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(r,Q) Policy for Operation of a Multipurpose Facility
Geun-Tae Oh*

Abstract

This paper considers an (r, Q) policy for operation of a multipurpose facility. It is assumed
that whenever the inventory level falls below r, the model starts to produce the fixed amount of
Q. The facility can be utilized for extra production during idle periods, that is, when the inven-
tory level is still greater than r right after a main production operation is terminated or an ex-
tra production operation is finished. But, whenever the facility is in operation for an extra pro-
duction, the operation can not be terminated for the main production even though the inventory
level falls below r. In the model, the demand for the product is assumed to arrive according to a
compound Poisson process and the processing time required to produce a product is assumed to
follow an arbitary distribution. Similarly, the orders for the extra production is assumed to oc-
cur in a Poisson process and the extra production processing time is assumed to follow an arbi-
trary distribution. It is further assumed that unsatisfied demands are backordered and the
expected cumulative amount of demands is less than that of production during each production
period.

Under a cost structure which includes a setup/production cost, a linear holding cost, a linear
backorder cost, a linear extra production lost sale cost, and a linear extra production profit, an
expression for the expected cost per unit time for a given (r, Q) policy is obtained, and using a

convex property of the cost function, a procedure to find the optimal (r, Q) policy is presented.
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A r3} QF AAIY] 97 A=E YA

7}‘:1’ 7]‘:}]‘:‘] O §v

lim Ci(t:r, Q)/t

ol®, ol ok Azl 26] HESeiAlch.

(Ml 2] ANz Zle g 2718 Yool
BAIge]

C(r, Q=lim G (tir, Q) /t (26)

=C%r,Q)+C'(r,Q)+C2(r,Q)+C3(r,Q)
SEREE

CorQ=(K+eQ) [(1= L x)/ T mm)]

C (rQ)"
{hv(mtq k)¢+hV (r+2Q—k), r=0% wj,

k=0

B +Q—K) dth S (r+2Q—k) gy, r<0

k=u k=i

<

Oé [q]’

C:(r Q)=

b T (k—r—2Q) ur=0% o,

b S (k=r=2Q) ftb ¥ (k—1-2Q) ¢, 1<0
2 o,

C3(r,Q)=

. Ql !
b,/‘._|: 1- ZQ mmy, / mj] —bl__ x,/ rn_,mj
j= =0 j=u j=n

o

I

Z 93 f(k)E Yt)=kd o HA3s}=
Zu]Lolg} 3xb e, A-SHE A1 t74A]

HAE 2142 [ f(Y(w)dus Jebd 5 9l
o}k fi(k), fo(k), fi(k), fi(k)S Z+zF 9le) XA t
oA Y(t)=kd of sl FYAL F6] /4

Ahg, ALRA YL, ALNF-Fu)L, 7|4
fdn| golet sHH, 84 f(k)= vf( Jol #
ot e (r,Q) AA 3ol A Yn—]°]—l— [0, t] 5
o A% ZldulEE& Ci(t:r,Q)2} sk wet
A, Yo=j2t & o FoA (r,Q)A A i &
AAIZEF 7)) S

lim Ci(t:r,Q) /t=lim B[} f(Y(u))du/t]
=lim E[f, f(Y(u))du]/t

=lim © B[} £(Y(u))du] /¢

7} "k 714 El-]e 273F 7193 E[-|
Yo=j]& 9jv]gc}h

Z7e slstel thet 2 FA9 F4E A
2} 5}2}

1, Y(t)=k o of,

(Y =
(Y {O, Y(t)#k 4 df,

1, T=€[0, t]Y o,

Loa(Te) =
{0, T.&[0, t] < o,

f(Y(t)) = tAge]l FA4 Az izt
K+cQ9 #& 7HHw 2 we] A$E Otk

e} ) (Y (u))dul tA1R7R) SR a4t
A 2350l K+eQE F2 golez
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E[]i fi(Y(u))du]
—(K+cQ) v E [\“ 1.(Y) I, (T)]

olet.
Ru(t)=E, [T 1(Y)T, (T)] ol2hz s}l

lim E [ifi(Y(w))dul/t
=lim(K+cQ)T Ri(t)/t
=(K+cQ) T lim Ru(t)/t
=(K+cQ) kEQ["“/iE, i }

=(K+cQ)[(1—i§ m) /% xmi.

