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E.W.BARNES’ APPROACH OF THE
MULTIPLE GAMMA FUNCTIONS

JUNESANG CHOI AND J. R. QUINE

In this paper we provide a new proof of multiplication formulas for
the simple and double gamma functions and also give some related
asymptotic expansions.

1. E.W.Barnes’ definition of multiple gamma functions

In [3] E. W. Barnes introduces the multiple Hurwitz (-function, for
Res > r,
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where Q = myw; + mowsz + -+ - + m,w, and also represents the r-ple
Hurwitz (-function by the contour integral
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where the conditions for a and wy,...,w, are described in [3] and the
possible contour L is given by

I/L

. Wy

s

/

(2)

Received March 25, 1991. Revised September 25, 1991.



128 Junesang Choi and J. R. Quine

p
"wy
L

[8) z

A
(3)
. /
/ L (4)

For our purpose we restrict these when wx =1, k =1,2,...,n and the

contour C is the same as Fig. I in [4]. That is to say, a > 0, Res > n,
o0

Cn('g’a) = Z (a+k1 -[-k2 +...+kn)"3.

kl !k2$"'ikﬂ=0

Then (,(s,a) can be continued to a meromorphic function with poles

s=1,2,...,n, a >0, for by the contour integral representation
iD(1—s) [e % (—z)*?
= d
Cn('s’ a) o /; (1 _ e—z)n z

the integral is valied for @ > 0 and all s, so ¢,(s, a) has possible poles
only at the poles of I'(1 — s), i.e., s = 1,2,3,.... But by the series
definition (,(s, a) is holomorphic for Res > n [4]. In particular, when
n=1,

Gi(s,a) =) (a+k)™* =((s,q)

k=0

is the well-known Hurwitz (-function, which can be continued to a
meromorphic function with only simple pole at s = 1 having its residue
1, by the contour integral representation {1], [4], [9].

Now we summarize some known propositions.

PROPOSITION 1.1. [7]. Let ((s,a) = 3 roo(k+a)~* be the Hurwitz
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(-function, where a > 0 and Res > 1, then we have

€' (0,a)
R, ’

(5,0) = od(s,a).

I(a) =

where R; is a contant and

Proof. As above, by the contour integral representation of ((s,a),
(s, a) is analytically continued for all s # 1, (a > 0).

((s,a+1)=¢((s,a) —a?,
('(s,a+1)=('(s+a)+a*loga,
¢'(0,a+1) = ¢'(0,a) + log a.

Letting G;(a) = 4% we have G(a + 1) = aG1(a), a > 0, and

42 & d
-J;i log Gl(a) = E;E E;C(S’ a)|a=0'

Any by the analytic continuation of ((s,a) one sees that Gy(a) is C*
on R*. So by the Bohr-Mollerup Theorem

Gy(a) =T(a)R;, Ry constant.
Note that Ry = e¢'(®) since ((s,1) = ((s) and so
Ry = Gy(1) = eSO,
Now deﬁm;
Gn(a) = €5 where (. (s,a) = ‘a%Cn(S, a).

The basic properties of G, (a) are now given by the following proposi-
tion. '



130 Junesang Choi and J. R. Quine

ProposITION 1.2. [7].

(a) Gatr(a+1)= %f(l(%z)'-

(b) Gn(a) can be continued a meromorphic function on C with
poles at the negative integers and a simple pole at zero.

(c) Let R, = lim,_0aGyp(a), then G,(1) = R,/R,_1, where
Ry =1.

In particular, when n = 2,

COROLLARY 1.3.
(a) G2(a+ 1) = Ga(a)/Gi(a).

(b) G2(a) can be continued to a meromorphic function on C with
poles at the negative integers and a simple pole at zero.

Now we can get the relationship between multiple gamma functions
and multiple Hurwitz {-functions.

PRroPOSITION 1.4. [7].
T D™ (2
Pata) = ( [] B20S))Gua).
m=1
Proof. See [4] and [7].
In particular, when n = 2.

COROLLARY 1.5.
Ty(a) = (Ry ' R})Ga(a)
where Ry = ¢’ ©e6(0) —1im, aGz(a).

2. Multiplication formulas for T" and I,

In this section we provide other proofs of multiplication formulas for
the simple and double gamma functions.
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THEOREM 2.1.

m-—1

k-1
kl 1/2m—1/2k k mak+1/2(mk—m—k) mn
,I:I T(ka+—)=(2n) () gr(ma+7),
k,m=1,2,3,....
Proof. Note that {: = 0,1,2,...} = {kj+n,0<n < k-1, 5=
0,1,2,...}.
m~1 m~—~1 oo
ki ki
_— = k AT
((sshat—) =3 > (ka+—+i)

...
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(ma + 1+ F1)°
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1l
»Is
M
™s I

