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Interactive Fuzzy Multiobjective Decision-Making with Imprecise Goals
S. W. Lee* and S. I. Hong™

Abstract

MODM (multiobjective decision-making)problem is very complex system for the analyst. The
problem is more complex if the goals of each of the objective functions are expressed imprecisely.
It requires suitable MODM method to deal with imprecisions.

Therefore, we present a new interactive fuzzy decision making method for solving
multiobjective nonlinear programming problems by assuming that the decision maker (DM) has
imprecise goals that assume fuzzy linguistic variable for each of the objective functions. The
imprecise goals of the DM are quantified by eliciting corresponding membership functions
through the interactive with the DM out of six membership functions. After determining mem-
bership functions, in order to generate the compromise or satisficing solution which is i-pareto
optimal, /-max problem is solved. The higher degree of membership is chosen to satisfy
imprecise goals of all objective functions by combining the membership functions. Then, the
values are the compromise or satisficing solution. On the basis of the proposed method, an
interactive computer programming is written to implement man-machine interactive procedures.
Our programming is a revised version of sequential unconstrained minimization technique.

Finally, a numerical example illustrates various aspects of the results developed in this paper.
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o532 2] Ab A A E A (multiobjective  decision
making problem)7} tji-Holc} o]zt A

< dAE] AT EAH gAEA I E
A Az Bol A=At 15 HAAES
(global utility function)E A}&3F th<Al
& &&ru] (multiattribute  utility
method) [9]3} ¥EA<ql &L3F(local util-
ity function)E o]&& AhEA j&r1AH
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shte]l X33 (preference function)7} A4
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preference function)”} Hd7} =& H& 3te=
o &% 24 (proxy approach method)& A A}3}
AR, 7t wbEdA AlE" dr) s E A
B4 Xgde

function
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A (pareto optimality)$&
A& 7Hle)

Sakawa [16]+& o] 71¥d] 7|2& F3 =¥
E HA4E Rgss 24 o8HE

(sequential proxy optimization technique)-&

AAstdct. o]olAl Sakawa [17]& A &z
WAt 71 (fuzzy
optimization technique)22 Eel 3}y
(interactive) t}-24 AMAA 7] E A8t
ot

2= YAAA A A A & (marginal ra-
tes of substitution)& F7}3e] gl A=A
d B3Ao] slvki st o] & L-R¥ee
HATR st E4¥TE AR sl
pareto HA#HE L7 Hste] e—AFEAE
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(Lagrange multiplier)7} Zo}rl= HAAM=A
9 7l& H=x2 A" 2224 (norma-
lized scalar product)g HA 42 wizkx|z] 7]
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AZ2 9 A3 (membership function)E
A A" HA] &2 dE HAHsWE
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2ol Sakawa F& d3EHEH —AD
(¢—cut), ©]¥* (bisection method), HHH 4
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I ArAA e A ASE A vellle
gt Z3¢4(aggregation function)E& Al
2 Hadr] oJf7] el digkd ez o
34 AHAZE ASoe AS dxsida o4t
AAA7} a9t FubtAdgH(reference member-
ship value) =& .,]“Piigkﬁ HAlshd (&
AR) HHE FAE Azt 2 AL
&5 @@fﬂ":}l a3k

s 2A 5ﬂr"§°ﬂ/"] A A A Ao A FA]
35z Alole] Akul-g(trade-off rate)m} o2}
Xt *}"]—’] AHEg- 7231 M-o-pareto
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o] o] AT A= olzidt HAHE MA, B
ka7l st 7k BA3aEed dd EXES
AR A drpeld FAC AL 8
= AT 2L HAAHg(fuzzy linguistic
variable) 2%t vtepH H3el BT AEE
HAY 7 UEE o] gAFEAze} ASHE 4
A 5 A=EF 3 FRxEC g 4 5A
FrEe TALFE oldel Sakawa [14]7}
AR 57kA 7%, & A¥ (linear) A4 &
4, AF=(exponential ) A &<, I (hyper-
bolic) A&, <3434 (hyperbolic inverse)
T3, FEX43¥ (piecewise linear) AT
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min f(x)A(fi(x), f:(x), -, f(x))
X

subject to
x€ X={x|x€E", g(x)<0, j=1, -, m}
o714 x:nAle] JAAAH S HE
fi(x), =, fo(x) : ARWHPHE xo
el ZH s
gi(x), -, ga(x) : m7Ne] F-EA2A
X AFzAAge) AdrVsd 8

(2)

