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LIPSCHITZ STABILITY AND
EXPONENTIAL ASYMPTOTIC
STABILITY IN PERTURBED SYSTEMS

SunG Kyu CHort, K1 SHik Koot aND KEON-HEE LEET

1. Introduction

Dannan and Elaydi [3] introduced a new notion of stability, which
is called uniforn Lipschitz stability (ULS), for systems of differential
equations. This notion of ULS lies somewhere between uniform stabil-
ity (US) on one side and the notions of asymptotic stability in variation
(ASV) and uniform stability in variation (USV) on the other side. An
important feature of ULS is that the linearized system inherits the
property of ULS from the original nonlinear system [3, Theorem 3.4}.

Also, Elaydi and Farran [5] introduced the notion of exponential
asymptotic stability (EAS) which is a stronger notion than that of
ULS. They investigated the properties of EAS dynamical systems on a
compact Riemannian manifold, and gave some analytic criteria for an
autonomous differential system and its perturbed systems to be EAS.

Athanassov [1] defined global exponential stability in variation
(GESV) and then showed that the existence of Liapunov functions
when the zero solution of a nonlinear system is GESV. The stronger
notion than that of GESV is generalized exponential asymptotic sta-
bility in variation (GEASV) appeared in [6].

Taniguchi [9] obtained various stability theorems of perturbed dif-
ferential systems. We use his technique to investigate ULS for linear
perturbed systems.

In this paper we investigate the problems of ULS, EAS and GEASV
for the following various perturbed differential systems of the nonlinear
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differential system z' = f(%,z):
(P) y' = A(t)y +9(t,y),
(P2) ¥ = f(t,y) + g(t,y),
(Ps) y' = f(t,y) + 9(t,y, Ty),
(Ps) y' = f(t,9) + 9(t,y) + h(t,y, Ty).

2. Lipschitz stability

Let R™ and Rt be the n-dimensional Euclidean space and the set of
all nonnegative real numbers, respectively. Let the symbol |- | denote
any convenient norm on R™ and the corresponding norm for n x n real
matrices. C(X,Y) denotes the set of all continuous ma.ppmgs from a
topological space X to a topological space Y.

Consider the nonlinear differential system

(N) z' = f(t,z), z(to) = zo,

where f € C(RT x R™® R") with f(¢,0) = 0. If we assume that f
has continuous partial derivatives 8f /0z on Rt x R™ and the solution
z(t) = z(t,t0, o) of (N) through (%o, z¢) € Rt x R™ existsfor t > t¢ >
0, then

0
®(t, 1o, :L‘o) = 5;;.’1:('5, to, Zo)
exists and is the solution of the variational system

7]
(V1) 2= %f(t, z(t,to, o ))z
such that ®(%o,%,z0) is the identity matrix [6].

DEFINITION 1. The zero solution z = 0 of (N) is said to be

(S) stable if for any € > 0 and ¢ > 0, there exists é = §(0,¢) > 0
such that if |zo| < 8, then |z(t,%0,20)| < e forall t > o > 0,

(US) uniformly stable if the é in (S) is independent of the time %o,

(ULS) uniformly Lipschitz stable if there exist M > 0 and 6 > 0
such that |z(¢,9,z0)| < M|zo| whenever |z4] < § and t > t5 > 0,

(ULSYV) uniformly Lipschitz stable in variation if there exist M > 0
and & > 0 such that [®(¢,¢0,20)| < M for |zo] < dand t > ¢, > 0.

. We recall Dannan and Elaydis’ result [3, Theorem 2.1], emphasizing
that ULS coincides with US in linear systems.
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THEOREM 2.1. For the linear system
(L) g = A(t)xv .’L'(t()) = To,

where A(t) is a continuous n x n matrix defined on R*, the following
are equivalent:

(1) the zero solution ¢ = 0 of (L) is ULSV,
(2) the zero solution z = 0 of (L) is ULS,
(3) the zero solution z = 0 of (L) is US.

REMARK. In definition 1.3 of 3], the word “in variation” was miss-
ing.

We consider a perturbed system

(P1) y' = A(t)y + 9(t,y), y(to) = yo,

where g € C(Rt x R*,R") with g¢(¢,0) = 0, of (L). Then the solution
y(t) = y(t,%0,y0) of (Py) through (to,y0) € R x R" is given by

t

u(t) = o(t,to)yo + / o(t,5)g(s. u(s))ds,

to

where ¢(t,1p) is the fundamental matrix solution of (L), from the vari-
ation of constants formula.

