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CONVEXITY PRESERVING PIECEWISE RATIONAL
INTERPOLATION FOR PLANAR CURVES

MUHAMMAD SARFRAZ

1. Introduction

A number of authors have considered the problem of shape pre-
serving interpolation. For brevity the reader being refered to [Good-
man’88, Gregory’'86]. The methods in [Gregory'86] are global and non-
parametric whereas [Goodman’88] discusses local and parametric shape
preserving methods.

This paper uses a piecewise rational cubic interpolant to solve the
problem of shape preserving interpolation for plane curves; scalar curves
are also considered as a special case. The results derived here are actu-
ally the extensions of the convexity preserving results of Delbourgo and
Gregory [Delbourgo and Gregory’85] who developed a C?' shape pre-
serving interpolation scheme for scalar curves using the same piecewise
rational function. They derived the constraints, on the shape param-
eters occuring in the rational function under discussion, to make the
interpolant preserve the convex shape of the data.

This paper begins with some preliminaries about the rational cubic
interpolant. The constraints consistent with convex data, are derived
in Sections 3. These constraints are dependent on the tangent vectors.
The description of the tangent vectors, which are consistent and depen-
dent on the given data, is made in Section 4. The convexity preserving
results are explained with examples in Section 5.

2. The rational cubic interpolant
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Let F; € R?,i =0,--- ,nbea given set of data points, where 5 <
t; < - <t,. We consider the C! piecewise rational cubic interpolant
(1- 9)3F,‘ +6(1— 9)2(7‘,'F,‘ + hiDy)
14+ (r; —=3)6(1-6)
92(1 — 9)(7‘,‘F,‘+1 —hiDiy1) + 03F,'+1
14 (ri —3)6(1-9)
G(t) = (t — ti)/h,', h; = tiy — 1.

p(t) =

(1)

We will use this to generate an interpolatory planar curve which
preserves the shape of the convex data. Let

P(t) = (p1(t), p2(2)),
(2) Fi = (z,y:),
D; = (D}, DY),

A = (47,4,

where
Ar = (Eit1 —7i) Av = Wit — i)
! h,‘ ’ ! h,‘
and D; denote the tangent vector to the curve at the knot t;. It can be
noted that p(t) interpolates the points F; and the tangent vectors D;
at the knots t;.

The parameter r; is to be chosen such that ri > —1, which ensures a
strictly positive denominator in the rational cubic. For our purposes r;
will be chosen to ensure that the interpolant preserves the shape of the
data. This choice requires the knowledge of pM(t) and p'?(¢) which
are as follows:

(3)
p(l)(t) _ (1 - 9)4D1‘ +a1‘,-49(1 — 0)3 +02,,'92(1 — 9)2
{1+ {ri = 3)6(1 - 6)}2
a3,:0%(1 — 6) + Diyy 64
{1+ (r: - 3)6(1-6)}?

(4)
?)(4) = 2fa,i(1 = 6)° + a5 8(1 — 6)? + ag,i0%(1 — 6) + a7 ,6%)
’ B hi{l+ (r; — 3)8(1 - 6)}3
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where

;= 2(7‘,’Ai — D,‘_H),

az; = (r} +3)A; — ri(D; + Diyy),
(5) a3 ; = 2(r;4; — D;),

a,; =ri(4A; —D;) - Diyy + Dy,

a;; = 3(4A;, — D,),

as,1 = 3(Diy1 — 4i),

a7 =r1i{(Dij1 —Ai) — Diyy + Dy,
and we denote

(6) a;;=(aj;,al)).

3. Interpolation of convex data
We assume a strictly locally convex set of data so that
(7a) Ai=a;di ) +bAiyy,i=1,-- ,n—2 a;b >0,
or equivalently, the vectors
(7b) A xAity, 1=0,---,n—2,
must be in the same directions. To have a convex interpolant p(t),

and to avoid the possibility of p(t) having straight line segments, it is
necessary that the tangent vectors should satisfy

(8a) Di=cA 1 +dA;, i=0,--- n—-1, ¢,di >0,
with appropriate end conditions Dy and D,, or equivalently the vectors
(Sb) D; x A, A; x Dz‘+1,Ai X Ai+17

must be in the same direction Vi. Thus if
Bri = Af/-\iu - A?Azl':-H*
(9) Bai = DiA; — DYA],
Bsi = AiDY{ , — AYD},,,
Ba,i = DiIDQy+1 - Dinf+1-

Then we immediately have the following:

195



Muhammad Sarfraz

LEMMA 1. The conditions (7) and (8) imply that
/Bjﬂ" j:].,"',3, i=0,---,n—1,

must be of the same sign.