3
s
|

—

= (=)° 1
k sl (ma+ 1+ Z(kj +n))*
m k—1 oo m-1 1
= (T) n=0]z=:o < (ma+ 52 +mj +1)*
m k—1 oo 1
= (_ ’ mn []
k) n=0§(ma+—;—+])
m sk'-l( ) 4
( L ) 1l=0 (o?ma k
jidty ki m. =1 mn
D Usikat+ =)= (7)Y ((s,ma+ —).
— m k o k
Now we have
m-—1
> sy ka+ M,
s m

k-1 k-1
=(2)"log(T) Y Clsuma + ) + ()" Y (s, ma+ T2,

n=0 n=0



132 Junesang Choi and J. R. Quine

where the accent’ denotes the differentiation with respect to s. We
have

m—1 . k-1
j; (0, ka + g) = log(%)(,; ¢(0,ma + Z%T}'))

k-1
mn
+ > ('(0,ma+ ).

n=0

Since (0, @) = 3 — a, we have

k=t mn k-t mn
> COmat ==)=) (1/2~ma——")

n=0 . n=0

= (1/2 - ma)k — (k- 1).

Thus
m—1 k—1
H eC (O katEl) _ (_’;;)(1/2—ma)k—%(k-1) H o€ (0,mat22)
=0 n=0

By Proposition 1.1, e$'(®% = ¢¢'(T(a), so we have

m~—1 k-1
! kl m m ' mn
m¢'(0) N (N1 /2-ma)k— B (k—1) k('(0) —
e ‘Uo I‘(ma+m)——( Z ) z e nLlOI‘(ma—Jr 7 ).
it kl (o), 1T - k=1 ma
I I I‘(ka+—) = e(k—m)( (0)(_)(1/2—ma)k—7(k—1) I l F(ma+———)
m k k
=0 n=0
Note that

¢'(0) = —1/2log(2n),
eF—m)'(0) (271.)1/2(1'1—1:)’

( _721 )(1/2—ma)k—-'§(k—1) = _k_ )mak+1/2(mk-m—k)_
T m

This completes the proof of Theorem 2.1.

Now we get the classical Gauss’ multiplication formula as the special
case of Theorem 2.1.
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COROLLARY 2.2.
m-1 1
I'(a+ -—n;) = (2m)/ 2312 2-ma D (g, m = 2,3,4, ...
=0
Proof. Plug k =1, m = 2,3,4,... in the formula of Theorem 2.1.

Finally we provide another proof of the multiplication formula for
Iy.

THEOREM 2.3. [2],[4].

n—1n-1 + 2
I II rz(= + ’) = K(2r)~(r=DE 2 =ne Dy (ng)
=0 j=0
where .
K= A"z"lel_T'f"’(27r) TnT,
LEMMA.

(2(3,1‘) = C(S - 1,.13) + (1 - 11«')((8,33)-
In particular, (3(s,1) = {(s — 1) and so (3(0,1) = ¢'(-1).
Note that the cladsical result is (See Chapter 1 in [4])

((-m,z) = _.Bm_‘“(iv_).’ m=0,1,2--

m+1
Bo(:l:) = 1,
1
Biy(z)=z ~ 3
Byz)=2* -z + %,
Proof of Lemma. Note that
oo oo (k+n—-
. - n—1
() = S (etkithr k) Z(:Hk),-
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This is because the number of solutions of k; + ko + -+ k,

the expansion of the Maclaurin series of (1 — z)™™",
. E+n-—1
ie., ne1 )

Glsz)= Y (c+ki+k)™

k1 sk2=0

In particular,

N k41
=kg(:v+k)5
_ (z+k) X 1-z
'kz(:c+k Z(z+k)s
=((s—1,2)+ (1 —z){(s, ).

Thus we have (o(s,z) = ((s — 1,z) + (1 — z2){(s, z)-
Proof of Theorem 2.3. Consider

n—1n-1

Y Y Glsz+ L

i=0 j=0

n—1n—1

=y > Z(+ Lokt k)

=0 ] =0 Iq,kz—o

n—1n-1

Z D> (ne+i+j +nk +nky)”?

k1,ke=0 i=0 j=0

D (nz by + k)

k1,k2=0
= n’C(s, nx).

n—1ln—1

Y3 Ghse + L) = (logn)nGa(s, na) + n°Gy(s,n),

=0 j=0

=k,
k=0,1,2,..., (k1,kq,...,k,) € N" is equal to the coefficient of z¥ in
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where the accent’ denotes the differentiation with respect to s. There-
fore we have

n—1n—1 . .
>3 60,2 + L) = (logn)Ga(0,n2) + (4(0, ne).
i=0 j=0
n-—1mn-—1 o
H H eC2(0z+ 1) 1 62(0,na) ((3(00ne)
1=0 j=0
n—1n—1 . .
IT IT Gtz + - :]) = n&0n) Gy (nz).
=0 j=0

Note that Ga(z) = RyR “I'2(z), by Corollary 1.5.
5 n~1n-1 i + . it
Ry H H Ta(z + —-;]—)Rl_(r+ +) = n(;(o,nz)R2R1—nzr\2(n$)'
i=0 j=0 n
"H H R _ pm DI TS
1 = It
=0 j=0

— Rl—(n2r+n2—n)'