To show that y = 0 of (P;) is ULS, we need the following:

LEMMA 2.2 [6, THEOREM 5.1.1]. Suppose that h(t,u) € C(R* x
R* R%) is monotone nondecreasing in u for each fixed t > ty > 0 with
the property that

z(t) —[ h(s,z(s))ds < y(t) ——/t h(s,y(s))ds, t>1t >0

for z,y € C(R*,R*). If z(to) < y(to), then z(t) < y(t) for all t >
to > 0.
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THEOREM 2.3. Assume that z = 0 of (L) is ULS. Let the following
condition hold for (P, ):

lg(t,v)| < h(t, ly]), where h(t,u) € C(Rt x R, R*) is mono-
tone nondecreasing in u for each fixedt > to > 0 with h(t,0) =
0. '

Consider the scalar differential equation
(Sl) u = Mh(t, u), M>1, u(to) =ug >0

and suppose that u = 0 of (S;) is ULS.
Then the solution y = 0 of (P,) is ULS.

Proof. For a solution y(t) = y(t, 0, yo), we have

ly(®)] < lo(t, to)l lyol + /t le(t, $)] lg(s, y(s))|ds.

Since z = 0 of (L) is ULS, it is ULSV by Theorem 2.1. Thus there
exist M > 0 and §; > 0 such that |p(¢,%0)] < M for t > ¢, > 0 and
|zo| < 61. Therefore, by the assumption, we have

ly(£)] < Mlyo| + M /t k(s, ly(s)])ds.

It follows that

()] - M / B(s, ly(s)])ds < Myl

< Ug if M|yo| < Ug

= u(t) — Ml h(s,u(s))ds.

Hence |y(¢)| < u(t) by Lemma 2.2. Since u = 0 of (S) is ULS, it easily
follows that y = 0 of (P¢) is ULS.
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COROLLARY 2.4. Suppose that the solution x = 0 of (L) is ULS.
Consider the scalar differential equation

(S2) u' = Ka(t)u, u(te) = uo,

where u > 0, K > 1 and a € C(R%) satisfying the conditions

(1) |f(t, )] < a(t)lyl, where f(t,y) is in (P),
(2) [y a(s)ds < M for some M > 0.

Then the solution y = 0 of (P,) is ULS.
Proof. Let u(t) = u(t,to,uo) be a solution of (S1). Then u(t) =
uoe®M by the condition (2). Thus we have
u(t)] < luole™™ = Liual,
where L = eKM > 0, Therefore u = 0 of (S;) is ULS. This implies
that the solution y = 0 of (P,) is ULS by Theorem 2.3.

REMARK. Dannan and Elaydi [3, Theorem 2.14] showed ULS for
(P1) under the assumption that

f(t,9)l <7Dyl and /9 Y(t)dt < 00 forall 630,

For the perturbation

(P2) y' = f(t,y) +g(t,y)

of (N), Dannan and Elaydi [3, Theorem 2.14] investigated ULS by using
the fundamental matrix ®(t,tp, o) of (V).
Now we consider the perturbation

(P3) y, = f(tv y) + g(t7 y,T?/)’ y(tO) = Yo,

where g € C(Rt x R" x R*, R™) and T : R" — R" is a continuous
operator, of (N).

First, we need an integral inequality which is a generalization of
Pachpatte’s inequality [8].
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LEMMA 2.5. Ifu(t), a(t), b(t) and c(t) are elements of C(RY) with
the property that

u(t) < uo+ /t a(s)u(s)ds + /t: b(s) /; o(T)u(T)dr ds,

to

then
u(t) < ug exp {/t:[a(s) + b(s) /: c(’r)d‘r]ds} , 0<t £t < o0

Proof. Let

t

U@=m+/

to

a(s)u(s)ds + /tt B(s) t: o(r)u(r)dr ds.
Then u(f) < U(¢) and thus
Uwyuwmm+mqﬁdgth
gqﬂmﬂ+MﬂL}&W@Ms
sznﬂpay+q@j:qg@]
since U(t) is nondecreasing. Integrating both sides of the above in-

equality we can obtain the result.
THEOREM 2.6. For the perturbed system (P3), we assume that

(1) 96,9, Tv)| < a1 +30) | Alu(s)ids,

where a,b,c € C(RY),

(2) [ot[a(s) + b(s) /t: c(T)drlds < 0.
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Then the zero solution of (P3) is ULS whenever the zero solution of

(N) is ULSV.

