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ON SPECIAL PROJECTIVE KILLING 2-FORM
IN SASAKIAN MANIFOLDS
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1. Introduction

Let M be an n-dimensional Riemannian manifold. Many authors have
studied some kinds of vector fields which have geometric significances such
as Killing, conformal Killing and projective Killing vector fields ([1], [4],
(7], [8))-

Also, the vector fields were generalized to the differential forms of
degree p (p > 1) respectively in M. Making use of them, we have obtained
some conditions for a complete simply connected Riemannian manifold to
be isometric with a sphere and many other properties.

On the other hand, the following theorems play very important roles
in the proof that M is isometric with a sphere.

Theorem A ([5], [10]). Let M be a complete connected Riemannian mani-
fold of dimension n(n > 2). In order for M to admit a non-trivial solution
¢ for the system of differential equations

(1.1) VoVid + kdgas = 0,

it 1s necessary and sufficient that M be isometric with a sphere S™ of
radius 1/Vk in E™', where k is positive constant.

The function ¢ satisfying (1.1) is called a special concircular scalar

field.

Theorem B([5], [9]). Let M be a complete simply connected Riemannian
manifold of dimension n. In other for M to admit a non-trivial solution
¢ for the system of different equations ‘

(1.2) VoV + k(290 Vad + 9acVed + g Vedp) = 0,
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it is necessary and sufficient that M be isometric with a sphere S™ of
radius 1/\/E in E™*! where k is positive constant.

Recently, J. B. Jun and S. Yamaguchi has introduced the notion of a
special projective Killing p-form (p > 2) and found some kinds of geomet-
ric meaning [2].

The purpose of this paper is to find the non-trivial function correspond-
ing to (1.1) for a special projective Killing 2-form that M is isometric with
a sphere.

That is, we will prove the following:

Theorem. Let M be a complete connected Sasakian manifold of dimen-
sion n admitting a special projective Killing 2-form d0 with 1. If the scalar
field AdO + 61(n)0 is not constant, then M is isometric with a unit sphere
in EntL,

We recall some results concerning to the conformal Killing, special
Killing and projective Killing p-forms in section 3. The proof of theorem
is given in section 4.

2. Preliminaries

Let M be an n-dimensional Riemannian manifold. Taking its ori-
entable double covering if necessary, we may consider M is orientable
without loss of generality. Throughout this paper, we assume that man-
ifolds are connected and class of C*. Denote respectively by gus, Ras.",
the metric, the curvature of M in terms of local coordinates {x*}, where
Latin indices run over the range {1,2,---,n}.

We represent tensors by their components with respect to the natural
basis and use the summation convention. For a differential p-form

u = (1/ptg,.caudz®™ A+ -+ A da®

with skew symmetric cocfficients w,,..q,, the coefficients of its exterior
differential du and the exterior codifferential du are given by

p+1 ‘
(d1£)al.--a,,+, — Z(ul)"‘"lvu.um...;,‘-...,lp“,
=1
(0%)szeay = =V Urgseiag

where V" = ¢"*V,, V, denotes the operator of covariant differentiation
and a@; means a; to be deleted.
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An n-dimensional Riemannian manifold M is called a Sasakian man-
ifold if there exists a unit special Killing 1-form n with constant 1, that
18

VaVine = MGac — NcGab-

Then n is necessarily odd and M is orientable. With respect to a local
coordinate system {z"}, if we define a 2-form ¢ = %qbabd:r"‘ A dz® by ¢ =
V.m, then we have dnp = 2¢ and it holds

(2.1) Va®se = MbGac — NcGab-

We denote by ¢(n) and A the inner product of 1-form n and 2-form
dn(= 2¢). Then, for any p-form u the operators #(n) and A are defined by

(i(MWaray = Nlragea, (P 21),

nu = 0 (p=0),
(A)usia, = T psogia, (P22)
1’\“ = 0 (P = 01 l-)-

We call u as a conformal Killing 2-form [6] if there exists a 1-form 6,
such that
vaubc + vbuac = 2Hcga['r - gagbc . Obgac-

This 0, is called the associated 1-form of u,s. If 8, vanishes identically,
then u is called a Killing 2-form [1].
In a Sasakian manifold, the following theorem is well known.

Theorem C[11]. Let M be a complete simply connected Sasakian space
(n > 3) admitting a conformal Killing tensor u,, whose associated vector
isl,. If <0,0 > or < 0,n > is not constant, then M is isometric with a
unit sphere.

