + 1 
Let soc(tRjy,'R) = uRjyrR, t hen d(uRjyrR) = 1. Also, d(tRjuR) = n 
yiclds that u E Hn(N) . Moreover, yP < yR implies t hal there exists a 
uniform element v E yR such that yrR 드 vR and d(vR jyrR) = 1. Hence, 
appealing to t he condition (II ), we find that e(v - u) :::; d(vRjyrR) = 1 
and so, v - u E soc(N) . Now, v = yr"r, E R , r, 잊 P . Obvio야ly， 

xr,R = xR, as e(x) = 1. 80 thal x = xr， r2 ， η E R , i.e. 

x = xrlr2 

= ν1' 1 1‘2+ zr ， r2 

= V1’ 2 + Z7',r2 

= (v - u)r2 + ur2 + zr,r2 E soc(N) + Hn(M). 

Hence the proposition follows. 

Definition 3.9. Let S be a subsocle of an S2-module M and S be the 
closure of S in M . T hen closure of S in soc(M) is given as S n soc(M). 
S is called closed in soc( M ) if S = S n soc(M ) 

Proposition 3.10. Let M be an SJ -modu/e and N be an e-imbedded sub
modu/e 01 M such that soc(N) is c/osed in soc(M) , then NnHI(I)_ I(M) 드 
N 

Proof Using the proposition 3.8 and the definition 3.9, we have soc(N) = 
soc(N). 80 that soc(N) n Hl(I)_I (M) 드 N . Now, let us assume that for 
every uniform element x E N n HI(l) _I(M) with e(x) = k, x E N. Let y 
be a uniform element of N n Hl(I) - I(M) such that e(y) = k + 1. Then 
there exists a uniform element z E N n Hl(I)_ I(M ) such that z E yR and 
d(yRjzR) = 1. Trivially e(z) = k. Hen∞， by assumption, z E N. Also, 
Y E Hl(I) - 1 (M) implies that z E Hl(1) (M) . 80 that z E N n Hl( 1) (M) 드 
H,(N). Consequently, there exists a uniform element ψ E N such that 
z E wR and d( wRj zR) 1. Hence appealing to the condition (II), 
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we fi nd t hat e(y - u) ::; d(yR/ z R ) = 1 i.e. y - ψ E soc(N). So t hat 
Y E N + soc(N) = N. Hence the res ult follows by induction. 

As a consequence of Proposition 3.10, 、ve have 

Corollary 3 .11. Let N be an l -imbedded submodule oJ an 5 3 -module M 
such that soc(N) is c/osed in 50c(M) , then N is l-imbedded in M 

D e finition 3.12. A submodule N of an 5z- module M is called semi
strongly l-imbedded in M if fo r each subsocle 5 of M con ta ining soc( N) , 
there exists a subsocle T of M such that 

(1) soc(N) n 5 드 T 드 5. 
(2) T is h-dense in 5. 
(3) T supports an l- imbcdded submodu le o f M containing N 

Jn view of the results 3.8, 3.10, 3. 11 and 1.2 the following theorem , 
a characterizat ion of scmi-strongly l- imbedclecl submoclules, can be well 
acloptecl from [3 , Proposition 3.3] 

Theor em 3.13 . An l-imbedded submodule N oJ an 5 3 -module lvf is semi
st1'Ongly f-imbedded iJ and only iJ N is f-imbedded submodule oJ M 

Now, Icl us consider an 5J -moclule M in which evcry l-imbedded sub
modu le is strongly ι imbeclded. Thcn for any l-imbeclded submoclule N 
of lvf and for cvery subsocle 5 of M containing soc(N) , therc cxists an ι 
imbeclclecl su bmo띠le J( of M containing N such that soc(J( ) = 5. Taking 
T = 5 , it follows from c1efin ition 3. 12 that N is scm i-strongly l- imbedclecl 
in M. IIence by Theorcm 3.13, N is ι i mbeclclecl submoclule of M. Thus, 
M is ιquasi -complete 

These arguments together with Proposition 3.5 , give rise to the follow
ing characterizat ion of f-q uas i-complete moclules 

T h eor em 3 .14. A n 5J -module M is f-quasi-complele iJ and only if eVe7"y 
l-imbedded submodule oJ M is strongly l-imbedded. 

4_ Minimal e-imbeddings 

J. D. Moore [3] introducccl thc conccpt of minimal l-imbeclcling in 
primary abclian groups ancl dcducecl some important results of f-qu잃，
complcle abcl ian groups. Hcrc we make an analogus study for 5 ,-modules 
ancl gcnera lizc somc of Oll r own reslllts from [이 

D efinition 4.1. Let N be a sllbmodll le of an 5 2 -module M ‘ An ι 
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imbedded submodule J( of M is said to be an f싸111 (or minimal ι 
imbedding) of N in M if f{ is a rrunimal ( -imbedded submodule of M 
containing N 

Obviously, if f{ is f- imbedded , it is f2-imbedded (where (2 = f 0 f) but 
t he converse is not true. However, as remarked in [3] , if J( is f-imbedded 
f2- hull of N in M , it is an ιhull of N in M 

The following Proposition is a backbone for this section . 