Proof. By the nonlinear variation of constants formula of Alekseev,
we have

y(t) = y(t,t0,y0)

= ol to, ) + [ @(t,5,(s))glt,u(s), Tu(s))ds

to

[6, Theorem 2.6.3]. Since there are M > 0 and é > 0 with |®(¢, 0, z0)|
< M for all t > tg > 0 and |zo| < 8, we have

W()] < Miyol + M / o(s)ly(s)lds
+M[ b(s)[ o(7)|y(7T)|dT ds

by the assumption (1). Hence

9(6)] < Mluolexp [ la(s) + b(s) [ " e(r)dr]ds

by Lemma 2.5. In view of (2), we have |y(t)] < L|yo| for some L > 0
whenever |yo] < 6.

3. Exponential asymptotic stability

We recall some notions of stability.

DEFINITION 2. The zero solution of (N) is said to be
(EAS) ezponentially asymptotically stable if there exist constants
K > 0, ¢ > 0 such that
(¢, to, To)| < Klzole™ !0

fort >t >0,
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(EASYV) ezponentially asymptotically stable in variation if there
exist constants K > 0, ¢ > 0 such that

|®(2, 20, z0)| < K e—ct—to)

fort >t >0,

(GEASYV) generalized ezponentially asymptotically stable in varia-
tion if

|B(t, 0, z0)| < K(t)ep(to)—p(t)

for t > to > 0 where K > 0 is continuous on R¥, p € « and p(t) — oo
as t — oo. Here p € « means p € C(R1), p(0) = 0, and p(?) is strictly
increasing in t € Rt.

Note that GEASV becomes EASV when K(t) = K > 0 and p(t) =
at, a > 0.

DEFINITION 3. The zero solution of (N) is said to be
(ASYV) asymptotically stable in variation if there exists M > 0 such

that
t

|B(t, 5)|ds < M

to

for every t > tg > 0, where ®(¢,1) is the fundamental matrix solution
of the variational system

(Vz) y’ = fI(tv 0)y7 y(tO) = Yo,
with ®(%¢,%0) the unit matrix.
THEOREM 3.1. The solution z = 0 of (N) is ULS if it is EAS.

Proof. The solution y = 0 of (V2) is EAS. Then there are K > 0
and ¢ > 0 such that

ly(t, to, y0)| = |®(t, ta)yol < Klyole ™%, ¢ > > 0.

Thus we have
t t
/ (%, 5)lds < K / e~ ds = —K[e~t™) —1]/c < K[c= M.
to to

It follows that the solution z = 0 is ASV. Hence it is ULS by Theorem
2.8in [3].
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EXAMPLE. EAS is not implied by ULS. Consider the scalar differ-
ential equation z' = —z3, z(to) = z0, whose general solution is

2(t) = zo[l + 2z2(t — 1)) "M%, t >4, >0.

Since
®(t, to, 7o) = 1+ 225(t — t0)] /%, t 210 20,

we have |®(t,t9,z0)| < 1for all t > to > 0. Therefore z = 0 is ULSV
and so it is ULS [3, Theorem 3.3]. However it is not EAS [7, Example
3].

REMARK. In [3], Figure 1 illustrated the possible known implica-
tions among various types of stability notions. It is very useful to
investigate various stabilities for differential systems.

Brauer [2, Theorem 2] examined EAS for the trivial solution of (P2)
and obtained EAS for the trivial solution of

(P3) y' = f(t,y) + g(t,y) + h(t,y),

where b € C(R* x R",R") with h(¢,0) = 0, as a corollary of his
Theorem 2. We obtain an asymptotic behavior of solutions of (P3).

THEOREM 3.2. For the system (P3) we assume the following con-
ditions:
(1) lg(t,9)| = o|y[) as |y| — O uniformly in ¢,
(2) there exists an a > 0 such that |z| < a and t € R
imply |h(t,z)| < 4(t), where v € C(R*) with [~ v(t)dt < oo.
If the solution r = 0 of (N) is EAS, then there exist To > 0 and
6 > 0 such that to > Ty and |zo| < 6 imply every solution y(t) of (P3)
tends to zero as t — oo.