BHY(t)N)E Yit)=k d o r =003 k<
Q-10]AY, r <00l k <r+Q-—1le]d h
(r+Q-k)ol e 71, Q<k<r+2Q-1lo|¥
re] el FAge] h(r+2Q-k)9 ;& 2
o} wre}Ad,

¢

rr

[ £(Y()due X (k) x ([0, t] F<t Y(u)7}
kell =& A|7h)

o) o
lim Eil{; £(Y(u))du] /t=lil£nx ; f2(k)
Ei [[§1(Y(u)) dul/t

=lim ¥ f(k) : (5 dRji(s) [:*La(u)dul /¢

=Y £(k) ¥ lim[[idR,(s) [ Lu(u)du/Ru(t)]-
k i=0 -

[R;(t)/t]

‘.; fz(k) i[ﬂ'i fnl Lik(u)du/”k] ‘[”k/g’ ”lml:l

¥ £(K) £l [ L(wdul /[ L mm)]

i=0

T ; fz(k) [n, Lik(u)du/ ?_’:_“ mm,

i=0

HE et

L

714 T (k) [ Lu(wdue i2 A%
regeneration interval £ A3 u] &9 7|
HAE u|shH, r>00 o)
(i) 0<i<Q-1 Y o
hQZ (r+Q—k) [/ Lik(u)du+h";§:
(r+2Q—k) [ Li(u)dy,

(ii) Q<i<2Q—-1 o

h'Y (r4+2Q—k) [/ Lu(w)du,
(iii) 2ké31£r+3Q 2 o o

h Z (r+2Q-k) {¢ Ly(u)du

7} =)o) Li=[; Lu(u)du/ l;) mm,2} 344,
lim B[ £(Y (w)du] /t=1 = h{X (:++Q—K)
Lot S (+Q-K) L
a7
TLmh L (r+2Q-k) L.
+r+‘3f‘2n‘h T (1+2Q-K) Ly

=h kz“ (r+Q=K) ¥ 7 Luh (r+Q) 74 Lag
+h }:Q (r+2Q=1) [£ = Lot :) 7 L]
+h fQ (r+2Q-k) (L = L+29Q 7 L]
olmz A (22), (23), (24), (5)2 2

tim B £(Y(w)dul /t=h § (+Q—K) 4
+h+§q (r+2Q—k) 4.
7 Bk,
r<09] ZAfdl=
(i) 0<i<Q-1 o o
WY (r+Q-k) L,
(i) Q<i<2Q-1 o o
hZQ (r+2Q—k) Ly,
(iii) 2Q<i<r+3Q-2 4
h+2: (r+2Q k) L,
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o] ol

lim E, [[I,f(Y(u))du]/t=

r+Q-1

S b’ (r+Q-k) L,

+# nhv (r+2Q—k) L,

r

rHQ

+ : T h Z (I'+2Q_’k) Lik
=7 =iQ+
r+Q-l +Q1
= Z (r+Q—k) h Z 7, Lik+h(r+Q) 7q Laq
r+2Q-1 k k+Q-1
+h T (I‘+2Q_k) [Z T Lik+ Z T Lik]

“hZ (r+Q-— k)¢+hZ (r+2Q—k) ¢.

o] Hr}.

B(Y())= Y(t)=kell A&l r=0d w2} r<0
ola k>r+2QY @ b(k—r—2Q)9 & A,
r<0e]i k<Q-1lol"d blk—r—Q)2 #< 7t
=}

fo B(Y(u)du% {; £(Y(u))dus} wpzrix 2
Fk_fx(k)i ([0t] &< Y(u)7} kol & A7)

o] i
1‘1_{1;1 E,[(:r £,Y (u)du] /t=Z I Zk: f.(k) L
2 EdHc

webd f.0} 2L P22 lim Eilf, f(Y(w)
du] /tE r=00¢) &

T (k-1 -2Q)d,

k=r+2Q

o]z, r<00) A=

2

14

b Y (k-r—2Q)dtb T (k=r-2Q).

