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ABSTRACT

Under the maxmin compositional rule of inference which is used in applications while executing fuzzy
algorithms, Pappis showed that the property of approximation is preserved,

In this paper, we generalize a measure of proximity of fuzzy subsets on any set, without the restriction
of finiteness, And it is shown that the same property of approximation is preserved under the supmin
compositional rule of inference.

1. Introduction.

To model fuzzy logic controllers, it is necessary to approximate a set of linguistically expressed values of
system variables and control statements to the corresponding set of fuzzy sets and relations. If we note
that small deviations from what might be considered as ‘precise membership values’ should normally be of
no practical significance[6], it is considerable to approximate the membership values,

In 1991, Pappis[2] introduced value approximation on a finite set " as follows.

Let A, A" be fuzzy subsets of U={wli=1, 2, -, »} and a;, a;" be the correponding grades of
memberships, respectively. 4 and A’ are said to be approximately equal (denoted by 4 = A°) if given a
small nonnegative number € > 0, max; {a;—a;’| <E€.

If B is another fuzzy subset of [", then AAB=>A4"AB and 4VB= A VB. Also if and R" be fuzzy
relations fromto U toV, then 4oRx d'oRand {oRx 4oR’,

In this note, we give value approximation on any set U, And we show that Pappis’ properties also hold
in this set U,

0. Proximity of fuzzy subsets

Let X be any set. Fuzzy subsets 4 and .1” are said to be approximately equal, denoted by 4 = 4, if given
a small number € >0, supsexlu(x) —p'(x) | <& Where p and p” are the membership functions of 4 and .4°,
respectively. And the number ¢ is called a proximity measure of A and 4", Throughout this note, u; means
the membership function of a fuzzy set 4.

We need the following Lemmas.

Lemma 1. Let a;, b; be real numbers, i =1, 2, ---, n. Then
Imax(a;) — max(d;)| < maxla; — b,
fmin(a;) — min(d;) | < max|a; — b;l.
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Proof. Put max(a;) =a and max(¥;) = b. We can assume that ¢> b, and a=a;, b=4;. Then |max(a:)—
max(d;) | =a;—b; < a;— b; < max|a; — bil.
The second inequality also can be proved similarly.

Lemma 2. Let f be bounded, real valued function on a set X. Then
8 lsuprey f(x) —suprey £(x) | < suprey|flx) —glx)].

Proof. Set suprey f(x)=a and sup.cy g(x) =b. Assume that a>b. Let £€>0 be given. Then there
exists xp € X such that a—e< f(x;). Since g{x¢) <b, a—b< f(x) —g(x;) +€ Thus a—b <sup:ey|flx)
—gl{x)].

Proposition 3. Let 4; and 4;" be fuzzy subsets of X, i=1, -+, n, If 4; = A;” for every i, then
(2) AN Lix A A'and V 4z V A4
i=1 =) =1 =1

Proof. 1f we assume that A; and 4;" are approximately equal, then |u,(x)—pu, (x)}| <Eg, for all x€ X,
which implies by Lemma 1 that {min;{(us(x)) —min;(u, (%)) | < max; |ps{x) —uy (x)| <€, for all x, which

follows that supyreyimini(p,(x)) —min(u,'(x))| <€ Thus A 4; and ‘/.\ A;” are approximately equal. For
i=1 =1

the unoin, we can prove similarly,
Directly from the proposition, we obtain the following corollary, which contains Pappis’ properties 1 and
2 as the particular cases.

Corollary 4. If A>=4", Bx B and C =C’, then A V(BAC)*4'V(B'AC’), and A A(BVC)x A" A(B' V().
Il. Fuzzy relations.

Let 4 and B be fuzzy subsets of X and let R be a fuzzy relation on X' x Y., The ©-composition of A4 and
B, denoted by 4 o B, is defined by the scalar
Ao B=suprey min{p,(x), uplx)).

And the o-composition of 4 and B, denoted by .4 o R, is defined by a fuzzy subset of Y with the corre-
sponding membership function
waok(¥) =suprex min{u(x), pxlx, ¥)).

Then the property of approximation preserves the above compositional rule of inference as follows.

Theorem 5. Let 4, A" be fuzzy subsets of X, and let R, R’ be the fuzzy relations on Y xY. If 4~ 4 and R
XR,then4oRx~ A4 oR’".

Proof. Let ug, ux’ be the membership functions of R, R’, respectively. Suppose that sup e x|ui(x)~—p,
(x)| <eand sup . pexxr|R(x, ) =R (x, ¥)| <& By Lemma 1 and 2 for each fixed y 1",
Isupse y min(u,(x), pr(x, ¥)) —suprey min(p, (%), pp'(x, ¥)) 1
< supxex Imin{p(x), prlx, ¥)) —min(u, (%), pe'(x, y)) |
< suprex tmax{ {p(x) — () |, tue (2, ¥) —pr'(x, 331}
<e.

22



A Note on the Value Approximation of Fuzzy Systems Variables

It follows that
supyey|pior(y)—pus ok’ (91
== SUp yey|suprey min{u (x), pp'(x, ¥)) —suprey min{us (x), uz'(x, )|
<e, .
which implies that Ac R = 4"o R’

We have Pappis’ main result[2] as a corollary of Theorem 5.

Coroliary 6.
alA= 4" implies 4oRx 4'oR.
b) R~ R" implies AoR~x AcR"
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