Proof. By the assumption we have |®(¢,t0,z0) < Ke<(t—to) for
some K >0andc¢>0. Wechoose T>1and é§ <e. Let Ty > T be so
large that ¢ > Tp implies

/] exp[—(c — Ke)(t — s)|y(s)ds < §/2K = é;.
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This is possible by the fact

t—co

t
lim e"“/ e“*y(s)ds =0
1

[6, Theorem 2.14.6].
Let g > T and |yo| < 6/2K = 6, < 8. Then we have

()] < |9(t, to, zo)]lvo] + / 182, 5, 4(s))llg(s ¥(5))
+ h(s,y(s))lds

t
< Klyole=o=t) 4 / Ke=t=9[cy(s) + v(s)lds
to

by Theorem 2.6.3 in [6]. Thus
ly(t)le® < Klyo| exp(cto) exp[Ke(t — to)]
t
+ / Ke“y(s)exp[Ke(t — s)]ds
to
by the Gronwall’s inequality. In other words, we have
ly(t)| < Ké1 exp[—(c — Ke)(t ~ to)]
t
+ K/ exp|[—(c — Ke)(t — s)}y(s)ds.
1
This inequality yields
t
YOI < K61+ K [ expl—(e— Ke(t - )l (s)ds
1
<Ké + 6/2 < 6,

i.e., |y(t)] < € holds on [to,00). This implies that the above inequality
is true for ¢ > t3. Hence y(t) — 0 as t — oo.

Now, we consider the perturbed system

(P4) y' = f(t,y) + g(t,y) + h(t,y,Ty),
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where h € C(Rt x R®,R") and T : R* — R" is a continuous opera-
tor. Pachpatte [8, Theorem 2] obtained an asymptotic behavior of the
system

y' = f(t, y) + g(ta Y, Ty)

As an adaptation of this, an asymptotic behavior of (P4) can be ob-
tained. To do this we need an integral inequality which is similar to
that of Lemma 2.5.

LEMMA 3.3. If u(t), a(t), b(t) and c(t) are nonnegative continuous
functions on R* with the property that

u(t) 5u9+/t u(.s)ds-}-/t afs)u{s)ds + t b(s) ‘ o7)dr ds,

where ug is a nonnegative constant, then
t t
u(t) < up {/ [1+a(s)+ b(s)/ c('r)d'r]ds} .
to to

THEOREM 3.4. For the system (P, ), we assume that
(1) g(t,y) = o(ly|) as y — O uniformly in t,
(2) R(t,y,Ty) < At)(lyl + |Tyl), where A € C(R*,R) with
A(s)ds < oo.

to

(3) |Ty(t) < e~ [ w(s)ly(s)lds, where u € C(R*,R), with
o0
/ p(s)ds < oo.
to

Then every solution y(t) of (Ps) approaches to zero ast — oo when-
ever z = 0 of (N) is EAS.

Proof. Note that
y(t) = y(ta tO, yO)

= 2(t, o, 0) + / 8(t,5,y(s)a(t, y(s) + h(t,y(s), Ty(s))ds
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by the nonlinear variation of constants formula of Alekseev. Thus

[y(®)] < Klyole
+ Ke™(=|g(t,y(s)) + h(t, y(s), Ty(s))lds

< Klyole %) 4 eK f =9 ly(s)lds
+K / =D\ (s)ly(s)] + €= / w(r)ly(r)ldrds.

Since |®(¢, %0, z0)] < Ke*(%) for all t > to > 0 and for any € > 0,
l9(t,¥)] < €ly| as long as |y] < 6 for some § > 0, by letting u(t) =
ly(t)]e*, we have

u(t) < Klyole® + K /t " eosly(s)lds
.
+ K /t: e M) {ly(s)] + e~ /t: p(s)e" ly(7)|dr }ds
= Klyole®®® +cK /t e“*ly(s)ds
t o ‘ t s
+K /t e \(s)ly(s)|ds + K [ A(s) /t u(F)esT y(r)|drds
= Kup +¢K /t u(s)ds + K /t Ms)u(s)ds
. o
4K /t "As) /t " u(ryu(r)dr d.
o Jro
In view of Lemma 3.3, we have
u(t) < Kug exp [ K + KA(s) + KA(s) /t " p(r)drlds.
It follows that

] < Klwole™™ ) exp [ [e + KMs) + KXGs) [ p(r)arlds.
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Therefore the right-hand side of this inequality approaches to zero if
K and |yo| are small enough.

