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An Easy Way to Derive the Fourier Transforms of

the Truncated Raised-Cosine Function and the

n-th Order Powers of it Using Partial-Response

System Concept : A Recursive Formula
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ABSTRACT

In this paper, a new and easy analytical method to get the Fourier transforms of a popular type
of truncated raised-cosine function and its powers (n==1,2,3,--- : positive integers) is proposed. This
new method is based on the concept of the (1+D)%type partial response system, and the procedure
i1s more compact than the conventional method using differentiations. Especially, the results are
obtained as a sum of three functions which are easily manageable for each power. And they are

recursively related to their powers. Therefore,

computer-aided numerical solutions.
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[. Introduction

The Fourier transform is one of the most
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they can be excellently applied to the
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popular analysis tools for the communication
systems. One can easily find some derivations
in the literatures on communication theory
131 And also, some numerical solutions for the
transform have been developed!*5],

But there exist many functions used in theor-
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etical areas which have no such transforms. And
there are some functions used In practical
systems which have their unique transforms that
are very complex and not easily derived from the
conventional methods. The truncated raised co-
sine function, so-called, 1s one of such functions
and it is more difficult to derive the Fourier
transforms of its powers,

A method by consecutive differentiations can
be used for them'”. But the procedures are tedi
ous, and the higher the orders of them are, the
more tedious and difficult the procedures must be
carried out. We present an easy iterative method
to derive the Fourier transforms of the truncated
raised-cosine function and the n-th order powers
of 1t using the (1-+D)*type PRS system struc
ture,

The PRS(partial response signaling) 1s a trans
mission method for digital data using the corre-
lation concepts between the mput samples. A um
fled study of the PRS systems has been
presented by Kabal and Pasupathy . Their
generalized PRS system model s well applied to
the various baseband and modulation schemes. In
particular. the combination of the correlation
polynomial (14D)? and MSK{minrmum shift
keying) scheme, known as TEM(tamed fre
quency modulation), seems to stand out as the
most  promusing  bandwidth efficient  signaling
scheme 111 a sense

Throughout this paper. we define the nth or
der powers of the truncated raised cosine
functions with uniform amplitudes, And we de
rive a recursive  formula for  the  Fourer
transforms  of them wusing the method of
constructing appropriate bandlinuting filters for
the (1+D)"tvpe PRS svatem structure,

For Comparison, the procedure of the conven
tional method using consecutive differentiations
1s also presented briefly for the 1-st and 2-nd or

der truncated raised-cosine functions,

30

II. Definitions and a Brief Review of the
Conventional Methods

At first, we define the Fourier transform pair
as following, which has been used in many
Iiteratures on communication theory '3

(Defimtion 1 : The Fourier transform pait)

The Fourier transform of a time domain func-
tion x(t) is defined as a frequency-domain func-

tion
X(f)=]"x(t) exp(—j2xft) dt (1)

and the inverse Fourler transform of the function

X(f) 1s given by
x(0)= 17 X)) exp(j2=ft) df

And we define the n-th order powers of the
truncated raised-cosine function as followings,
which present the system functions of some use
ful communication systems!™

(Defirution 2 : The nth order powers of the

truncated raised cosine function)

gn(t) = i)\ [14cos ’;t I TT¢ :tjr) for n=1,2,3--- (2}

From this definition, our functions have the
same amplitude A for all n==1,2.3,---, and it can
be shown graphically as Fig.1. The 1-st and 2-nd

orders of (2) are given by

A ety
gilt) =" [1+cos 7 ]][(27_) (3)
and

golt) [1\ L1+cos rf }3”() )

respectively,

We can get the Fourier transforms of the
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Fig. 1. The nth order powers of the truncated
raised cosine function.
{a) the 1-st order function

(b} the nth order function

functions  (3)  and (1) using  consecutive
differentiations  as in® .  The first  three

derivatives of gi(t) are sketched in Fig.2 and we

have
dgitt) AL Ty ot gyt

At = 12)(7)5”1 . I](ET) (3)
dgilty S Ty oot t

it ‘2”7) cos Il(,)T) )

degit) A L SN of t
' G0 ey sin H(,_,T>
O Ty S - Y (T
et T i T

dt—7) )
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Fortunately. if we check the first and third
derivatives, we can see that the first term of the
third derivative can be written by 4 constant mul-
tiple of the first denvative and the remaining
terms contain the shifted impulse function only.

