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1. INTRODUCTION

In urban traffic management and planning, an
important problem is how to obtain origin—desti-
nation trip matrices using the low—cost data such
as traffic counts. Although the Conventional meth-
od, using the data from the direct Surveys can be
used to estimate trip matrices, they appear to be in-
accurate and expensive. By contrast, the use of
traffic counts is attractive, as it is less expensive
and more practical.

This paper examines the problem of estimating
of trip matrices from observed link flows (traffic
counts) when congestion effects in networks are
considered. The method of estimating trip matrices
from traffic counts by maximising a measure of
entropy, subject to assigned link flows reproducing
observed ones, is now well established [10]. The

method (ME2) was initially developed by assum-
ing fixed route choice proportions. Afterwards,
Hall, Van Vliet and Willumsen [5] extended it to
use equilibrium assignment. However, the sequen-
tial method devised to solve the extended problem
1s only a heuristic, as it solves the two sub—prob-
lems of equilibrium assignment and entropy maxi-
mization alternately. Willumsen [13] and Fisk [3]
noted that the sequential solution method might fail
either to converge or to estimate optimal solutions.
As an alternative, Fisk [3] proposed a formulation
to solve the two sub— problems simultaneously. It
incorporated the equilibrium conditions as a con-
straint in the ME2 model by adopting the form of
the variational inequality. However, Fisk’s formula-
tion might have no feasible solution due to inconsis-
tencies in the observed flows.

Other equilibrium based approaches to the prob-
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lem include Nguyen's model [7] and Fisk and
Boyce's model [4]. Nguyen's model has the Same
form of a traffic assignment problem with elastic
demand and it uses a set of the interzonal travel
costs as the input data which may be obtained
from traffic counts Fisk and Boyce’s model is an
extension of a doubly constrained gravity model
whose applications may not be suitable for urban
transport studies. These two models are
distingulshed from the ME2 model in a sense that
they are based on the different level of the detail in
the input data.

2. THE ESTIMATION PROBLEM

2. 1. Notation

I is the set of observed links in the network
p: is the proportion of trips from i to j using
link a
P is the vector of P
Ej . is the prior number of trips between zone i
and zone j
Tij  is the number of trips between zone i and
zone )
\Y is the observed flow on link a
Vi (T) is the modelled flow on link a using trip
Un is the penalty parameter (n=1,2, ++--- ).
A prior matrix t can be obtained from out—
dated trip matrices(For further discussions, see
Willumsen(1981)). When no prior information is
available, one could plausibly set tij=1 for all i and
}
A gap function G(T, V) is used to messure the
discrepancy between observed and modelled link

flows :

57

G(T, V)= Zel (V;(D-V.y
at]

Two measures of entropy are used to evaluate a
matrix ;
S«(T, t)=LogT, 1- |Z;‘ Tii(Loge(Tis/ti) —1+

Logt..)
Where T.=Z T and t. = 2t
ST )=~ Zj Ti(Log(Ty/ty) —1)
2. 2. Trip matrix estimation from traffic
counts

The problem of estimating trip matrices from
traffic counts is to find a trip matrix that reproduc-
es the observed link flows when reassigned to the
network. However, the problem is normally under
—specified and the solution set is infinite. Two
main approaches to tackle this under—specifica-
tion problem are known. The first one is to assume
that a synthetic model —the gravity model or op-
portunity model—is capable of explaining the real
trip making behaviour. In this case, observed link
flows are used to calibrate the parameters of
synthetic models. The second one uses entropy
maximization (or information minimization) princi-
ples to explain real trip making behaviour. In this
case, the most likely trip matrix is identified as the
one having the greatest entropy value (or least
additional information), For a comprehensive re-
view, see [1],[8] and [12].

Traffic assignment methods can be used in order
to associate observed link flows to estimated trip
matrices. Traffic assignment methods may be clas-
sified into two main groups, ie., proportional as-
signments and capacity restrained ones. Propor-
tional assignment methods are simpler, but are un-
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realistic for congested networks. Capacity
restrained assignment methods are more realistic
but require more computing time. Equilibrium as-
signment satisfying the Wardrop's First Principle
[11] is the prime example of this. However, mod-
elled link flows calculated from traffic assignment
may not be close to the real ones. Moreover, the ob-
served link flows are not error free.