Corresponding to the function V € C(R*T x R",R) we define the
total derivative V' with respect to (N) by

Viny(t,2) = lim sup-li;[V(t +hz 4+ hf(t2)) - V(t,2)]
h—-0+t

and if z(t) is a solution on (N) we denote by V'(¢,z(t)) the upper
right-hand Dini derivative of V(¢,z(t)), i.e.,

Vi(t,2(¢)) = lim sup%[V(t +hya(t + B)) — V(5 2)).
h—0+

It i1s well-known that V('N)(t,x) = V'(t,z(t)) if V is Lipschitzian with
respect to z.

Athanassov {1] proved Massera type converse theorem for the kind
of EASV by constructing a suitable Liapunov function. We can obtain
a converse theorem for GEASV.

THEOREM 3.5. Assume that z = 0 of (N) is GEASV. If p(t) exists
and is continuous on R, then there is a function V € C(R* x R, R)
satisfying

(1) |z| < V(t,z) < K(t)|z| for all (t,z) € RT x R™,
(2) [V(t,2)— V(£ )| < K(t)|e —y| for all (t,2), (t,y) € R¥ x R,
(3) Vivy(t,2) < —p'(t)V(¢t,z) for all (t,z) € R* x R™.

Proof. We define

V(t,z) = sup |z(t + 7, ¢, z)|eP TP,
>0
Then the proof is the same as in [1, Theorem 2.2] and {6, Theorem

3.6.1).

Finally, we can obtain the GEASV for (P2) when z = 0 of (N) is
GEASYV by using the following two basic comparison lemmas.
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LEMMA 3.6. Assume that V € C(R* x R™ R) is Lipschitzian in z
with Lipschitz constant L. If z(s) and y(s) are differentiable functions
defined for s > t with z(t) = y(t) = z, then

V'(t,9(8)) S V'(t,2(8) + Liy'() — 2'(2)]-

Proof. 1t is straightforward.

LEMMA 3.7 [1, LEMMA 3.1]. Let z(t) = z(¢,t0, o) be a solution
of (N) existing for t > t,. Suppose that V € C(R* xR"®, R"), V(¢,z)
is Lipschitzian in = and V'(t,z) satisfies for all (¢,z) € Rt x R",

Vi(t, ) < w(t, V(t, ),

where w € C(Rt x R,R). Let r(t) = r(t,t0,uo) be the maximal
solution of the scalar differential equation

u' =w(t,u), u(tp) =uo >0
existing for t > ty. Then, for t > g,
Vit z(t)) < r(t)

whenever V(tg, zq) < ug.

THEOREM 3.8. Let z = 0 of (N) be GEASV. Assume that in (P3)
the perturbing term g¢(t,y) satisfies

gt ) < ot lyl), t=>1t 20, y| < oo,

where p € C(RY xR*,R) is increasing in z fort € R*. If the maximal
solution of the scalar differential equation

(S5) u' = [—p'(8) + MO (B)u, ulta) = uo > 0,

where p(t) and K(t) are the functions from the definition of GEASV,
is GEASYV, then every solution of (P3) is GEASV.

Proof. By the assumption, we have

|l2(2)] < K(to)e? ™ PM | ¢ > 15> 0, |zo] < 00
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for some continuous function K(t) > 0 and p(t) € « with p(t) — oo as
t — oco. Then, by Lemma 3.6, we have

Vipy(t, 2) < Vi (t,z) + K(t)lg(2, )]
< —p'(t)V(t, z) + K(t)e(t, |z])
< —p' K ®)|z| + K()e(2, |z])

forallt > to > 0 and |z] < oo.

Let r(t) = r(t,10,up) be the maximal solution of (S3) existing for
t > to > 0 with |ug| < K(t)|yel, |yo] < co. Let y(t) be any solution of
(P2) existing for t > tg > 0. Then V(ts,y5) < K(t)lyo] < uo. In view
of Lemma 3.7, we have V(¢,y) < r(t). Thus we have

ly()| < V(t,y) < r(t).

Consequently the result follows from the assumption that r(t) is GEASV.
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