BEE fi(x), k=1, -, pE "lE7beelL £F
(convex)o|™s X =3t BEolz} s1A =)

ohEA HAYA G ER ZELS A5
(non-inferior  solution)® «¢&A HHE
(pareto) A sfdelch. AHYAoZ dFA
A gA R FHE HHsle sty =
Agaghe] ML G o BAHRFHY &
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22 JHE A FHHE T 9
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o] o]EAql Ao ohg3 zrh

(ol 1] =k Hag shdel i 3o
filx) <fi(x*)7} APHE xeX7} 248 &
o ceXE OB uldYAGEA e el

E A& gt

7} EAET f(x)ol disld AAAAZ §
€] F-A g4 (membership function) p(fi(x))2
Z-31gke ol U7 sl wA Fejal
Aotz sheld oA wASAHEA
AiE A shte] wld e—AGTA2A
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min fi(x)
x€X

(3)

subject to

filx)<e, j=1, -, p, j#k (4)
Folzl A x(ulgd5a)d sl Pule)E X
dsl7] 8 Pu(er)E o] &3t

Z, a=¢&"=f(x")

A 7 BREe Hd, FHAes 19
gt AAAA 2 2t BRG] dEte] f(x)
= “ac A Qlojel &k m' A9 agh
ol FAch"etn dt= ZF L FAdeid
T2 2¥d" EREFN AAHAE AR
Uk 2= HxgdeE ¥E EF as
HA9~(fuzzy number) B AHE 4 glrh
H A FEL Dubois®} Prade[4]el} &3l =4l
He JAFE BTG 1A

Z BEXel 93 #, ¥+ 7TASTE AR
UelA A AR ogF ZFe 67FA] A
g a2 Fe AAAEAA} BEsE A
o] F7HEE st FRAA wpid A ARAl
9 AT w(fi(x)E ALE 5 AUt o37]
A AFA FATTE AR O RE 74
el fi(x) <AL f(x) >HE (AL FAHE
T fi(x)e] EFe) i EXRE WolEd
NE HaTE, filx)e] E3tol
H FE)olH
wlfi(x))=00] 3 fi(x)=f! (! Z2FF filx)
o] Exo At} HADVEFE)OIH wl(fi(x))
=lojc}. 28T fies FAFST wmfi(x))e] 3%t
°] a(0<a<l)al fi(x)9] grelch

MY FME

A w(fidx)) = (fi(x) ~ ") / (£ —£ib)

ok

(5)
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EZ : u(fi(x)) =(fR—fuo) / (R =) (6)
AxAAA A fireg} fimrgk Wl A fil, fike
e AR

o Rl TAELS

9 u(f(x)) =ad 1 —exp{ —bu(fi(x) —fl) /

(fid —fit)}] (7)
SEE: [lk(fk(X))'—'—‘ak[l—eXp{'_bk(fkR_fk(X))/
(fR—f1)}] (8)

o, a>0, b>0 e a0, b0
AAAE ek ek WelA 6
9, 809 3be AR,

2 o mf(x))=1/2 tanh((fi(x) —bx)o)+
1/2 (% a>0) (9)
LBZ  (fi(x))=1/2 tanh((fi(x) —b)ax)+
1/2 (%, «<0) (10)
AAAAAE fimegl firngd Wol A 8, fi0
o ge AL

o AWIM MBS

—

9 = (fk(X))=ak tanh '( (fu(x) —bi)ax)

+1/2 (%}, a>0, a>0) (11)
LE2Z : u(fi(x))=ar tanh ' ((fi(x) —b)a)+
1/2 (&, a>0, w<0) (12)

3714 [(fi(x) —b) x| <1
oAt AR A fimeel firngk oA fid, £iR,

£05, foe] ZhE AIgch

2ME 7Y g

A F o pdlfi(x)) = tefi(x) +Su, go-1<f(x) <gu
(&, t«>0) (13)

L EZ  m(fidx)) =tufi(x)+Se, ge1<f(x)<gw
(&, t.<0) (14)

=
° =

q71A te 712710 L Sed A ge-1T
ged) BAE FHOZ e A%E Wk 1
g g4 AR feg) fiemflol 4] g Al e)
fied WA gc)

osin¥El THET
2 Z: u(f(x))=1/2+1/2 sin(n /fit—f!)
(x+((f+1£8) /2)) (&, filb<x<fid)
(15)
282 n(f(x)=1/2-1/2 sin{n /H&—1f)
(x— ((Ad+1£R) /2) (&, fl<x<i®)
(16)