Therefore, (7) gives
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Fig. 2. Derivatives of the function gi(t),
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and after a few steps, we have

Gi(f) = B sine (2fr)
1 —{(2f7) (9)

where

SN ra

smcla) -
smea I, (1)

The procedure to get the Fourier transiorn ot
the 1 st order tuncuon gi(t) s scemed fo be rela
tively simpie, But for the 2 sd order Tonction g
(1), the s=cenano s qurte different. The fost

three derivatives of g:(t) dare given in

. K ")
dgtt) '1‘,\)(">‘.51:1’ﬂ+\1*~m =l
dt 20T T 2 T
t
[“27 ) [BER
; - ]
d gl“) ( } LT cos al A-Con !
dt - T k&
t
l ]' O ) 1)
() AL T 2
drgtt (‘,}H”J“smﬂ o =T
dt - T T
He,) Bt

respectively and they are sketched o T
Although the consecutive difterentiations are ¢
ried out upto any order, we Lave no forms more
compact than (1300 That s 1o say, o compiarson
of (11) and (137 revedds that the two ternes i the
hraces will have more unmatched cocificient s,
even if the differentiations are performed more

and more, Substituting (11 mto (137 we obtim

dg(0) , v ;
ATy R A g
dt T dt T (1
where
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Y aip TE b
k(t)*&ln - [T( 2_’_) (13)

and which is transformed as

Kify M Gneofe
|~ (2fr) (16)

We now have rthe transform of go(t) after a
tedious process of calculations with (14), (15)

and (161 The result 15 obtained as

: AT O
G Lo sinc(2tr) .
NS L N RN L ¢ [

As the order of powers of the function i (29 s
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increased, the forms of k(t) and K{f) will be
more and more complicated to give terribly tedi
ous and difficult procedutes.

. The (1+4D)2-type PRS System Models and
Recursive Formula

1. The Models for the 1-st and 2-nd order
functions
It is well known that the transfer function of
the (14D):-type PRS system has the form of
truncated reised-cosine functions ™. In this sub
section, we modify the standard {(1+D)type
PRS system model and apply it to get the Fourter
transforms of our functions with 1-st and 2-nd

orders, The modification for the 1.5t order func

tion is shown in Fig. 1.

T
————
oL
2T
L A A
i H” i H‘z i
Lo : |
I~ 1

Fig. 4. Model for the 1 st order function .

From the structure of the transversal filter, we

can easily obtain its impulse response as follows :

hrf{t)y =a(t+T)+28(t) +alt T (18

and the Fourier transform of it 1s given by

Hui(f)=2(14+cos 2afTh) 19)

If we set the frequency response of the

bandlimiting fillter as

Hiz (D= T TIT) (200

. then its inverse Fourler transform is given by

T . t

hio(t) s - sinel o) .

T T (21)
From the System theory and the convolution

theorem ' ', the overall impulse reponse and the

transfer ‘unction of the svstem shown in Fig.d

are given by

hitt) h{t)* hie(t)

T -+

T {sine( T 142 sinc( L)

I
+sinc ( t}?‘l— )] ()
and
Hutfr=Ho 0 HidD)
=2 Tt 4cos 22T TTUT) (2:3)

respectively, In (22), the symbol denotes the
convoiution of the two functions.

The functions hilt) and Hif) are cven
functions, Theretfore, we have another pair from

the duality of the Fourier transform  as follows.

gilt) 2 To(1+cos 22T [Tt «

Gify— 12 [ sinc 1 V2 sinc ( R
[ I T

g £=T
+sine { T b 1)

where the symbol *< =>" denotes that the
two functions form a Fourier transform pair.

I{ we define the parameters as Ty (1 /27,
To—{A 7D regpectively, then we obtain
gi(t) - ‘}l 1+cos 7;( FTTH .t )

27 (:

I
2

and its Fourler transform

Gt = A7 sine

( H[ I A 27 V2 sine (

2T 1727
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The results (250 and (26 derived from the
(1+D) tvpe PRS system model are equivalent to
(3) and (4) respectively.

Flg. 5 shows the modified model tor the 2 nd
order function, In this model. the part of the
transversal filter 13 the same as that of Iag. 1. and
the frequency response of the handhinutmg filter

1s given by the transfer function (230 of the pre

vious model.

L | !

I " § " 1

L 2,1 2.2 |

r \
Ha

Fig. 5. Model tor the 2 nd order tunction

Repeating the previous procedure tor the model

m Fig 5, the svstem functions can he obtamed as

ettty (o) st 4+To #2800 +alr -1
Hootfr Hestf - 200t cos 2z (20

and

Hoo(fy <Hif) 2Teil+cos 2ol IO UT
hoo{ty=—tit)

]I fsine tf}:“ ) +2sine | [t )
+31nc T )

(%)

The overall unpulse response and transfor fune

tion can be represented fron these results

34

H-Cf H o He )
P ol Hcos 2T JLCT (a0

:

whoere b (1) s gust hetty givenan 1280,
The fonctions m (29 auud 300 are even, From
the dualitv, we have another Fourter transforn.

panr as followings ¢

et P E U Fcos 2o 0T 0
Cotfr e a2 h g +hoop o
G s ot GG A
where boot) ot from (287, And the tact
that b0 s the same s Gab b cquaton @24

will he tocused m the tollowmg sections,

Defimmg the parameters o 001 290 T A |
Gorespectivelyv, we have
gt 1\ :E».— ' )
aned s Founer transtorm
Gt f) &11)(}1!"fif]‘~1"*2(}‘(11"+‘(;;\1 JIT) )

where G0 qust 1260 ard 1820 == the same s
Crro T cim also be shown that thiis resuit 1350 1.
cguvalent to 117 The procedure shown here s
much simpler than the conventionad metbod usig
consecutive duferemnons. And a0 clue o
recursion = otfered i this procedure, e, (310

[SSNEN

2. Generalization and the Recursive formula

I this subsection, we generalize  the rdea
proscented mothe previons =ubscoction, We derive
the Fourter transform of the noth order truncated

ased costne function green o G20 frome the
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generalized model as in Fig 6. The overall system
model consists of the same transversal filter as
before and the bandlimiting filter whose fre
quency response 1s the overall transfer function

of the mode] for the (n-1)-st order function.

