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E.W.BARNES' APPROACH OF THE

MULTIPLE GAMMA FUNCTIONS

JUNESANG CHOI AND J. R. QUINE

In this paper we provide a new proof of multiplication formulas for
the simple and double gamma functions and also give some related
asymptotic expansions.

1. E.W.Barnes' definition of multiple gamma functions

In [3] E. W. Barnes introduces the multiple Hurwitz (-function, for
Res> 1",

where n = ml Wl + m2 W2 + ... + mrWr and also represents the r-ple
Hurwitz (-function by the contour integral

where the conditions for a and Wl, . .. ,Wr are described in [3] and the
possible contour L is given by
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x

(3)

For our purpose we restrict these when Wk = 1, k = 1,2, ... , n and the
contour C is the same as Fig. I in [4]. That is to say, a> 0, Res> n,

00

L

Then (n(s, a) can be continued to a meromorphic function with poles
s = 1,2, ... ,n, a > 0, for by the contour integral representation

the integral is valied for a > °and all s, so (n(s, a) has possible poles
only at the poles of r(1 - s), i.e., s = 1, 2, 3, . . .. But by the series
definition (n(s, a) is holomorphic for Res> n [4]. In particular, when
n = 1,

00

(l(s,a) = L(a + k)-S = «s, a)
k=O

is the well-known Hurwitz (-function, which can be continued to a
meromorphic function with only simple pole at s = 1 having its residue
1, by the contour integTal representation [1], [4], [9].

Now we summarize some known propositions.

PROPOSITION 1.1. [7]. Let «s,a) = 2:~o(k+a)-S be the Hurwitz
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(-function, where a> 0 and Res> 1, then we have

e</(O,al

r(a) = RI ' where RI is a contant and

('(s, a) = :s ((s, a).

Proof. As above, by the contour integral representation of ((s, a),
(( s, a) is analytically continued for all s =1= 1, (a > 0).

((s,a +1) = ((s,a) - a-s,

('(s,a + 1) = ('(s + a) + a-Sloga,

('(0, a + 1) = ('(0, a) + loga.

Letting GI(a) = e</(O,a l , we have GI(a + 1) = aGI(a), a> 0, and

Any by the analytic continuation of «(s,a) one sees that GI(a) is Coo
on R+. So by the Bohr-Mollerup Theorem

Note that RI = e</(O) since ((s, 1) = ((s) and so

Now define

G () <' (0 a) , ( 8 ( )n a =en' , where (n s, a) = 8s (n s, a .

The basic properties of Gn(a) are now given by the following proposi­
tion.
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PROPOSITION 1.2. [7].

Gn +1(a)
(a) Gn+1(a + 1) = Gn(a) .

(b) Gn(a) can be continued a meromorphic function on C with
poles at the negative integers and a simple pole at zero.

(c) Let Rn = lima __oaGn(a), then Gn(l) = Rn/Rn-I, where
Ro = 1.

In particular, when n = 2,

COROLLARY 1.3.

(a) G2 (a + 1) = G2(a)/G 1(a).
(b) G2 ( a) can be continued to a meromorphic function on C with

poles at the negative integers and a simple pole at zero.

Now we can get the relationship between multiple gamma ftUletions
and multiple Hurwitz (-functions.

PROPOSITION 1.4. [7].

Proof. See [4] and [7].

In particular, when n = 2.

COROLLARY 1.5.

2. Multiplication formulas for rand r 2

In this section we provide other proofs of multiplication formulas for
the simple and double gamma functions.
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THEOREM 2.1.

m-I k-I

IT f(ka+ kl) =(2n)I/2m-I/2k(~ ) ma k+I/2(mk-m-k) IT f(ma+ mn),
m m k

1=0 n=O

k,m = 1,2,3, ....

Proof. Note that {i = 0,1,2, ... } = {kj + n, 0 :S n :S k - 1, j
0,1,2, ... }.

m-I kl m-I 00 kl
L (s,ka+ -) = L L(ka+ - +i)-S
1=0 7n 1=0 i=O m

00 m-I

m 8 """" """" 1= eT) LJ LJ (ma + 1+ !!!:.i)S
i=O 1=0 k

m-loo k-I 1
( m)8 """" """" """" _

= I: ~ f;;:o~ (ma + 1+ ';;(kj + n))S

k-I <Xl m-I 1

= ( 7Z)8 L L L (ma + .!!l!! + mj + l)s
n=O )=0 1=0 k

k-I <Xl

= (m r """" """" 1k LJ LJ (ma + .!!l!! + j)8
n=O )=0 k

k-I
m 8 """" mn=(1:) LJ(s,ma+T)'

