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PARAMETER SPACE FOR EIGENMAPS
OF FLAT 3-TORI INTO SPHERES

JooN-Sik Park! AND WonN TAe On?

0. Introduction

Recently, the first author and H. Urakawa [3] gave a parametriza-
tion of a range-equivalence classes of all eigenmaps of arbitrary com-
pact homogeneous Riemannian manifold (M, g¢) into the standard unit
sphere using the idea of do Carmo and Wallach (cf.[1}), which was ap-
plied by To6th and D’Ambra when the isotropy representation of (M, g)
is irreducible (cf.[7]). Here and throughout this paper, we denote by
Ax(M) the set of all range-equivalence classes of full eigenmaps (cf.§1)
of (M,g) with constant energy density 4 and by 8(M) the set of all
range-equivalence classes of full minimal isometric immersions of (M, g)
into the unit spheres.

The purpose of this paper is to parametrize range-equivalence classes
of all eigenmaps of flat 3-tori T = R3/A, A = c1e1 + caea + c3e3, into
the standard unit spheres.

In this paper, we classify Agx(T2)(cf.§1) which is contained in Ax(T?),
and determine completely the injective eigenmaps into ($°, can) which
are belonging to Aoxa(T?). Moreover, as an application, we show that
the only minimally imbedded flat torus into (S°, can) which is contained
in Apx(T?) is the generalized Clifford torus.

1. Preliminaries

1.1 Let (M, g) be an arbitrary compact homogeneous Riemannian
manifold. Namely, a compact connected Lie guoup G acts transitively
on M whose action is written as M 3 p— 7,p € M, for € G, and ¢
is a G-invariant Riemannian metric on M. Denoting by A, the isotropy
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subgroup of G at some fixed point O in M, we identify M with the
coset space G/K.

Let Spec(M,g) be the set of all non-zero mutually distinct eigen-
values of the Laplacian A of (M, g) acting on the space C*°(M) of all
real valued C* functions on M. For A € Spec(M,g), put Va = {p €
Co(M)|Ap = Au}, dimVy = n()) + 1. The action of G on C>(M)
defined by p(z)p =zop=por;! z € G, p € C°(M), preserves Vj.
We define the G-invariant inner product (, ) on Vj by

, dim(Vy) ,
(p,p') = Vol(M.g) Joy M dv,.

Choose an orthonormal basis of { f,{}:ig) of (Vx,(, )) and define a

C* mapping f of M into Vi or RPMI+! hy

n(A)

A@K) =Y REK)f = (REK), -, [P (K)).

1=0
Then, f)‘ induces a C* mapping f) of M into the unit sphere

n{A) .
S = 1} .

=0

Sn(’\) = {¢ = (d)o’d)l’. .. ,¢n(A)) € R"(A)‘i'l

Due to the following theorem of Eells-Takahashi (cf.[5],[6]), the map-
ping fi of (M,g) into (S™™, can) is harmonic with energy density
e(fr) = 3.

THEOREM A (Eells - Takahashi). Let ¢ be the inclusion of S™ into
R™1. A smooth mapping ¢ of a Riemannian manifold (M, g) into
(S™, can) is harmonic if and only if A®* = 2e($)®,i=0,1,2,3,--- ,n,
where i 0 ¢ = (®° @ ...  ®"). Here e(¢) is the energy density of ¢
which, for an orthonormal frame field {e; }ie, of (M,g) (m = dim M),
is by definition, e(¢) = %Z?:I(¢*can)(ej,ej).

We call the above map fi the standard eigenmap of (M,g) into
(8™ can) associated to the eigenvalue A. Let W, denote the linear
subspace of the symmetric square $2(Vy) = $?(R*M+1) given by

Wo = Spanr{(p(a)ve)? € S*(Va)la € G},
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where v := fa(K) € Vi, and set Ex = (Wp)t ¢ S2(R"MH1)| where
the orthogonal complement is taken with respect to the inner product
<A,B> = trace(AB), A,B € S*(R"™*1), Then the first author got
in a joint paper (cf.[3]) with H. Urakawa
THEOREM B. Let (M,g) be a compact homogeneous Riemannian
manifold.
(1) If ¢ is a full eigenmap of (M,g) into (S™,can) with energy
density —’23, then A € Spec(M,g) and n < n(A).
(2) The set Ax(M) can be parametrized by the compact convex
body Ly = {C € EA|C + I > 0} in the vector space E).
The interior points of Ly correspond to full eigenmaps into
(S™M | can), and the boundary points correspond to full eigen-
maps into (S™, can), n < n{A). The correspondence is given by

Ly3Cr—C+Ifi.