3

k=r+Q

o) e zech
Ao 2 fi(Y(t))e 7F|AAlel 3= v
folch f(Y(t))= 7HA At A F27} A

A toll LARE W =k s} A me
FAAE st Yok 715N S bl
5w, Au7t fFFoletd AdulE dds &
T deBmg AMulgiejeld] bt Hch [0, t]7h
A EARE 7)1 3 A8 8- o] 7]7kEqke] Adulzt
7Y A Akol vt FA Abef| o] 8-¥ A|Ztell e H
Aujdedole] & o] 7|7t Fal 7i| A At dio

= Zlgpel] vt

Au o 35 FAA A2HH e F29) 413t
A F& 4§ ok To<t<Tendd toll Ha) Z(t)
=Y.olzb spab 229, {Z(t):t 20l& semi-
Markov process?} Ht} {Z(t):t 20}2 g
[0t] &< Adnrir} Zpd A ate]v}t FAAbe 7]
A

> [ L(Z(w)dut T i L(Z(w)du

o]

] £ LN(t)2}
Gl

o [0t] ) 7184 8%
LN(t) & 32

ALE 3 1(Z(0)dut £ i L(Z(w)du]

¢l Poisson ¥-%& c} =3 Adu|dofe] 244y
—rE-

¥ ¥ L(Y)Lu(T)

>Ef.

o] =}, meta,
B Y(w)du] =b, B[LN(6)] ~b, T B, [
L(Y.)Ta(T.)]
—bLA,[Z ful(Z(u))du+Z fil(Z(u))du] —b,
ZR,k(t)

oJu] {Z(t):t >0}7} semi-Markov processo] =
=

lzl—gl Ej[‘[(t) ll(z(u) )du] /t=”imi/é) TN
o}7] uf gl
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lim B[ [; £.(Y (u))du] /'t

=b,/, [\—'rrm‘i' v nm] /S—n'm —b, Vn'k/vrrm;

i=0 i=0

=bi[1- v7rrr1 /Tnm] —b, an/vnm

i=Q i=0

7t 9.

4 AR ga 2R

ol BT Ao £ Hasee
34 17} QF WA 9% RS vk
A4 CrQE T 23kaA 13t Q2 #7
He SA6 e Bhsach dA% Q9
ghe] 5'.7‘*5101 A% CrQE 1o ¥2U
7 Be & 5 alth AL thest o] 37
ek,

[(Hal 3] shte] 3%
CrQ<=

4% Qell s =g

4%+374) (recursive relation)

C(r+1, Q)—C(r Q)=

(h+b) V'qfk b, r=>00] o)
(27)

(h-+b) [k‘jzl)¢k+kgq¢k]—b, r<00l] =3,

2 9kZ23be, ro] W4 B (convex)olt}.

£ 9:Ae 29 AAERE r20d o,

Ctl Q-CorQ

—h[ £ (r+Q+H1 04+ L (r+2Q+1-K)4]
+b_T (k-r-2Q-1),

~H L QR4 T (rH2Q-K)4]

k=

b ¥ (k—r—2Q)
k=r+2Q

o

=(h+b) v¢k b. (28)

k=0

1<0d W= 2 wlew

C(r+1,Q) —~C(r,Q) = (h+b)] ZQ¢+Z:¢] b

(29)

>00]22 A(28)3} (29)9
o ol

tgol 4
rol th#] ¥)ZtA(nondecreasing)3}7|
C(r,Q)xt ro dis) EFdolct. B

A 302HE] 7} Folhs Tl

C(r+1,Q) -C(r,Q) 20 (30)
9}
C(r,Q) —C(r—1,Q) <0 (31)

S HEIE ro] HAA HE & stk 9
g, r& &7 S eFFAH A (recursive
search procedure)¥ & wWE
ping rule® o]-4%& 4 glrh.

AelF stop-

[HExe 1] @ 782 9, CoQ)E Hx
ekt re ¥4

1

2Q-1

Y 4.<b/(h+b)st z: 4.=b/ (h+b), (32)

k=Q
2Q-

4=b/ (h+b)2h L 4t T fi<b/ (htb),

=

=Q

(33)

TS husb/ (bkb)sk T S hizb

7 (h+b), e
e

prtda=b/ (h+b), (35)

Zo ShHE DERYTh $54 (DE RIS

r>0, (33)& & r=-1, (3)F VE}

H —-Q+1 <r <-20]9
r=-Q7} "ch

(3B)E HFs

Z 9:24 307 3DZE FE gA $9=<ict. B
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HEREEE

Q) Q7F Fo3HE o ro A& 3
2b AAA e sk C(rv(Q),Q) & Qoll sl
unimodal®| 32, Q] A sl olefe} 7o} Ao
He Qi Qu Aloldl EAlEE o 7 ey
o] AtE ZHE = gl

[ 2@ |

QL_[ h(1—i¢/p) \ : (36)
| [ 2K+2cil(1—4L/ ) "

@ th(l—l{/y) */ (h+b) J .