IANAAE fowsh fengt ol A £, B gk
& BAw,

A 27t ke Qﬂ@iﬂ e
whet Zb EA s filx),
T8 w(f(x)) g fFresl ok

ool X dee TS whk(x))e
g Zzte] digt ERnke wEet
(grade of credibility)ol®
gl g FATT wlfi(x =
zZt BERFFEY ERE EF O WUHe F
+ HTAA = (highest degree of member-
ship)& T3t7] 93t o3t 22 #HA o&
2 udE rEAZEAE A Al 74
=S THTh

max A (17)
xeX
subject to

A< (f(x)), k=1, -, p (18)

rmaxg HAstel Pold x7h FAsAAA
& AR Astel 2HAFE galol PR
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(Mol 2] w=keF FHag shtel kel wHshed
k(f(x)) 2 u(fi(x*))7} A=+ xe X7} &8}
A okevid x= A(17), (18)9] A-pareto 3
A a2} jich

x*o] i3 A-pareto FHHAZAAL tlLe &
AE AAgozy S8 5 9ok

rex I & (19)
subject to
u(fi(x)) — = p(fu(x*)) (20)

k=0, k=1, -, p

kel BE Si=00]" x*= A-pareto 2 A 3sjo]
I Helx shte] &>001H, FA(19) —(20)9)
#H=A & x7} A-pareto HA &7} =)

o]l MH-& 712R ste] 7+ EAHPRE9
37t 258 g 04y JEHEAE 2
e W3ty A wAdy OB ejapAAuy
dae]Fe At o2 2

9A1) Aol AAlS A A3

2A2) exlebp] o g w95 8] (non-inferior
solution) & AtEste] AR} HXEe Axpy
AE A7)

® 71&°] H+ 223 (primary objective
function) & A2 & EAgFEY ozt
fimcel 2 Agk fimng AbEFh)
fim*=max fi(x)

xe€X

fin=min fi(x)
xe€X

@ firr<a<ghirng]l &9 z+2 thge] whe
2 AEg.

ae=fimin4-[t / (r —1)] (fimax — fymin)

(t=1, -, r—1, r 1 ukE)

® asl 7Fsw 2yl dste] WSS
A,

9A3) 429 WASAE F22 2 2Ag
So HAgt feeh Hag fE AP of

S JARAAA ABHE Fed An
gozA BEGe) AAEYE A TU

dA4) 9 HBE olgaje] ANAAA} 3
Fehe B HAAeMF2A BHD.

WA5) & BAYe Ao, AxpH o4
AAAL BEHE FHARY 21eS 8
st SAAAAE BT 02X Zrte] T4
4 st a6l gt WS 4R
o},

WA6) SabAgAel SfelA AR TG
& Jejsk ArhAel AR 2 BAYS T4
G4 A5 Bl

A7) 4 BAYFe] G FHYFE 2%
=k
FHHEE T SeE AP4uLe WY
F o AEAAA BE Wegs 2
& Agw

YA8) SAEPAT} WAle BE ASgst
BAYSHE WA Bun 294 gowd

DA 42 7ic),

(combine of membership function)3}o3
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7 B3 Yook A o] Thesh 2o] A

N3t Aoz A4 sA

min fi(X)=X{+(Xz+5)2+(Xs—60)?
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min f2(X)=(X1-+20)2+(X2—55)24(Xs+20)? & FEt
min f(X)=(X1—20)*+(X:+10)2+(X2+20)?
subject to £ =1825 £,"=11684.7981
10<X:i<50 (i=1,2,3) £ =1368.6291 £ =8479.7958
1000< Xi*+Xo"+X5' <5000
a2 WHE T S E =FedAe
WA JAFZARL B33 #AEYE 2 r=25% AH43ch ojd wWE AEX wdFs)
Aal=d 43 Ardgl vdEd 23E T ge (% )3} 2t
871 918t £(X), f(X)el HAZH HAaz
(E 1y HlgSH x8
ZAYE 3 A A5
HE
fi(X) f2(X) f3(X) Xi X2 X3
1 3546.3540 3057.4702 2979.8782 14.9543 25.5492 11.1178
2 2775.3411 3468.2969 3400.8188 12.6201 232318 17.3498
3 2169.5779 3879.1299 3799.8916 10.0000 20.7384 22.4885
4 1845.4109 4289.9511 4174.8560 10,0000 19.8575 26.4215
5 1570.6873 4700.7793 4403.3604 10.0000 18.0091 29.3199
6 1332.2290 5111.6050 4612.9009 10.0000 16.0612 31.9170
7 1124.7388 5522.4307 4831.9976 10.0000 14.2059 34.3900
8 944.1698 5933.2500 5059.5532 10.0000 12.4322 36.7559
9 787.2808 6344.0732 5294.3184 10.0000 10.7286 39.0264
10 653.1097 6754.9019 5667.6260 10.0000 10.0000 41.8862
11 546.3906 7165.7183 6143.1338 10.0000 10.0000 45.1208
12 464.1857 75765537 6615.5996 10.0000 10.0000 48.2023
13 425.0000 7825.0000 6900.0000 10.0000 10.0000 50.0000
(E DA dvelhdes vdSs 232 2471 E® EXar52| o -ofEgt
27} A2 AFseel shAt 14wiA FE =
1389 2o wASHTe| A% 42 o f f f
o 137}7)7} AbE® w|dEs) zgtoz A= £* | 35465040 | 7825.0000 | 6900.0000
D}, oS W|ASHE A2 7 2d Foel £, | 4250000 | 3057.4702 | 2979.8782