,,=0

~ kl m s~ mn
LJ(s,ka+ m)=(k) LJ(s,ma+T)'
1=0 n=O

Now we have

m-I klL ('(S, ka + -)
1=0 7n

k-I k-I

( m)S m """" mn m 8 """" ' mn= k log(k)LJ(s,ma+T)+(I:) LJ(s,ma+T)'
,,=0 n=O
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where the accent' denotes the differentiation with respect to s. We
have

m-l kl k-l?: ('(0, ka + m) = log( 7)(I: ((0, ma + ":en))
1=0 n=O

k-l

+I: ('(O,ma + ":en).
n=O

Since ((0, a) = t - a, we have

k-l k-l

"" mn '"' mn£- ((O,ma+ T) = £-(1/2 -ma - T)
n=O . n=O

m= (1/2 - ma)k - 2"(k - 1).

Thus
m-l k-l
IT e"(O,ka+-M) = (7)(l/2-ma)k-T (k-l) IT e"(O,ma+¥).

1=0 n=O

By Proposition 1.1, e"(O,a) = eC'(O)r(a), so we have

m-l k-l

em,'(O) IT r(ma+ kl )=(~p/2-ma)k-T (k-l)ek ,'(0) ITr(ma+~).
m k k

1=0 n=O
m-l k-l

IT r(ka+ ~) = e(k-m)"(0)(7)(l/2-ma)k-T (k-l) IT r(ma+ ~a).
1=0 n=O

Note that

('(0) = -1/210g(27l"),

elk-m)('(O) = (27l")l/2(m-k),

(m )(l/2-ma)k-T(k-l) = (!:... )mak+l/2(mk-m-k).

k m
This completes the proof of Theorem 2.1.

Now we get the classical Gauss' multiplication formula as the special
case of Theorem 2.1.
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COROLLARY 2.2.

m-I
IT r(a+ 2..) = (27r)1/2m-I/2ml/2-mar(ma), m =2,3,4, ....
1=0 m

Proof. Plug k = 1, m = 2,3,4, ... in the formula of Theorem 2.l.

Finally we provide another proof of the multiplication formula for
r2 .

THEOREM 2.3. [2]'[4].

where

LEMMA.
(2(S,X) = (s -l,x) + (1- x)(s,x).

In particular, (2(S, 1) =(s - 1) and so (2(0,1) = ('( -1).

Note that the c1~sical result is (See Chapter 1 in [4])

Bm+l(x)
r(-m x) - m = 0,1,2,···., , - m+1'

Bo(x) = 1,

1
B1(x) = x - 2'

2 1
B2(X)=X -x+ 6,

Proof of Lemma. Note that
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This is because the number of solutions of k1 + k2 + .. .' + kn = k,
k = 0,1,2, ... , (k}, k2 , ••• , kn) E Nn is equal to the coefficient of x k in
the expansion of the Mac1aurin series of (1 - x)-n,

In particular,

I.e., (k+n -1).
n-1

00

(2(S, x) = L (x + k1 + k2)-S
kl,k2 =O

00 k+1
= t; (x + k)S

~ (x+k) ~ 1-x
= 6 (x + k)S + 6 (x + k)S

= «s -l,x) + (1- x)(s, x).

Thus we have (2(S, x) = «s - 1, x) + (1 - x)«s, x).

Proof of Theorem 2.3. Consider

n-l n-l . + .
I: I: (2(S, x + '!-L)
. . n
1=0 J=O

n-ln-l 00

- L L L (x + i ~ j + k1 + k2 )-S
i=O j=O k 1 ,k2 =O

00 n-l n-l

= nS I: L L(nx + i + j + nk1 + nk2 )-S
kl,k2 =O i=O j=O

00

= n S I: (nx + k1 + k2 )-S
k 1 ,k2=O

= n S (2(s,nx).
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where the accent' denotes the differentiation with respect to s. There­
fore we have

n-ln-l ..
L L (~(O,x + l +) = (logn)(2(O,nx) + (~(O,nx).
. . n
1=0 )=0

n-ln-lIT IT e(;(O,x+~) = n(2(0,nx) e(;(O,nx).

i=O j=O

n-l n-l ..IT IT G2(x + l +) = n(2(0,nx)G2(nx).
.. n
.=0 )=0

Note that G2(x) = R2R~ar2(:r), by Corollary 1.5.

n-In-l .. .
R~2 IT IT f2(X + z +) )R~(.r+~) = n(2(0,nx) R2R~nXr2(nx).

i=O j=O n

Thus we have

n-l n-l ..

IT IT 1+)
f 2 (:1' + --) = F(x, n)r2(nx)

.. n

.=0 )=0

RI = e(/(O) = e-l/2Iog(211') = (271')-1/2.