3714 [ "= truncations 29|, Qui}
Q-1e 247 AR¥EE 484 Yk ot
backorder”’} & £5 ¢S o] EPQ2 truncate
g Foloh

A e 2AZ B9 e e A4S
Axa) gule) A8 YT Rod £
o] Xt}

24 1: Q2] 27X 2A] Q=[(Qu+Qu)/2]*
£ A=)

A 2 Q)9 C(r*(Qo), Q), r*(Q+1)7}
C(r(Q+1), Q+1)& T7ich

A 3:(i) C(r*(Qu), Q) >C(r"(Q+1),
Q+1)d o
Q9 & 14 F/HA 7HEA
Q% C(r*(Q), QF T3l A%
ZAas" C(rY(Q),Q)9 el F71E
o gEch C(r*(Q), Q)& e &7t
A7l Qak o149l Qztel Qo) HA
7 =™ olwe] *(Q)7} re) FHAH
&7} €}
(i) C(r*(Qv), Q) <C(r*(Q+1),
Q+1Y of
Qe & 14 ZAAA 7PEAM
Q2 Cr*(Q), QEF F3lcvl A%

i C(rM(Q), Q9 gkl 7t
2 o "Hach Cr(Q), QY e
711712 Qat o1d9] Qgtel Q9
HA3H7E = olwiel (Q)7} re
3237} At

5. 24|

FAE 8 F89 =27 1 =2 29
compound Poisson F}Ao]1, 7}AAF =8+
Poisson 44l 7-$ol dsix =79 w3}l
upe} Fu]4-3re] Heo} 3 (r,Q)AMe] of
DA Wal=r] golual,

FAF dg 78 2A2 £o2 JFE
AuE =007, F29 =Z7|9 FE p=0.75
p2=0.252] compound Poisson F}AE W21,
g 29 AL HF AR 1/ p=1
AeEEE b, AFARE h=01, A3t
Zu] & b=1, 2] K=5, WFH] c=328 F
oA 1L, 7hjAlel HF r|ExPeEE o
7} HauAuls 5.=002%] Poisson F}A, T
A AL 29 2 FadHAZ 1/ =1
A AFEE, g G 713404 bu=0.75, &
A ole] bi=322 Fojzl A4E dz =4l

i

(27 2]e 919 22 2784 Qo sl
C(r*(Q), Q)7} unimodal®]& Rej&c)h 19 3,
4, 5= 7z} 44 A9 K, FAF ARG
v]-4 h, 7 AL & A o]y biE 7] 1A el
Al HEAZE o 3 QY A A} wWlEE
EHS Boieth @ F Qo FAA, rrE ry F
A=t & o 7 afelA A, o, O 247 Qo
Q, r'& dvsid, AL QI QuE vele
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g (r, Q) #HA 41

o, A ZE 2ol Q7 Qust Qeatelel
A3 Qo} 2 Aol7h 9ee & 4 Ak

(2% 3lelde aEl Kb 37K me
Qe F7HIA FAE AWIAAR 1S 9
cza) TA¥ Kol WA7IsE Folwm, v o
2 A HFATFE FU02A Q) T}
o BE ATGANE Foln F& wojFch
(289 4lel4E hE F7HARA e Q7
343 Aol ARF Pl o=, ri
A Wl §ee BAZETh ol A:LAA
g Wb ol AR ANE Q9 el E 3%
& A e 4 B

(28 5JolME b7k F7hgel et @t o
2 2R e 4T LTS HelEh b
b FoheEA ARACR bk Aol A4
el o] Wio] ohE old wyinch FAE

Cr'@Q), Q)

4/

2
JOERT == mrmmemmrm e n e s TR e -

9] AR/ H-Fu4E A FUHAAA @
ow\de Al 25 HWel AT 5 o
A sle Aoz AR A= bl o=
He ANH Q¢ e Wil g d ole
FAES Aabelel AafAv L] F7b A F
ol @2} rdl t] olAe] WEE & g g A
oz walr)

o) faldlel ¥Aol A48T AR FE
cyber 174019, £3] [](z)=05 wrZsl= QN
9 H(RF Bired)E Fete dle IMSLY

Muller &18]ES ©] 43, o]& QA9 3
£ ol &34 4 (12), (14), (15)E F¥ Y
BAAE FAHN m meewad] e AT
o E IMSLS ol4gon RE AL dou-
ble-precisione 3t} Fa=] gt

