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A BERGMAN-CARLESON MEASURE
CHARACTERIZATION OF BLOCH
FUNCTIONS IN THE UNIT BALL OF C"

JuN Soo CHoa', Hong OH KiM?! AND YEON YONG Park't

1. Introduction

Let B denote the open unit ball of C* (throughout this paper n 1s a
fixed positive integer) with its boundary S and v the Lebesgue measure
on B, normalized so that #(B) = 1. For a function f € H'(B), the
Hardy space, we say that f € BMOA(B) if its radial limit function
f* on S is a function of bounded mean oscillations with respect to
nonisotropic balls generated by the nonisotropic metric ({,7) — |1 —
(¢,n)]"/? on S. See [CRW] for details. A function f holomorphic on B
is said to be a Bloch function, or f € B(B) if and only if

sup(1 — |2|*)|V f(z)| < oo,
z€B

where Vf(z) = (0f /821, -+ ,0f/8zx) is the complex gradient of f. See
[T] for various other characterizations of B(B). For n € S and é > 0,
we set

Qs(n)={z€ B :|1—(z,n)| < é}.

Our starting point of this research is the following characterization
of the space BMOA(B) in terms of Carleson measures, which is well-
known (see |G, page 240]) on the discs and has been recently extended to

the balls in [CC] : A holomorphic function f on B belongs to BMOA(B)
if and only if

/ VFP - |RfPdv = O(™)
Qs(n)
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uniformly inn € S and § > 0.

Here and elsewhere, for holomorphic functions f on B,Rf = (V, z)
is the radial derivative of f.

It is well-known (see, for example, [CRW]) that the Bloch space B(B)
can be considered as an area version of the space BMOA(B). Motivated
by this fact, we prove in this paper the following new characterization of
B(B). In what follows, a positive measure u on B is called a Bergman-
Carleson measure if

#(Qs(m)) = O(8™*)

uniformly in 7 € S and 6§ > 0.
MAIN THEOREM. Suppose f is a holomorphic function on B. Then
f € B(B) ifand only if (1-|2)*)(JV f|*~|R f|)*dv is a Bergman-Carleson

measure.

In the course of proof, we also have some other characterizations of

B(B).

2. Mobius-invariant characterizations of the Bloch space

First we introduce some notations. For z,w ¢ C, let {z,w) =
21wy -+ + z, W, denotes the complex inner product on C" and |z| =
(z,2)Y/%. For a,z,€ B,a # 0, 9q denote the Mobius transformation of
B defined by

a—P,z—(1- |a|2)]/2Quz
1—{z,a)

‘r’a(z) =

where P,z = (z,a)a/|a|]® and Q,z = 2 — P,z. For z = 0, we let @o(z) =
—z. The following property of ¢, is very useful in the proof of our main
theorem:

_ a2 n+1
(1) Tralz) = (TI%T%I;)

where z € B and Jgy, is the real Jacobian of ¢,. See [R, Section 2.2
for details. The invariant Laplacian A defined by

n

A = 4(1 — |Z|2) Z (6J‘k — ijk)62/ai:]’afk

J,k=1
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where 6; is the Kroneckers symbol [R].
In the followings, C, denote a positive constant, depending only on
a, which may change on each occasion.

LEMMA 2.1. Suppose f is a holomorphic function on B with |V f(z)|
< M/(1 — |z|*)™ for some a > 0. If n € S with (z,1) = 0 then

CoaM, 0<ac<i,
1
@ (TFEDI < Cadt (1rig =) a4

CaM/(1 —|z])*73,
for some positive constant Cl,.

Proof. Fix z € B, z # 0 and write z = |z|(,{ € S. Given a point
n € S such that ((,n) = 0, we define

g(Ap) = fFOAC+pm), AP+ ) <1,

]
\Y
B =

3

then
. Og
1 829
(3) = (VAO)) + | giamith 0)dt
and
&g 1 220, ) ,
@ mt0=g [ B <
Since
Jdg _
"a‘/\‘(/\»/i) = (VA + un), C),
we have from (4) and the hypothesis
95,0 < L sup (7 £ + 4m), 0
o | = r e #1)s
M
<
r(1 = |AC + pnl?)e
M

(1 PE -2
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If we take 72 = (1 — |A|?)/2 then

62

S (0] < Cot/(1 - NP,

Therefore we have the following estimate from (3)

1 2
(V7000 < (T10.M1+ [ | G000 a
Al
(5) <M+ CQMA -(_i—:—td)tw§-l—/§'

If we take A = |z| in (5), we have (2) with a constant C, independent
of f.

For a function f holomorphic on B, the complex normal gradient of

f is defined as
V£, z/|lz)z/|z], z#£0,
Oy = { (HANDEN 20
and the complex tangential gradient of f is defined as
Vrf=Vf—-Vnf.
We note that
IV = VNP + VTSI

and
IRf(2)| = |2l|V N f(2)]-

LEMMA 2.2. Let f be holomorphic on B and |Vf(z)] < M/(1 —
|z|?)® for some a > 0. Then

COIMa D<a< -;-’
1
(6) |VTf(Z)| S CO,M (1 +10g 1-—(2") , = -;—,
CQM/(].-—lzl)OI—%’ a>%’

288



A Bergman-Carleson measure characterization of Bloch functions

for some positive constant Cl,.