o¥

bt Fehe (E 2)sh Rk,
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(E 29 Auzye idgae 7 23
F5) B ZEY, AW, FARS 29
I FAET HAAE (E 33 o] g
o}z 7pA R

(B DellA #H2 A E (B -fi)ol=

A(21), (22), (2)AA FolA FARFAA
S AYAY BEGEE ANARALY A
¥& THAEE ME 28E BE otk
TR 3, 92 Fe7k ©h2s] G o]
AE 1A 299 BAE A4 AYE

S WAL (G°-)e] Poh o] YRE
TGS WA A A et ol

Az Azt A Fd3ich ol 4 =
AAAT} (E Hel vept ok

g}
(E 3) MHE #, 25 F4ETA I
TFAYT K el g 7 A
-3 s & 3 & + &
fi(x) G A% | (f5 £1)=(600, 1800) (£, 6%, 1)
= (3000, 2500, 1800)
f2(x) A58 A8 | (R ) (£, £:')= (6000, 5000)
=(3100, 4200, 5000)
fi(x) 43 #A=q38 (faL, f30'5, ) (£, &5, &)
=(3000, 4000, 4500) | =(6000, 5400, 5000)
0wk f(X) <600
HX) (fi(X) —600) /1200 =Hek 600<fi(X) <1800 (21)
ulf —1.0282(1— EXP(0.6793((3000~£:(X)) /1200))) =} 1800 <fi(x) <3000
0 ek A(X)=3000
-0 ek £(X)<3100
() ~1.11(1 —EXP(0.6423((£:(X) —3100) /1900))) =¥ 3100< f:(x) <5000
A (6000~£:(X)) /1000 2} 5000< fa(x) <6000 (22)
S0 =k B(X) 26000
T0 e £(X) <3000
(X)) —0.3091(1 — EXP(1.4435(f:(X) ~3000) /1500))) =Fek 3000<fs(x) <4500
. 1/2 tanh((f:(X)*0.001)+0.5 =FeF 4500<f3(X) <6000 (23)

-0 9keF £3(X) =6000
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Max A
(54 (x2+5)°+(x:—60)*—600) /1200>1
—1.11(1 —exp(0.6423( ((x1+20)*+ (x2—55)*+(x:+20)° ~3100) / 1900)) ) > 1
—0.3091 (1 —exp(1.4435( ( (x1 —20) "+ (x24+10)*+ (x:+20)°—3000) / 1500) ) ) > 1
600 < xi+ (x2+5) >+ (x3—60)*< 1800
3100 < (x:+20)°4(x2—55)*+ (x:1+20)? < 5000
3000< (x: —20)°+(x2+10)*+ (x:+20)* < 4500
10<x<50 (i=1,2,3)
1000 < xi+x+%5 <5000
x>0, x>0, x3>0, x«=>0, 0<A<1

solution : 2=0.99994 x1=13.5114 x:=26.9676 x3=235.5983

Max A
(xf+ (x2+5)°+(x:—60)*—600) /120021
—1.11(1 —exp(0.6423( ((x1420)*+(x2—55)*+(x34+20)* —3100) /1900)) ) >1
1/2 tanh(((x~20)*4+ (x:+10)*4(xs+20)* —5500) #0.001+0.5>
600 < xi+ (x2+5)*+ (x3—60)*< 1800
3100 < (x1+20) "+ (x2—55) "+ (x:+20)* <5000
4500 < (31 —20) "+ (x2+10)*+ (x+20)* < 6000
10<x<50 (i=1,2,3)
1000 < xi+x5+x5 < 5000
x>0, x22>0, x320, x>0, 0<a<1