(22 2] Q7F FOM AU W ¢(r'(Q), Q)& unimodality
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BITE RN o HeAde 3L A% (r, Q) AH 43

r., Qt
S et i it Qu
6
- NN\
7 x—7%
Tol_
S et e e g Qu
5
- 1 I
o P m om
L 276 3.26 3.76 4.25 476 6.0
’_
(a3 5] 2 WIS m ot Q*el st
6. 2 & = ANSAT FAE Sake} sgu g
7} unimodaldhg AT = AL, o]F ol &
st HA ry QE FEY ol He @A
B AFE 487} compound Poisson pro- Z Wb (heuristic method)& A A 8155}
cessd ul T =g A/ An A AEHS gy, o] =&l AAR 7IHe 2AA
A% (r,Q) AL GFEAY. st FHo 2 QF 2% AAE HAHHE Fete d B
Zolx & wj, Markov renewal °]&& $8&3} & Ajte]l zgo¥che Holvh ALY
ol AMuyFe AGAH FEEXE HNAHQY HEL x9} g9l A4t 2aHE dH, 53] m,
el 2 PP, olF olgdto dHAINT me, el e 7] HaiMe Qi AR
7igu| &85+ fFodHod, Q7 FAME wel BA4E XSt 4ee Avle 93y
o 7] Rul&F4E rol 3k =82 (recursive AAE  Stedol e $=— 9 Z(round-
equation) 2.2 X3Pt «£2E o] &3d off error) wWio] double-precision®@ sl
Q7F FolHE o 7ihul g7 roll s 2 of &, g9 gx AP FAE Hs&lA G4
2de T, IFYNHEETE 01%8}04 double-precision2.2 A|4kshr] wjEell Q9] 3ol
Es HF r, & r(QE 7 & e 94y Z golle B2 Algte] AY F ukf gtk Qo
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#tel 12 A= o cyber 174 FFE A =9} ¢
o] AAtell vt A A)zke] 202 W9)7} Az)r] o
ol dul PCE o] &3t A& gt o
ol A3l 7 A|Zte] aaE e} oAl

gdo2 old FAE #2s 2 & e W
ol Aalgeid o] By FAAE 5] 94
FuA|7ke] g A AapFo] r oJElR
"ojdl 7ol 7hejg4te] A= T glrielx
FAAZIL FAS & 5 d= ATER §F
g 4 9l& Zolch niepAdd], o] R3o] shie]
Aulo| A B4 AES Aikshe A2 #3F
g 4 ok, 1 sk A4teiele] PLCY 2
L Ao Ao E A4A4E 2 =Halg A
Ztglch

=)
» =

Markov chain {Y.:n >0}7} invariant distri-
bution& ZrS& Hol7] 9lsiA S A7t
astth

(Hal] K{z)& fi:b rizel 83 B(z)=22—K (z)
2} 39 o134 B(z)+ lzl<lolA QA8 M=
tE & zhed

£ o :9A B(z)=02 9ZF3le 37 QN &
A 3-S Rouche?] o]&-& §838le] Ralch f(z)
=29, g(2) =K (2)=3, 72} shah. z2eiw, el
o] ze §>00l &l boundary |z|=1+54} el
A f(2) 1> 1g(2) 198 F3shd "k

857 5 Q) 00<e<Q-pE e 0]

FolHE o

IS < Tr ol

i=0

=7i(1+6)

=3, 7 [A+i)+8 5, () )
=l+ws+e T m T, () &
Sl+[l75+£5

<14+Qé
<(1+4)=|z|9

7} Rk deld f(2)=0& QA9 dE M 5
o8z B)E QA9 & ik

ool $1e Qe & FellM F2E e
geg Hoelok Prh ol & thAlel mAe)
22 23 Ak 1 gaAe m-1ad =
FFrixe RE 2@t 1 228 §2 2=
the S4¢ ol gt F3H).

B(z)7} |zl <lelA $2& 23 Qivkx sl

2 & o] FTE F9 shets shah w2

b
o
f‘—?‘-’f

i A S LA
= ]
QJ_E:) 7iz ,-Z jriz

a2y o] F4le] ARl AsliAe BE j
of sl Q=j7} APtk R 2 Fo]
2 4 gk @k, Blz)E [zl <14 A= o}
E Qe s e m
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