Here, two maps f, f' : M ~— S™ are said to be range-equivalent if
there exists U € O(n+1) such that f' = Uof. And, amap f : M s S
is said to be full if the image f(M) is not contained in any great sphere
in S™.

1.2 In the following, we assume that (M, g) is a flat torus, i.e., M =
T™ = R™/A, where A = Za; + Za, + - -+ Za,, is a lattice of R™ and
g = gA is induced from the standard Euclidean inner product <, > of
R™,

The spectrum Spec(R™ /A, ga) of & of (R™/A,g4) is given as fol-

lows:

the eigenvalues = 472 ||n||?, n € A",
the eigenfunctions = ™™, x € R™.

Note that each eigenvalue has even multiplicity. Here A* = Z£, @ -+ - @
Z&m, the dual lattice of A, ie., <€,a;>=6;;, andn-x = <n,x> =
S, nizy and ||x||° = <x,x>. We denote for n € A*,

fa(x) := cos27n - x, gn(x) :=sin27n - x,

and
Va = {fmgn}R C Coo(Tm)'
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Then the translations of T™ on 7™ induce a T™-action on V; by
a(x")f(x) := f(x—x'),fora(x') :== Y-, z!a; and f € V,. We introduce
a lexicographic order > on A* by setting & > €3 > --- > £, > 0. Now
let A be the eigenvalue of A of (R™/A, ga) with multiplicity, say 2p.
Then we take a subset {nj}fpzl of A* such that ||n;||> = A/472,1 < j <
2p, and

(0,2, = {n € A*n > 0, [ln|/* = A/4n2).

The eigenspace V), is decomposed as V) = E’;:l ¢Va;, and the inner
product ( , ) on V) is

[ 2P / !
———— d

1 1
=2p [ o [l (e da,
0 0

for p,pu’ € Va,x = 3.1~ 2;a;. Then {fni/ /P> 9n; //PYi=1 is an or-
thonormal basis of (V,( , )), and the standard eigenmap of (7™, g, )
into (§%7~1 can) is

(frIl?gnl’..' »fnpagn,,)

(exp(2miny - x),- - ,exp(2min, - X)).

il
Sl -

Then, fx(0) = P ﬁfm, and
(1.1)

2
P
(a(x")vo)* = p~* {Z(cos 27n; .x’fnj + sin27n; - x'gnj )} € 52(V,\).
=1

Then, the first author got the following two theorems in a joint paper(cf.
(3]))with H. Urakawa

THEOREM C. Let (M,g) be a flat torus (R™ /A, ga).
(1) Then, for each X € Spec(M,g),

dim(A\(M)) = dim(E)) =2p* +p-1-2N >p—1,
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where N is the number of mutually distinct elements of {n; +
ni(1<j<k<p)n;—m(1<j<k<p)

(2) Moreover, let {m]-}jy:1 be the set of mutually distinct elements
in (1). Then the subspace Wy of S*(Va) coincides with the
(2N + 1)-dimensional subspace of S?(Vy) spanned by {bo,b:,

-+-,bp,b}, - ,bly}, where by = ?___l(f;‘:’, + 9121,- ), and for
s:1a2a"' )N7
fl?lj -gl?l’ fnig"i
b, := fnj fan — gn; ngs b; =4 9n; far + fnig“"’
fnjfnk + 9n; In, In; fns '_fn,-gn;,
2n;
if m,:=<¢ n;+ng, j< k

n;—ng, j<k

respectively.
(3) In particular, the set Ax(T™) contains the set Ao, (T™) of all
equivalence classes of full eigenmaps defined by

1, .
T" 3 x %(\/al + lexp(2ming - x),- - ,4/a, + lexp(2min, - X))

€ g1,
where aj € R satisfy a;j+1 >0, 1< < p, and E?=1 aj = 0.