solution : 2=0.7311 x1=10.8097 %=25.3060 x3==36.2941

Max A
(x4 (x2+5) 4 (x3—60)°—600) /1200 > A
(6000 — ((x1+20)+ (x2—55)*+(x5+20)%) ) /1000 =1
~0.3091 (1 —exp(1.4435( ((x1—20)*+ (xz+10)*+ (x5+20)°—3000) /1500))) =1
600 < xi+ (x2+5)*+((x3—60)*< 1800
5000 < (x1+20) "+ (x2~55) >+ (x3+20)* < 6000
3000< (x1—20)°+(x2410) "+ (x5+20)° <4500
10<x<50 (i=1.2,3)
1000 < xi+x5+x5 <5000
x>0, 220, x320, x>0, 0<a<1

solution : A=1.00000 x1=13.5118 x:=26.9688 x3=235.5986

Max A
(xf+ (x2+5) "+ (x:—60)—600) /1200> 1
(6000 — ( (x14+20) "+ (x2—55)*+(x3+20)*)) /1000=2
1/2 tanh(((x1—20)*+ (x24+10)*+(x3+20)*—5000) #0.001+0.5> 1
600 < xi+ (x2+5)*+(x3—60)* < 1800
5000 < (x1420) %+ (x2 — 55 )+ (x3+20)2 < 6000
4500 < (x1 —20)*+ (x+10)*+ (x:+20)° <6000
10<xi<50 (i=1,2,3)
1000 < xi+x5+x5 < 5000
x12>0, x220, x>0, x>0, 0<a<1

solution : A=0.73106 x1=11.6860 x.=23.7764 x3=37.3588
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Max A
—1.0282(1 —exp(0.6793( (3000 — (xi+(x245)*+(x3—60)%)) / 1200)) ) =1
—1.11(1 —exp(0.6423( ( (x17420)*+ (x2—55)*+ (x5+20)* —3100) /1900)) ) =2
—0.3091(1 —exp(1.4435( ( (x1 —20)*+ (x2-+10)*+ (x+20)2—3000) /1500))) =1

1800 < xi+(x:+5)°+ (xs —60)° < 3000

3100< (x1+20)*+(x2—55)*+ (x3+20)° < 5000

3000< (x1—20)*+ (x2+10)*+(x3+20)* < 4500

10<xi<50 (i=1,2,3)

1000 < x{+5+x3 <5000

x>0, 20, x>0, x1>0, 0<a<l

solution : 2=0.99992 x1=13.5116 x2=26.9689 x3=235.5986

Max A
—1.0282(1 —exp(0.6793( (3000 — (xi+(x2+5)*+(x: ~60%)) /1200)) ) =1
—1.11(1 —exp(0.6423( ((x1+20) "+ (x2—55)*+(x3+20)°—3100) / 1900) ) ) =1
1/2 tanh(({x:—20)*+(z2+10)"+ (x:+20)*—5000) *0.001+0.5=>1

1800 < xi—+(x2+5)*+ (x:—60)° < 3000

3100 < (x1+20)°+ (x2—55)°+ (x3+20)° <5000

4500 < (x1 —20)*+ (x2+10) "+ (x3-+20)° < 6000

10<x<50 (i=12,3)

1000 < xi+x3+x3 <5000

x>0, x220, x>0, x>0, 0<a<1

solution : A=0.73106 x1=12.2904 x»=27.2144 x:=35.2780

Max A
—1.0282(1 —exp(0.6793((3000 — (xi+(x2+5)*+(xs —60%)) /1200))) > 1
(6000 — ((x17+20)* 4 (x:—55)*+(x:+20)%) ) /1000 =21
—0.3091(1 —exp(1.4435( ((x1 —20)°+ (x2+10) 4+ (x:+20)*—3000) / 1500) ) >4
1800 < xi+(x2+5)*+ (x3 —60)°< 3000
5000 < (x1+20) 4 (x2—55)*+ (x:420)° <6000
3000< (x1—20)°+(x2+10) "+ (x:420)° <4500
10=x<50 (i=1,2,3)
1000 < xi+x+x3 <5000
x120, x>0, xs20, x>0, 0<A<1

solution : no feasible solution

Max A
—1.0282(1 —exp(0.6793( (3000 — (xf+ (x245)*+(xs—60)%) ) / 1200 =1
(6000 — ((x1420)*+ (x2—55)*+(x3+20)%) ) / 1000=> 1
1/2 tanh(((x1—20)*+ (x2+10)*+(x3+20)°—5000) *0.001+0.5> 1
1800 < xi+ (x2+5) ™+ (%3 —60)° < 3000
5000< (x14+20)°+ (2 —55) "+ (x3+20)° < 6000
4500 < (x1 —20) "+ (x2+10)*+ (x34+20)° < 6000
10<x<50 (i=1,2,3)
1000 < xi+x5+x5 <5000
120, x>0, x32>0, x40, 0<Ar<1

solution : no feasible solution
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