2(r-1

T

Fig. 6. Generahized model .

(Proposition 1)
For the model shown in Fig 6, defining the fre

quency response of the bandhimiting flter as

Hoo(£) a2 VT +cos 27T VLLETHD
=H. (1) Cfor noL 203

and

Hotf) =T [ TUTH) L3

o
[

. the relations

P Hotf) =28 Toll4cos 2af Ty [ 1CTHD (363)

he () = e (CETO A2 ho () +he e —-T)

2

are true for all n==1, 2, 3, -
(Proof)

From the structure of the system model shown
in Fig.t, we have the svstem {functions for the

transversal filter as

healt) =8t +TO-+28(t)+8(t = T1)
===, Ha(f)=201+cos 22{Th) (3%)

L for all n=1, 2, 3,
order. And from(35)

. which is the same for any

T: oy
o) = s (e
ho(t) [osne ( T ) (39)
15 obtiined.
Next. we shall prove the proposition by math-
ematical induction as follows ¥,
< Basis step> When n- 1. from (34) and (35),

we have
Heotfr ooy =T Hemn 10
And we get from this tunction with (33)

Huofy =Huoof) Fioof s 2T U cos 22T [TOT)
(1D

The mmverse Fourier transform of Hitfy can be
obtained from the relationship between (22) and
(233, or tfrom the convolution of hia(t) ifrom
(3x)7 with hi(t) Hfrom 34y, 1300, and (39)1, We

ale given

hilt)— %]x i sine( t%,lr“[‘ )0 st ,[" i
+sinc( ! }I )i
=holt+T 42 he (O -Fhe (-1 (12)

Equations {11) and (12) indicate that P(1) is

frue,

<Induction step> Suppose that P(k) i1s true

tor some k=1, we have

Hetf) =20 Tol4cos 2efTor [T (13)

and

Bt he T2 e ) the ot =T (4D
35
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Therefore, we get tfrom (31)

17 No.l

Hiootfy Hetf) =29 10 Hcos 2at 1o [ JOT

and from (3%)

Hoooef) 20l 4cos

= bttt ottt T+

Applving (150 and Gl

I N SN I

By

2l

Daltr ot T
F)

to the generalized

model 11 g 6, we ultimately have
Phoeitty Heoootfh o)
o eos 2T OTD AT

hooo 00y = e (01 by

ho aesuTorh

sl R S A A SN PR AR B ro
o VIR A O SRR B BN IR A
ho(t+=To+2 h (=i Y

The equations C17) and (18}

ment Prk 10 s also trae,

v thatr the =tate

v sduction, PO os true {orail no 1L o

(Proposition 2
(Ot The functions Ha(D)
presented m Proposition 17 a
fand trespectively for ail o
It can be casily shown that
mduction™ used i the proot
1),

and he Uy which e
reeven fune bions of
[P AR

the Ofnd s true hy

fur the tProposion

From the duality of the Fourter transform and

the fact that the functions

another TFourier franstore po

are even, woe have

s tollowinges

with
Goooo b ’, )

Iwe set the parneter= 1 and T

T A
ti . . -
-7 ! ol
then we hive
A !
v | teos’ RE i
! 7 T i ’

The equation (520 ds just (200 and s Fonrie

transformg given b

N )
foradb o o o

where
[ R O L R R P o)

e vealtne coetion 0wtk () sa com
plete recnrson, and the forn of the tonction (5200
con be coaly o ched to any coetnerent and

.

crofer of e brencated rieed cosie i 1t

sooiec Pheretore, the reo mave tornla can be

coscly sodved by the commputer arded s nunnerical

I\'. Conclusions
A new and ersy sterative method to oget the
Jfonier ttanslors of the tuncated nesed cosne
Prnc e cd s o th order powers using the con
copt ool the b Diorvpe RS system has been
mtrodeced, We o hueve dhiscovered that o the
proposed procedure 15 more compact and simpler
than the conventional niethod based on conseon
U Cnecntanone, The results wloch hiave

b . Correnn U gaoccdnre constitute o



®% An Easy Wav w Denye the Founer Transtorms of the 11

el Rt G B

Lty e el g Dana Re Sostem Lunop A B isive Pt e

completely recursive formula. And the recursive
tormula consists of a sum of three functions
which are easily obtained from the last step.

We conclude that the formula introduced in
this paper can be excellently apphed to the analy
ses for many kinds of communication systems of
which the system functions are the nth order
powers of the truncated raised cosine, Especially,
it 1s expected that the formula can be casily ap-
plied to the computerized numerical analyses by

virtue of its inherent recursive characteristics.,
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