THEOREM D. The necessary and sufficient conditions for an eigen-
map ¢ in (3) of Thoerem B

1 -
T" 3 x +— ——\/_—1;(\/(11 + lexp(27ing - x),- -+, \/a—,, + lexp(2min, - X))

c 521)_1,

to be an isometric immersion of (T™, ga) into (S*P71, can) are

p
(1.2) < ag,a; >=4np™? Z(a]- + ngn,;. 1<k 1<m,
i=1
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where nj = 3" €inij,1 < j < p, and a; € R satisfy aj +1 >0 (1 <
j<p)and 3F_ a; =0.

2. Eigenmaps of flat 3-tori into spheres

2.1 In this section, take the domain to be a flat 3-torus T° =
R3/(Za; + Za, + Zay), a; = ciei{(1 < i < 3), where {e;}}_, is the
standard basis. Then we obtain from Theorem C.

THEOREM 2.1. Let (T3, ga) be a flat 3-torus with T® = R*/(Za, +
Zay + Zaz), where a; = c;e;(1 < i <3). Then,

(1) if ¢ is a full eigenmap of (T, g4 ) into (S™, can) with constant
energy density %, then A is an eigenvalue of A\ of (T?, g,), and
n < 2p — 1, where 2p = dim{f € C®(T?)|Af = Af}.

(2) Assume that A\ = 472 Z?:l fjnj;H?, 1 <1 < p, where {£1, &2,
€3} is the dual basis of {a;,az,a3}. Then, Aox(T?) is exhaused
by

T3 311 ay + z2a + r3ag
r-)p_l/z(\/al +1 exp(27ri(n11$1 + no1x22 + 7131:1,‘3)),
vV ap + 1exp(2mi(nypy + nopzs + n3pzs)) ) € St

where aj € R satisfy a;j +1 >0, 1<j <p and E?:] aj = 0.

Moreover, we have from Theorem 2.1 and Theorem D.

THEOREM 2.2. Let (T®,g4) be as in Theorem 2.1. Then,

(1) if ¢ is a full isometric minimal immersion of (T?, g ) into (S™,
can), then 3 is an eigenvalue of A\ of (T%,g5), and n < 2p — 1,
where 2p = dim{f € C®(T®)|Af = 3f}.

(2) The set B(T3)N Ao is parametrized by the set of all p-vectors
(a1,az, -+ ,ap) in RP with the following conditions:

(i) aj+12>0, 1<j<p, 3*

=1 a; = 0’
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P
Z(a,‘ + 1) < nyz€i,ngé >

J=1

N

(a]' + 1) < ’nzjfz,nzjfz >
1

<.
1

(aj + 1) <nyj€s,n3;€s >= (p/4n?),

Mw

1

s
I

(iii)
(@ + Dnyyna, =

=1

(a; + Dnijng;

™~

Al
il

1l
N

(aj -+ 1)n2jn3j = (.

o
1l
-

The corresponding immersions are the same as in Theorem 2.1

EXAMPLE 2.3. T° = R*/(Zay + Zaz + Za3), a; = 2re;(1 < i < 3).
Then B(T%) N Ays is exhausted by

1 .
T35 za; + yag + zaz — E(epoﬂi(x +y + z).exp2mi(z +y — 2),

exp 2mi(z — y + z),exp 27wi(z — y — z)).

2.2 Now, let us focus on the eigenmaps whose images are contained
in S°. Due to Theorem 2.1, we may restrict ourselves to eigenmaps
whose images are included in

{(;) € R™'|x € R, ||x|| = 1} :

where 0 is the origin of R"~5, if necessary, permuting the coordinates
(21,22, - ,2nt1) of R*t!. Then we may put ay = a5 = -+ = a, =
—l,a3 = (p ~ 3) — a1 — a2, where the parameter a; and ap satisfies
P—22>a +az and a; > —1, and a; > —1 in Theorem 2.1. Then we
obtain :
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THEOREM 2.4. For (T3%,g7),(T? := R*/(Za; + Zay + Zas),a; =
ciei(1 <1 < 3)), the set {[¢] € Aoa(T®)|¢(T3) C S°} is exhausted by
the following :