Proposit ion 4.2. Let N be a submodule of an S2-module M such that 
N 드 M'. [f [( is an f -hull of N in M , then f{ is h-divisible. 

Pmof Suppose on cont rary that J( is not h-divisible, then by [12, Lemma 
2] , there exists a uniform element x E soc( f{) such that Hdx ) = n < ∞， 
IJence, by [14, Lemma 1] , we can find a bounded summand T of f{ such 
that J( = T æ L. Then for any uniform element u E N 드 f{, we have 
u = t + z , where t E T and z E L are uni form elements such that H (u) = 
min{N(t) ,H(z)}. Since, H (u) = ∞， it follows that t = 0 i.e. u z. 
Hence, N 드 L , where L, being f- imbedded is f- imbedded , by Lemma 1.4 
This contradicts the minimality of f{ . Hence, the proposition follows 

We find a submodule f{ of an S2- module M to be an h-divisible hull 
of a suhmodule N of M , if f{ is a minimal h-divisible submodu le of M 
containing N. lt follows from Proposition 4.2 that if N 드 M' , then an 
f-hu ll of N in M is an h-divisi ble hull . COllversely, if N 드 M' , then an 
lνdivisib le hull of N in M is easily found to be an f- h비 I of N in M. Thus , 
we can exten d the above proposition as 

Proposition 4.3. Lel N be a submodu/e of an S2-module M such that 
N 드 M'. Then a submodule f{ of M is an f-hull of N in M if and only 
if f{ is an h-divisible 1l1l/l of N in M. 

Definition 4 .4 . An STmod ule M is said to have I.C.C. (lmbedded Chain 
Condition) if evcry descending chain of imbedded submod ules of M ter 
minates after a finitc number of steps 

Analogolls to [6, Proposition 11 ], we have 

Proposition 4 .5. Lel M be an S2-module ψith I. C. G. aηd N , f{ be 
submodules of M such lhal f{ is f-im bedded in M with f{ 드 N 드 f{ . 

Then N has an f-im bedded (2 _hu /l in M if and only if N 드 f{" where 
[( , is lhe submodule of M conlaining f{ for which J(, / J( is th e maxima/ 
h-divisible submodule of M / f( 
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Proof lf T is an C-imbedded C2 -hull of N in M , then , by Lemma 1.3, 
T/ I< is an C-imbedded C2-hull of N/ I< in M/K. Since, N/ I< 드 R/ I< = 
(M/ I<)" therefore, by Proposition 4.2 , T/ I< is h-divisible submodule of 
M/κ So that T 드 I<, and hence N 드 I<1. Conversely, if N 드 I<1 , then 
N/ I< is contained in I<d I< the maximal h-divisible submodule of M / I< 
containing N / K. If I<I/ I< is also an h-divisible hull of N / I< in M /κ 
then as N/ I< 드 I< / I< = (M / J( )1, we find , by proposition 4.3 that I<I/ J( 
is an C-imbedded ιhull of N / I< in M / K. Consequently, I<1 is C-imbedded 
C2-hull of N in M. If I<d I< is not an h-divisible hull of N / I< in M / I< , 
then we get an h-divisi ble submodule J(2/ I< of M/ I< containing N/ I< 
and contained in I<, / r<. If I<2/ J( is an h-divisible hull of N / I< in M / J(, 
then I<2 is an C- imbedded C2-hull of N in M. If not, then continuing 
this process, we get a descending chain of C-imbedded submodules of M 
containing N which terrrunates. Hence, we get an C-imbedded C2-hull of 
N in M and the proposition follows 

The following theorem gives a characterization for ιquas i -complete 

modules. 

Theorem 4.6 . An S2-module M with J.C.C. is C-quasi-complete if and 
only if for all submodules N , J( , with I< C -imbedded in M and I< 드 N 드 
k , N has an C-imbedded C2 -hu l/ in M 

Proof Suppose that M is C-quasi-complete. Then for all submodules, N , 
I< with I< C- imbedded in M and I< 드 N 드 J( , we have, by Lemma 
1.10, R /]( to be h-divisible. If R / I< is a minimal h-divisible submod
ule of M /]( containing N /](, then as N /]( 드 ]( /]( = (M/ I<)" using 
Proposition 4.3, we find t hat κ/ ]( is J -imbedded C- hull of N / I< in M / ]( 
Consequent ly, ]( is an C-imbedded C2-hull of N in M . If]( /]( is not 
minimal h-divisible containing N / J( , t hen using I.C.C , we can find an 
C- imbedded C2- hull of N in M. The proof of the converse part is quite 
analogoue to that of (3) => (1) of [3, Theorem 3.3J 

Towards the end of this section, we have the fo llowing theorem, anal
ogous to [6, Theorem 12J which is an other characterizat ion fO l ιquas ，

complete modules . The proof is quite analogous to the above theorem 4.6 , 
hence is omitted. 

Theorem 4 .7 . An S2-module M wilh / .C.C. is ιquasi-complete iJ and 
onlν iJ every submodule N oJ M conlaining an C-imbedded submodule ]( 
of M with N/]( h-divisible, has an C-imbedded C2-hu l/ in M. 
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