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TRANSNORMAL SYSTEMS ON J{ p2 

Kwang Sung Park 

1. Int roduction 

Some of geometric properties of submanifolds can be determined by 
tbeir topological properties of ambient spaces. Isoparametric hypersur­
faces in spheres are good examples. They are closely related to transnor­
mal systems which are introduced by J. Bolton. In fact , transnormal sys­
tems give singular foliations witb some restrictions on their singular foils 
And transnormal systems on complex and quaternionic projective spaces 
were studied by K. Park. Tbe method used in [5] is based on the observa­
tion that those projective spaces are images of Riemannian submers ions 
of spheres. But the Cayley projective plane J( p2 is not the image of a 
Riemannian submersion of spbere. And th is is the only compact, simply 
connected symmetric space of rank one which is not included in [5] 

In this paper, we investigate homology groups of hypersurfaces in 
trans-normal systems on J( P2. Also we check restrictions on singular 
foils. In particular, we concentrated on the restrictions on codimensions 
of singular foils. Actually there are a few possible cases of trans l10rmal 
systems on J( p2. 111 fact , this is a revised versio l1 of [이 Also we will give 
examples of these possible cases 

2. Pre liminaries 

A transnormal system 011 a complete connected Riemannain manifo ld 
N is a smooth partition of N into connected submanifolds, called fo ils , 
such that any geodesic of N meets each f，이 1 orthogonally at 110ne or all of 
its points. 
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We need the foJlowing propositions. 

Proposition 2. 1. ([1]) Let .c be a transnormal system on N ψith a Joil 
M oJ codimension 1. Then one oJ the Jollowiη9 holds 

(1) IJ it has no singular Joils, then it is a cod마Imen따lS야ion-one Joliation , 
(2) IJ it has only one singulal' Joil, then N has a vect01‘ bundle st7'ucture 

over the singular Joil or N has a double cover, and 

(3) lJ it has only two singular Joils, say. A} and A2 , then N has the 
bundle decomposition DAl UM DA2 oJ two sphere bundles DAi over Ai , 
glued together along their common boundary M 

Proposition 2.2. ([8]) A c/osed maniJold N has a codimension-one Joli­
ation iJ and only iJ its Euler characteristic is zero. 

3. Transnormal systems on J( p2 

Let ι be a transnormal system on I< p2 with a codimension-one foil 
M. Note that the integral homology group of I< p2 is given as fo Jlows 

2\ J Z for i = 0,8, 16 
Ii;(I( P') = ~ Õ 0뼈Wlse 

Thus the case (1) of Proposition 2.1 can not happen. Since I< p2 is com 
pacL , it can not have a vecLor bundle strucLure. ßy using Gysin exacL 

sequence wi t h Z2 coef!ìcients, it a lso can not have a double cover. Hencc 
we have the following 

Proposition 3. 1. Let .c be a transnoπnal system on I< P2. Then it has 
exactlν two singular Jo ils . 

N。、，v we assume that .c is a transnormal system on I< p2 with a hy­
persurface M and two singular foils Al and A 2. Let ki be the codi 
mension of A‘, (i=1 ,2) ‘ Then we have the bundle decomposition 
I< p2 = DA} UM DA2 

Let <Pi : M - • A‘ be the canonical map. Over each path-component 
of each A; the homotopy fiber of <Pi has weak homotopy type of a sphere 
So I< p2 generalizes tO t he double mapping cylinder DM = Al Uφ， (M x 
J) Uφ， A 2 and j M '-+ J( p2 becomes the inclusion x t-• (x ,1/2) of 111 
into D 111. Let F be the path-component of the homotopy fiber of j . Then 
H. (F; Z) is given as follows (c f. [4]) 
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(k t, k2) H ,(F;Z) 
k , f- k2 Z i = 0 or i == kt, k2 mod(k, + k2) 
no twists ZEÐZ i > 0 and i 三 o mod( k , + k2) 
k , = k2 Z i = 0 
no twists ZEÐZ i > 0 and i 三 o mod k , 

k , > k2 = 1 Z i = 0 or i == 土 1 mod(2k, 十 2) 
1/>, twisted ZEÐZ i > 0 and i 三 o ",od (2k , + 2) 
1/>2 not twisted Z2 1 三 k" k , + 1 mod (2시 + 2) 
k , = k2 = 1 Z i = 0 or i == 3 mod 4 
1/>, twisted Z EÐ Z2 三 1 mod 4 
1/>2 not twisted Z2 i == 2 mod 4 

ZEÐZ i> 0 and i 三 o mod 4 
k , = k2 = 1 Z i= O 
1/> , , 1/>2 ZEÐZ i > 0 and i 三 o mod 3 
both twisted Z2 EÐ Z2 i 三 1 mod 3 

Table 1. H.(F; Z) 

Since H. (F )!i!Jfl . (I< P2) is a term of a spectral sequence which converges to 
H. (M ). Thus we can compute the homology of M by Table 1. Note that 
dim M = 15 and hence H‘ (M) = H' 5 ‘ (M) by the Poincare duality. Using 
this fact, we can exclude almost all of the possibilities of (kt, k2 ) . The 
computation is trivial. One of the possible cases is the case k, = k2 = 1 
with both 1/>, twisted. But, in this case, we have H,‘ (M ) = Z for every 
1 ::::: i ::::: 15 which is imposs ible topologically. Hence we have 

Proposition 3.2 . Let C be a transnormal system on I< p2 with a hy­
persurface. Then its one of two singular foi ls has codimension 7 and the 
other one has 15 or 4 

lf A, has codimension 7, then it is an 8-sphere. And if A2 has codi ­
mension 15, then it is a point. This case exists (cf. [8]). On the other 
hand , if A2 has codimension 4, then it is an ll-sphere. But we still don ’t 
know about the existence of this case. 
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