(2.1)
3
T3 3 ri141 + r2a9 + rzaz — p_1/2 (\/al + lexp (27l'i Zx,”nn) ,

1=1

3 3
vas + lexp (2771' Z zini2> ,\/p —ay —ag — 2exp (27ri Z xini3>) ,

=1 =1

where the parameters a; and as satisfy a; > —1,a2 > —1 and (p—2) >
ay+ay, and A is the eigenvalue of /A of (T?, gp) with multiplicity, say 2p,
2
and the integers n;;(1 < j,i < 3) satisty A = 47?|| E?:l Einjill (2 =
1,2,3).
Next consider the injective eigenmaps of a flat 3-torus T° = R*/A, (A
=Zay; 4+ Zay + Zaz, a; = c;e;(1 < i < 3), into (5%, can). Then
THEOREM 2.5. The range-equivalence classes of the injective full
eigenmaps of (R*/(Za, + Zay + Zaz),ga),a; = cie;(t = 1,2,3), into
(S®, can) are exhausted by the following :

T?:= R*/A > za; + yay + za3 P_1/2(V ay + lexp(2mix),

Vas + LTexp(2miy), \/p — a1 — a2 — 2exp(2miz)).
Here, the flat torus (T®,gs) must be equilateral, i.e., ||&] = ||&| =
l€sll, where {£1,€2,€3} is the dual basis of {a1,az,a3}, 2p is the multi-
plicity of the eigenvalue 4772]|§,-||2, (i = 1,2,3), of A, and the parameters
a1 and ag satisfy ay > —1,a2 > —1, and (p — 2) > a1 + az.

Theorem 2.5 is immediate from the following Lemma:

LEMMA 2.6. The necessary and sufficient condition for the eigen-
maps 7 of the form (2.1) to be injective is

nyy N1 N3y
|A| =41, where A= | ni2 na2 n32
ni13 N2z N33
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For the proof of Lemma 2.6, note that
¢ is injective <= A(Qp — (0)) N Z3 =0,

where
dy
Q= d | e R®-1<di<1(1<i<3)
ds
and
my
AR my | € R*|mi€ 2(1<i<3)
ms

Then we get Lemma 2.6 from the following:

SUBLEMMA 2.7.
(1) |4l =0= A(Qo —(0)) N Z° £ 0,
(2) |[Al==%1= A(Qy - (0))n Z3 =,
(3) Otherwise, A(Qy — (0))N Z* # 0.

Proofs of (1) and (2) in Sublemma 2.7 are simple. So we omit it.
(3) follows from Minkowski’s Convex Body Theorem :

Minkowski’s Convex Body Theorem (cf.[4, p.16]). Let K C R" be a
domain which is convex and symmetric about the origin 0. Assume that
Vol(K) > 2"Vol(R™/A), where A is a lattice of R*. Then K contains

a non-zero lattice point of A.’

Proof of Theorem 2.5. (continued). By Lemma 2.6, we only may
consider the eigenmap of the form (2.1) with |A| = 41. Take another
basis {bl, b2, bg} of R3 as (blbgbg) = (a1a2a3)A -1. Then, A= Za1 +
Zay + Zag. Using {b;, b, b3}, the eigenmap can be written as

z1by 4+ zoby + x3b; — p_l/Q(\/al + lexp(2mizy),

Vaz + lexp(2miz2), \/p — a1 — az — 2exp(2wizs)),

and exp(2miz;), (1 < j < 3), must be the eigenfuctions of A of R3/A, (A
= Zby+Zb;+ Zb;), which implies the equilaterality of the torus. Thus

we obtain Theorem 2.5.

Moreover, we obtain from (2) of Theorem 2.2 and Theorem 2.5 :
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COROLLARY 2.8. The class of injective eigenmaps belonging to 8(T?)
N.Aox(T?) consists only of the generalized Clifford torus, ¢ := ¢ = ¢3 =
C3y = 27('/\/-3_, and

3
T3 =R*/cZ®>5x = Z-’Biai -

t=1

2miz,), exp(2mizs), exp(2mizs)) € S°.

1
%(exp(
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