Proof. Let z = |z|(, ( € S. If we take orthonormal complements
N2, , Ny of ¢, then we have

Vi(z) = Vnf(z)+ D _(VF(2). 7).

j=2
Therefore .
Vrf(z) =Y (VF(2), 7)1
j=2
and so
(7) V()P =Y (VF). P
3=2

If we apply Lemma 2.1 to (7), we get (6).
LEMMA 2.3. If f is holomorphic on B, then

AlffF(2) = 4(1 = |2P)IVF(2)1° = IRF()).

Proof. Easy exercise. See [{CC].

The following Mobius-invariant characterizations of the Bloch space
B(B) will play a crucial role in the proof the main theorem.

THEOREM 2.4. For f holomorphic on B, the followings are equiva-
lent:

(a) f € B(B),
(b) A|f]? is bounded in B;
() suPaes [ AIFIE()Trpa(2)d0(2) < oo.

Proof. (a) = (b) : Suppose f € (B). Then
(8) IVF(2)] < M/(1~|2)
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for some M > 0. By Lemma 2.3,

AlfPP(z) = 41 = |2P)(IVf(2)]* = [Rf(2)])
=4(1 = |2V () +IVTF(2) = 2P| VN F(2) )
=41 = | IVNF(2) + 41 = 1)V T f ()]
<A = 2P IV + 401 = 12V f(2)]

Therefore by (8) and Lemma 2.2, A|f]?(z) is bounded.
(b) = (c¢): It is easy to compute
[ AU Irga(2)in(z) < swpBIRG) [ Tnpa()intz)
B z€B B
= supA|f[*(2).
z€B
This shows the implication (b) = (c).

(c) = (a) : Let M denote the quantity in (c). Fix 0 < r < 1. Then
by subharmonicity of |V f|2 0 ¢, we have

VA@F < = [ (95 o pu(w)dn(o).

The change of variables z = ,(w) turns this into

Vi@P < [ IV Trpa(2)dn(z).

@a(rB)

Note that

1-z)* > -(—1%72(1 — |a]*) for z € pu(rB)

and

4(1 — |22V f(2))? < Alf|*(z) for z € B.
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It follows then that

a)|? L — |z|%)? 2)|2 z)dv(z
VP < Crir=iapy [, (= EEPIV I Rl 2)in(e)

1

S — AlfI?(z a(2)dv(z
el - CLNOLZE

1 A 2 Lpaviz
< Gy [ AP Trsal)ds)

4 \2
where C, = (1—) /r?". Therefore we see that
—r

(1 - [aP PRIV f(a)f < C,M.
This proves the implication (c) = (a).

3. Proof of Main Theorem

We now give a characterization of Bloch space B(B) in terms of
Bergman-Carleson measures. We begin with the following Mébius-
invariant characterization of Bergman-Carleson measures.

PROPOSITION 3.1. A positive measure p on B is a Bergman-Carleson
measure if and only if

Proof. Suppose p is a Bergman-Carleson measure. It is known([CW])
that y 1s a Bergman-Carleson measure on B if and only if

(10) /B If|2du < C /B|f|2dz/ for all f € L¥(v)N H(B),

where C' is a positive constant independent of f.
Note that
JR(Pa = lJCLPa‘za a€ B,
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where Jcp, is the complex Jacobian of ¢a and hence holomorphic on
B. Then it follows from (10) that

[ Inenterintz) s €
B

for all a € B. Using the identity (1) we see that

dulz »
—/B 11— (zflc(z)|)2(n+1) < C(1 = |a?)~(n D

for all @ € B. Therefore we have (9) with M = C.

Suppose (9) holds, and let Q@ = Q5(n) where § > 0 and 5 € S. Since
(9) with @ = 0 shows that u(B) < M, we can suppose § < 1/2. Take
a = (1—-4é)y. Then

1 a2 \™*
/Q(m> du(z) < M.

On @ = Qs(n), we have

11— (z.a)l =1 = {z,n) + 6(z,n)|
S=(zml+é
< 26,

and 1 —|a|® =1 — (1 — 6)% = 26 — 6. Therefore

du(z) < M,
%)

so that
2 n+1
< n+1
wQ < (155)
— O((Sn+] )
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Therefore p is a Bergman-Carleson measure on B.

Proof of Main Theorem. Let f be a holomorphic function on B. By
Theorem 2.4, f € B(B) if and only if

sup/ Alf1A(2)Trpa(2)d(z) < oo.
B

acB
Using Lemma 2.3 and the identity (1), we see that

/B AF(2) Tnpa(z)du(z)

where dp = (1 —|2]?)(|Vf|? — |Rf|?)dv. It follows from Proposition 3.1
that f € B(B) if and only if y is a Bergman-Carleson measure on B.
The proof i1s complete.
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