3. SIMULTANEOUS ESTIMATION
OF TRIP MATRICES

3. 1. Fomulation

A new formulation has been proposed to solve
entropy maximization and equilibrium assignment
simultaneously [9]. The proposed formulation
was . '

Pl Max S(T,t) @31)
T
sLVUD=Y,, ad (32)

Problem P1 is a single optimization problem con-
taining both matrix estimation and equilibrium as-
signment. It uses equilibrium link flows in the con-
straints rather than route choice proportions. Also,
Problem P1 uses an entropy function S¢(T, t)
Which does not assume that the total demand of
the estimated trip matrix is fixed, whereas the
ME2 model uses the entropy function S5,(T, t)
Which does assume that the total demand is fixed.

3. 2. Sdution method

Problem P1 is an optimization problem with a

non—linear objective function and non—convex
constraints. The equilibrium link flows, V; (1),

are found only by solving equilibrium assignment

. problems.

3. 2. 1 Use of the penalty function method

The penalty function method approximates con-
strained optimization problems by solving a se-
quence of unconstrained ones. The approximation
is accomplished by adding to the objective function
a penalty term that prescribes a high cost for viola-
tion of the constraints. The use of the penalty func-
tion method is useful in solving problems such as
Problem P1 where derivatives are not available
(6]

Problem Pl is transformed into an uncon-
strained problem using the gap penalty function G
(T, V) and the penalty parameter sm(n=1, 2, ..),
where 4, is negative and decreasing in n:

P2 Max S(T, ) +4G(T, V) (33)
T

where G(T, 1)=2 (Vi(D)-V.r
1

The gap penalty function satisfies the properties
required by the penalty function : (1) G(T, Y)‘ is
continuous, (2) G(T, V)20 for all T, and (3) G(
T, Y)=0 iff T 1s freasible. Thus, as the penalty pa-
rameter, u, decreases sequentially, the solution
points will converge to a solution which is also opti-
mal for the original problem P1.

Problem P2 is one of sequential unconstrained
non—linear maximization problems. It can be
shown that the entropy function Se(T, t)is convex
in each T; individually, although it is not convex
for all dimensions simultaneously. It might be
solved by uni—dimensional line search, but that
would require many calculations of equilibrium as-
signment. Furthermore, it is not known whether
the gap penalty function G(T, V) is convex in
each T;
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3. 2. 2 Linear approximation of equiibrium fink
flows

Let V(T)=P(T)-T be the equilibrium link
flows generated by the trip matrix T-Let 8T be a
non—negative element of 8T. Then, applying Tay-
lor’s formula, we have the following polynomial ex-
pression ©

V(T+38T)

=P THT-EAPM)GT+R:  (34)

where R, is second order in 0T.
If 8T; is small enough, the error term R; can be
ignored. Then, Equation (3.4) becomes :
V(T+8T)
=P(T) T+ (T 22+P(T)) 8T (35)

o, Vy (T+8T)=a+A0T; acel (36)

Equation (3.6) is a linear function in 8T; The
coefficients, {a)} and {4}, can be estimated by
using the least squares estimation method over
some pre—determined set of trip matrices T-+8T
and modelled link flows V'(T+8T)-This is done
for each T 1t allows relatively few equilibrium as-
signments for evaluating the objective function for
each T;

Replacing the constraints of Problem P1 with
Equation (3.6), we have the following modified

problem :
P3
Max So(T+8T, 1) 3.7
oT
sta+AST=V, acl (38)

Applying the penalty function method, we
have :
P4

Max So(T+8T, t) +#G(T+8T,V) (3.9)
T

59

where G(T+8T, V)= 7 (a,+A8Ti— V.’

Problem P4 is non—linear but is convex for
unidimensional line search. It can be solved by per-
forming a sequence of uni—dimensional line
searches using methods such as the golden section
search or direct search for roots of the partial de-

rivatives.

3. 2. 3 Use of the extrapolation method

For the sake of further reducing the computing
complexity two heuristic methods are adopted in
the solution method. The first one is the use of an
extrapolation method developed by Fiacco and Mc-
Cormick [2]. This method is based on the existence
of a unique trajectory of unconstrained local maxi-
ma when using the penalty function method. It
uses the previous information on such a trajctory
to estimate the solution to the next sub—problem
and the final solution. In particular, the extrapola-
tion method is used to eastablish the Starting point
and the initial search interval for the local max-
murm of the next sub—problem.

3. 2. 4 Use of the perturbation method

The second heuristic is the use of a perturbation
method in solving the equilibrium assignment prob-
lem. This method calculates freasible link flows, V(
T+8T), for a perturbation 3T to the trip matrix T
from the previous equilibrium link flows, V'(T),
rather than performing an equilibrium assignment
from the beginning. The previous route choice pro-
portions of trips between zone i and zone ) using

particularlinka,P: , are used as follows.