Thus we have
n—1n-—1 I + .
H H Do(x + S F(z,n)l'2(nz)
i=0 j=0 n

2 2 2
where F(z,n) = nS2(@nz) gl—n" griz—nrtn’-n

R, = e6'(0) _ e~ 1/2log(2m) _ (27()—1/2‘
R, = S (0)6(00) (2%)-1/264‘:’(_1) (Lemma)

= (2%)"1/2_4’15:1_12 (see Chapter 2 in [4]).
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(2(0,nz) = ((—1,nz) + (1 - nz){(0,nz)
= —1/2n%2% + 1/2nz — 115 +(1 = nz)(1/2 - nz)

5
=1/2n%z? —nx+1—2-

Then we have
F(.’L‘, Tl) —_ n1/2n2x2_nz+%(2#)_1/2(1_"’2)‘4”2_1e%f(l_nz)
X (21r)“1/2("2z—nz)—1/2(n’—n)
= K(?W)-"("“l)%nﬁzzii—nz
- 2 -
where K = A™ ~1*T ('271”)—_2-1—71%.
Therefore we have

n—1n-—1

[T TT mate + 52 = K(on e

=0 j=0

We make ¢ = 0 in the formula just obtained.
COROLLARY 2.4.

n—-1n-1'

IT IJ o

=0 j=0

where the accent’ denotes that we remove the caset =0, j =0.

Proof. Note that
I(nz) _
1:1—'0 P(IL‘)
From the first expression on I';(z + 1),
I'(z) _ 1
Ty(z) I‘z(x + 1)

1
T n

= A(z)
where

A(z) = (2r)% R A ﬁ ((1 + %)ke'z"'%;).

- k=1
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Then we have

I'(z) = A(z)T2(x), lim A(z)=1= lim A(nz).
Lo(nz) .. I‘(m;) A(z) _ im I‘(nz)
2= Ta(z) :1:1_1_5}) A(nz) T(z) 2 T(z)
I ze™ [Tiey (1 + §)e —F _1
zli% ne'ms Hk =1 (1 + & )e" T n

n—1n-1 n~1n—1

HHFz(z+z+])—P2(z)H Hrz(z+

i=0 j=0 :—0 ]=0

n-1n-1'
2 +] Kl Fz(n:c) K
ll_ffl H H I‘z( + — l-»o Fz(l’) —n"

)

i=0 ;=0

3. Some related asymptotic expansions

Pngosmoxv 3.1. _
(a) ‘a—((s a)|s=0 = logI'(a) — 1/2log(27)
(b) For real a > 0,
9 0
5-C(5,)lsm0 = (a — 1/2) loga—a + 5o,

where 0 < 6(a) < 1.
Proof.

(a) We know that I'(a) = ¢(®%) /R,, from Proposition 1.1, where
R; = e¢'(®. Thus
' = O (a) = (27)7/*T(a) [4],[5].
17
¢'(0,0) = 5-((s,a)ls=0 = logT'(a) - 1/2log(2r).
(b) It is known [1] that for real z > 0,

I(z) = V27 25" 1/2¢7%e % with 0<6(z) < 1.
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Then logI'(a) = l log,(?w +(a — —)loga —a+ —= (a)
Therefore, as in (a),
¢'(0,a) =(a—1/2)loga —a+ 1(2a)’

for real a > 0, where 0 < 8(a) < 1.

PRogosrTION 3.2. X
(a) _6;-(2(3’ z)|s=0 = log'2(z) + 1/2(z — 1)log(27) + E —log A
where A is the Kinkelin’s constant.

(b) For real z > 0,

0 2 z 5
Eﬁ(ssx)h: ='———“—(——w+12)10g:c+0( ), T — oo.

Proof. (a) We know that
Iy(x) = (R; ' Rf)eS @),

where Ry = €S’ Ry = e$'(9¢$%(01) Corollary 1.5.
Then we have

3}
(2(0,2) = 5-Ca(s, @)ls=0
= logT'2(z) + (log R; — zlog R;)
= logT'2(x) + (1 — 2)¢'(0) + (3(0,1)
= logTa(2) + 1/2(z — 1) log(2r) + ¢'(-1),
since (5(0,1) = ¢'(-1), ('(0) = —1/2log(2x).
(2(0,z) =logTa(z) + 1/2(z — 1)log(27) + 1/12 —log A

since

A=e"? _ (1) and so ¢'(-1) = 1/12 — log A.
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(b) From Stirling’s formula, for real z > 0,

1 3z2?
log 21 — log A + — — =

-1 _
logTa(z+1)7" = 5”1

z

2
2 1 ) 0 1

+ (5 —3)losz +0(2), = — oo

We know that I';'(z + 1) = I'; 1(2)[(z).

Thus log T, 1(z) = logT'; Y(z + 1) — log ().
In the course of proof of (b), Proposition 3.1.

log(z) =1/2log(27) + (z — 1/2)logz —z + 0(%), z — o0, z>0.

Therefore we have
log Iy (2) = (£ —1/2)log(2x) + (-:E.E -z + -—El—)lo T
- -21#2 +a —log A+ Tl_—é + 0(-:;), T — 00.

From (a),

2 x? 5 1
0/0s(2(8,2)|s=0 = =2° — & — (? -z + E)logr + O(;), T — oo.

=]
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