If a Killing 2-form u satisfies

vcvbuad -+ k(gcbuc&d — Gealbd — gcduab) = 01

where k is constant, then it is called a special Killing 2-form with constant
k [8].
As for a special Killing 2-form, the following theorem was known.

Theorem D [8]. Let M be a complete simply connected Riemannian
manifold admitting spectal Killing 2-forms u and v with a positive constant



266 Jae-Bok Jun

k. If their inner product is not constant, then M 1is isometric with a sphere

of radius 1/\/k in E™*1,

Remark. The above theorem also was proved for the general degree p(p >
¥

Moreover, we call u as a projective Killing 2-form [T7], if there exists a
1-form 6, called the associated 1-form such that

1
V. Vitaa — Rbaceued E §(Rbcdcuae o+ Rcudeube i Rbudcucc)
= (9ba Vela + 9:aVili — 95aV 0, — 9.4V 0,).

Remark. In the above definition, a 2-form u is said to be projective Killing
of first(resp. second) kind if éu + nf does not vanish (resp. vanishes)
identically.

Especially, for any projective Killing 2-form of first kind and second
kind we have the followings respectively [3].

Theorem E. Let M be an n(n > 3)-dimensional complete connected
Sasakian manifold. If it admits a non-Killing projective Killing 2-form
of first kind, then M is isometric with a unit sphere.

Theorem F. An n(n > 5)-dimensional complete simply connected Sasakian
manifold M is isometric with a unit sphere S™ if M admits projective
Killing 2-form u of second kind and the function |d0|* + 18|0|* is not con-
stant for the associated 1-form 0 of u.

We call an exact 2-form df as special projective Killing with constant

k[2], if it satisfies

(2.2) VaVi(dO)ea + k(gar(d)ca + Gac(dO)ap + gaa(dO).)
3k(92:Vela — 96aVal. + 95:Vaba — §2a V0. = 0,

(23) Vb(df))cd + Vc(d())bd = 3(V¢,V69d + kﬂbgcd) — 0
For a special projective Killing 2-form, we obtained the following [2].

Theorem G. Let M be a complete connected Riemannian manafold of
dimension n admitting a special projective Killing 2-form df with positive
constant k. If 60 is not constant, then M is isometric with a sphere S™ of
radius 1/Vk in E™1,
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Furthermore, we have found a non-trivial function corresponding to ¢
for the system of differential equations (1.2) as

Theorem H. Let M be a complete connected Riemannian manifold of
dimension n adimitting a special projective Killing p-form d8(2 < p < n)
with positive constant k. If |d0|® + p(p + 1)%*k|0|* is not constant, then M
is isometric with a sphere S™ of radius 1/v/k in E™+!,

3. Proof of Theorem

In this section, we devote ourselves to give the geometric meaning
with respect to special projective Killing 2-form df in an n-dimensional
Sasakian manifold. In othere words, it might be interesting to find an-
other non-trivial function corresponding to ¢ for the system of differential
equations (1.1) that a Sasakian manifold admitting a special projective
Killing 2-form with constant k is isometric with a sphere.

We put a = ()8 = n"0,. Then it can readily be verified from (2.1)
that

vbvcn = (vbvcgr)nr + (chr)‘?sE + (vbor)¢; + 7}.:0!) — O hc-
Hence we have,

= VsVea — (Vo V.0, )0" + ags. — 1:0s.

Next we put 8 = Adf = ¢"*(df),,. By making use of (2.1), it is clear
that
vcﬁ = vc(da)rsén + Q(do)rcqr

We differentiate the above equation covariantly and take account of (2.1)
and (2.2). Then we have

ViV = —k(goeB + 2¢4(d0)rc) — 6k((V0: )8y + (Vb )87)
_Q(Vb(do)crnr + vc(do)brnr) +* 2(d9)r~f¢;a

which together with (2.3) and (3.1) implies

(3.2) ViV = 2(k—1)(3(VsVeh,)n" — 65(dh),.)
—k(ﬁ = ﬁa)gbc = ﬁkvbvca.

Hence, we have for the case of k =1 at (3.2)

ViVe(B + 6a) + (B + 6a)gs. = 0.
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which implies that the scalar field § + 6« is special concircular. Thus
B+ 6a = Adf + 61(n)0 is satisfied with (1.1). This completes the proof.
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