R 2 = e('(O)e(;(O,I) = (27r;-1/2 e (;(-I) (Lemma)

= (27r)-1/2A.-le~ (see Chapter 2 in [4]).
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(2(0, nx) = ((-1, nx) + (1 - nx)((O, nx)

1
= -1/2n2x2 + 1/2nx - - + (1- nx)(1/2 - nx)

12
5

= 1/2n2x 2 - nx +-.
12

Then we have

F(x, n) = nl/2n2x2-nx+ 1
5
2 (211")-1/2(1-n

2
) A n

2
-1 e 112 (1_n

2
)

X (27r)-1/2(n2x-nx)-1/2(n2-n)

2 2=K(27r) -n(n-l)tn !!f=--nx

. . 2 1 1_n2 n-l 5
where K = An - e12 (21l')-2-nTI •

Therefore we have

We make x =°in the formula just obtained.

COROLLARY 2.4.

where the accent' denotes that we remove the case i = 0, j = O.

Proof. Note that

lim r(nx) = !.
x-o r(x) n

From the first expression on r;l(x + 1),

rex) _ 1. _ A(x)
r 2(x) - r 2(x+ 1) -

where
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Then we have

f(x) = A(X)r2(X), lim A(x) = 1 = lim A(nx).
x-O x-O

lim f 2(nx) = lim f(nx) A(x) = lim f(nx).
x-O f2(X) x-O A(nx) f(x) x-O f(x)

r xe"Yz 11~1 (1 + f)e- f 1
z~ nxe"fnx 11:'1 (1 + n"ne-¥ =;;.

n-I n-I .. n-I n-I' "
IT IT f 2(x + Z +J) = f 2(x) IT IT f 2(x + Z +J).
. 0 . 0 n .. n
a= J= 1=0 J=O

1
· nII':":i~II":"I' f ( + i + j) K l' f2(nx) K
lm 2 x -- = lm =-.

x-O ., n Z-O f 2(x) n
1=0 J=O

3. Some related asymptotic expansions

PROaOSITION 3.1. .

(a) as (s, a)I,,=o = log f( a) - 1/210g(21r)

(b) For real a> 0,

a 8(a)
as(s,a)I,,=o =(a-1/2)loga-a+ 12a'

where °< 8(a) < 1.

Proof·
(a) We know that f(a) = e"(O,a) /Rt, from Proposition 1.1, where

RI = e"(O). Thus

e"(O,a) = e"(O)f(a) = (21r)-1/2r(a) [4],[5].

('(0, a) = ~ (s,a)I,,=o = logr(a) -1/210g(21r).

(b) It is known [1] that for real x > 0,

r(x) = yI2; xZ-l/2e-z/~f with 0 < 8(x) < 1.
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1 . 1 ~~
Then logr(a) = 2 Iog(27r) + (a - 2)loga - a + 12a'

Therefore, as in (a),

6(a)
('(0, a) = (a -1/2)loga - a + 12a'

for real a> 0, where °< O(a) < 1.

PROPOSITION 3.2.
a 1

(a) as (2(8, x )18=0 = log r 2(x) + 1j2(x - 1)log(27r) + 12 -log A

wbere A is tbe Kinkelin's constant.
(b) For real x> 0,

Proof. (a) We know that

where RI = e"(O), Rz = e"(O)e,;(O,I), Corollary 1.5.
Then we have

(Ho, x) = :s(z(S,X)!8=O

= logfz(x) + (logRz - x log RI)

= log rz(x) + (1 - x)('(0) + (~(O, 1)

= log rz(x) + 1/2(x - 1) log(27r) + ('(-1),

since (~(O, 1) = ('( -1), ('(0) = -1/2Iog(27r).

(~(O,x) = logfz(x) + 1/2(x -1)log(27r) + 1/12 -logA

SInce
A = el

/
IZ

- ('( -1) and so ('( -1) = 1/12 -logA.
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(b) From Stirling's formula, for real x > 0,

We know that r;l(x + 1) = r;l(:1')r(x).
Thus logr;l(x) = logr;l(x + 1) -logr(x).
In the course of proof of (b), Proposition 3.1.

1
logr(x) = 1/2log(27r) + (x -1/2)logx - x +0(-), x ~ 00, x> O.

x

Therefore we have

l' x 2 5
log r;1 (x) = (~ - 1/2) log( 27r) + ("2 - x + 12) log x

- ~:1'2 + l' -log 4 +~ + O(~) x ~ 00.
4" • 12 x '

From (a),

3 .) .1'2 5 1
8/8s(2(S,X)!s=:o = 4'1'- -.r - ( 2 - x + 12)logx + 0(;), x ~ 00.
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