V(T+3D=V(T)+P-3T (310)
where V(T+8T) is a wvector of perturbed link

flows.
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Starting with perturbed link flows, some itera-
tions of the usual Frank—Wolfe equilibrium, as-
signment procedure are performed to yield new
equilibrium link flows, V*(T+3T).

3. 2. 5 Computational demand of the simuitane-

ous method :

In spite of the use of the extrapolation method
and perturbation method, the simultaneous method
still has an uncertainty about the practicality in
oompliﬁng for large network problems. However,
computing capability is improving rapidly, and this
advance in computing technology will permit the si-
multaneous method to be more practical in the
near future.

4. TEST

A test using a small artificial network was de-
signed in order to investigate the performance of
the simultaneous estimation method. The main ob-
pctive of the test is to see how accurately the si-
multaneous method estimates a known trip matrix
using a prior trip matrix and a set of observed link
flows. Also, the trip matrices estimated by the si-
multaneous methods are compared with those esti-
mated by the sequential one.

The artificial network used in this test as shown
in Figure 1 is based on the test network used by
Nguyen [2]. A known trip matrix with elements—
(1, 3), (1, 4), (2, 3) and (2, 4)—all equal to 700
was selected and observed link flows were generat-
ed from this by equilibrium assignment. As shown
in Figure 1, five links— (6, 7), (6, 10), (9, 10), (9,
13), and (12, 8)—were observed. Three different
prior trip matrices were used. The first prior trip
matrix was uniformly scaled from the known trip

matrix. The second one was selected to be close to
the known trip matrix. The third one was chosen
to be rather different from the known trip matrix.

Figure 1 : A test network

Figures 2 and 3 show progress of the estimation
process by the simultaneous method. Figure 2
shows that as the value of the Penalty parameter
decreases, both gap values and entropy values
gradually decrease. Figure 3 shows the trade—off
between gap values and entropy values. The trade
~off curve could be a useful practical tool, be-
cause it allows the selection of the estimated trip
matrices to be controlled depending on the relative
accuracy of the prior trip matrices and observed
link flows that are input.

Table 1 summarises the results of estimated trip
matrices, root mean square error(RMSE) values
between the estimated and the known matrix, gap
values and entropy values for each combination of
the three prior trip matrices and three solution
methods : SM~S, is the simultaneous method
using the objective function S«(T, t), SM—S, is the
simultaneous method using the objective function S
T, t) and ME2 is the sequential method. It shows
that with all three prior trip matrices, the simulta-
neous methods approximate the known trip matrix
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closely. It shows that the sequential method of ME2
estimates the known trip matrix reasonably with
the second prior trip matrix. However, with the
others, the sequential method gives solutions which
are rather different from the known trip matrix.

Thr trip matrices estimated by the sequential
method have lower entropy values and higher gap
values than those estimated by the simultaneous:
ones.
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5. CONCLUSIONS

This paper examined the problem of estimating
trip matrices from observed link flows under equi-
librium traffic assignment conditions. A new for-
mulation and solution method has been presented
entropy maximization and
euqilibrium, assignment simultaneously. The main
difference between this method and the sequential
method is that the estimation problem is solved

which  solves

Table 1 : Estimates with different solution methods and different prior trip matrices

Solution Estimated Trip Matrices RMSE Gap Entropy Values

Methods T13 T“ T23 T24 T.. Values So(I,E) S 1 (I,E)
Prior 1 200 200 200 200 800 500 907539 0 800
SM-5, 700 697 697 698 2792 2 278 0 -698
SM-S; 757 647 655 741 2800 49 80 -7 -714
ME2 1049 181 271 1170 2671 446 5623 -649 -1198
Prior 2 600 550 800 650 2600 106 22806 0 2600
SM-S, 726 666 702 704 2798 22 199 -25 2568
SM-S, 735 658 674 728 279 33 33 -32 2561
ME2 937 - 480 520 896 2833 209 460 -173 2417
Prior 3 350 250 170 50 820 507 900585 0 820
SM-S, 733 694 678 694 2799 20 89 -577 -1215
SM-S, 760 648 643 749 2800 55 63 -650 -1289
ME2 1087 363 455 946 2851 308 2325 -1043 -1745
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without using route choice proportions. .

Using a small artifical network, it has been
shown that the simultaneous method estimates trip
matrices which maximize the entropy measure as
well as reproducing ohserved link flows to a good
degree of accuracy,

On the other hand, the results showed that the se-
quential method fails to estimate a trip matrix
which is close to the known trip matrix. This is due
to the use of the inaccurate route choice propor-
tions during the matrix estimation.
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