Now assume, without loss of generality, that the data is consistent
with a convex curve with positive curvature. Then, by Lemma 1, we
must have

(10) B;: >0, 7=1,---,3 1=0,---,n-1,
Moreover p(t) is convex, with positive curvature, if and only if
(11) ()9 () = p () () > 0,

for all t € [tg,t,]. (The case of negative curvature can be treated in a
similar way when the inequality is reversed.) After some simplifications,
using (2) - (6), it can be shown that for t € [t;, ;1]

23 vl — 8y 160
hi{l + (ri = 3)8(1 - 6)}5

12) PV pP () - pPt) pSV(t) =
where

Y1,i = (Tifsi = Ba,i),
Y2,i = 2(r; — 1)(riB3,i — Ba,i) + 3031,
¥3,i = 3B2,i + 6(ri — 1)Bs,i + [(ri — 1)? + 2)(ri}s.i — Bai),
Ya,i = (Tri = 6)Bai + [r? +2(ri — 2)2 4+ r; + 1)83
(13) + (2ri = 1)(rif3s,i — Bai)s
V5,0 = (Tri — 6)Bs,i + [r2 +2(ri —2)2 + 7 +1]52
+(2ri = 1)(riB2,i — Pai),
Yo,i =383, +6(ri — 1)Bai +[(ri — 1)* 4+ 2)(ri32.i — Bai)s
Y7, = 2(ri — 1)(riBe,i — Ba.i) + 3P2,i,
¥8,i = (rif2,i — Ba,i),
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Thus, from (12}, necessary conditions for convexity are
(14a) 71, >0 and ~5,;>0.
Thus sufficient conditions for convexity are
(14b) 5,4 >0, j=2,---,1,

and a sufficient condition for (14b), together with conditions (14a), is

(15) ri Zmax{l’ﬂz,i’ﬂs,i}.

A number of choices of r; can be adopted for graphical demonstration
but it has been found that if

M; = max {&i-, pj—l} and m; = min {_@_‘5_{’ ﬁ‘i—"} ,
Bai B3 Ba2,i B3

the choice

M;\? i\2
(16) r,»=1+<1+—2—) +(1+%‘—),

satisfies (15) and produces pleasing graphical results.

REMARK 2. (a) It follows immediately that the choice of r; in (16)
is such that r; > 1.

(b) A strictly convex data set has been assumned so far. Otherwise,
if A; = Ay, for some ¢, i.e. F;,Fi;y and F,4 are collinear, then p(t)
must be linear on [ti,¢;4+2]. Thus we must have D; = D;;; = 4; on
[tj,tj+1], J = ¢,i+1 and the rational cubic then reduces to the straight
line segmet

p(t):(l—e)Fj+0Fj+1, J=1t+1
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REMARK 3. As the denominator in (1) has the form
(1-6)° +7r:8(1 —8)% +r,6%(1 - 0) ~ 6°,
therefore (1) can be written as
Pi(ti) = Ro(6;7:)F;i + Ri(8;7:)Vi + Ry(8;7:)YW, + R3(6;7:)Fiy1,

where

Vi=Fi+hDi/ri, W;=Fiy; — hiDiyy/ri

and R;(8;r;), j =0,1,2,3, are appropriately defined rational functions
with

3
ZRj(G;ri) = 1.
i=0
Now the scalar case can be dealt with as a consequence of the identity

t= RU(Q; T,‘)ti + RI(O; 7‘,‘)(t1' + h,’/T,‘)
+ Bo(0;7i)(tit1 — hifri) + Ra(6;7)tiq,

In fact this can be considered as an application of interpolation scheme
(t,p(t)) in R? to the values (¢;,F;) € R? and derivatives (1,D;) €
R?,{i = 0,--- ,n. It can also be noted that A; = (1,4;). Therefore the
convexity constraints, in this case, are

Diyy — D; Diyy — Dy
A;i~D; 'Diy - 4

r; > max{ } =1+ m;/M;

whice are same as in [Delbourgo and Gregory’85].

4. Choice of tangent vectors

In most applications, the tangent vectors D; will not be given and
hence must be determined from the data F; € R2,; = 0,--- ,n. We de-
scribe here the arithmetic mean choices of tangent vectors for our plane
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curves which satisfy the shape preserving conditions. The arithmetic
mean choice of tangent vectors is

D; = )4, +(1=-X)A;, i=1, - ,n—1,

where

he
A= ——
(hi—1 + hi)
while if p(t) is not closed, the tangents at the end points will be given
as

Do = /\vo + (1 - /\0)42,0’
Dn = /\nAn—I + (1 - )‘n)An,rw,~2,

where
hO hn—l
/\ = 1 T An - 1 L]
0 + ™ + s
Agg=22mF0 o Enm Fo
ta — g th — thoo

These arithmetic mean approximations are suitable for convex data
since they satisfy the mecessary conditions for convexity and produce
pleasing graphical results.

5. Examples

The Figure 1 demonstrates the convexity preserving results corre-
sponding to the arithmetic mean derivative values; the first and second
curves in this figure represent the scalar and parametric cubic spline
interpolation respectively whereas the third and the fourth curves are
respectively scalar and parametric convexity preserving interpolations.
The parametrization used here is the chord length parametrization.
Some other parametrization can also be used.

6. Concluding remarks

C' rational cubic Hermite interpolant with one shape parameter has
been utilized to obtain a C! convexity preserving plane curve method.
Data dependent shape constraints are derived on the shape parameters
to assure the shape preservation of the data. Choice of the tangent
vectors, which are consistent and dependent on the data, has also been
made. This scheme can also be implemented in the scalar case.

199



Muhammad Sarfraz

U
AR,

FIGURE 1. Convexity preserving rational cubic interpola-
tion.
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