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Inventory Model with Uncertain Backorders
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1. Introduction

The application of mathematical ideas for inventory control is one of the most widely
researched topics in the literature. Aggarwal[l] and Schwarz[6] reported comprehensive surveys on
a variety of models developed on the basis of different assumptions, operational environments and
solution proceduers. In most of these models, one common characteristic is that the demand during
the stockout period is either entirely backordered or entirely lost. But in many cases, such as the
retail business, the typical situation is one where only some of the customers agree to wait until
the stock is replenished, while the others decide to buy eleswhere, namely, a situation of partial
backordering. The formulation of inventory replenishment policies for such a situation has received
relatively little attention. Jelen[2] described inventory models which considered a mixture of
backorders and lost sales but no detail solution procedure was reported. Montgomery et al.[3]
developed an infinite—time horizon lot size model in which the demand during the stockout period is
partially backordered

In view the nonconvexity of the cost function obtained, a complicated two stage minimization
procedure using non-singular transformation of the cost function was suggested to determine the
optimal order quantity. Rosenbergl[5] reformulated the model in terms of the fictitious demand rate
and obtained the optimal solution using decomposition by projection in the stepwise manner
specified. Park[4] reformulated by defining a time propotional backorder cost and a fixed penalty
cost per unit lost. This problem is then solved directly using the results from a different choice of
model paramaters and the unimodality of the cost model.

In this paper, a mathematical model is developed for an inventory system in which the demand
during the stockout period is partially backordered. Assuming that the standard deviation of quantity
backordered is proportional to the cumulative shortage, the optimal order quantity and the optimal
shortage level permitted per cycle are determined.
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2. Model development

The single-echelon, single item, constant-demand case is considered. We first define a set of
notation which is used throughout this paper

x = a random variable, representing the quantity backordered.

f «4(x) = probability density function of x, given that the
cumulative shortage per cycle is b units

0% = variance of x, given that the cumulative shortage per

cycle is b units
E(x/b) = The expected value of x, which is equal to 8b
Q = order quaﬁtity
d = Demand rate
B = A constant which indicates the average proportion of
the demand during the stockout period that
can be backordered
b = Total demand during the stockout period in a cycle
A = Ordering cost per cycle
h = Inventory holding cost per unit per unit time
m = Shortage cost per unit backordered per unit time
N2 = Penalty cost of a lost sale including the lost profit

per unit

The behavior of the inventory level of the system is depicted in Figure 1. It can be seen that
quantity backordered per inventory cycle is x units and the quantity lost is (b~x) units. Thus, the
inventory level at the beginning of a cycle is reduced to (Q-x)units. Inventory depletion occurs at
the constant rate d and the next replenishment lot arrives when the total demand during the
stockout period reachs b uniis. Consequently, the length of each inventory cycle depends on the
amount of unsatisfied demand which can be backordered. The quantity backordered is.uncertain and
depends on the cumulative shortage b.
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Fig 1. The behavior of the inventory system

If the expected number of units backordered is

E(x/b)=_[:xfx/b(x)dx= 8b (1)

the variance of the quantity backordered is then given by

o= || (x-E(x/b)) sn(xMix=E(x/b)- 8%’ (2)

It is also evident that the cycle length is

fex . b (3)

and the total cost per cycle is

A+ h(szlx)2 . uzg(b + 55(b-x) (4)

in which the first term represents the ordering cost, the second one the inventory holding cost,
the third one the shortage cost and the last one the penalty cost due to lost sales. The mean cycle
length then becomes

4 [ (@eb-x)f wp(x)dx (5)

which can be reduced to

Liq+1- 8 (6)
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The expected total cost per cycle is therefore given by

j:[m h(%“j’ilz . "Zg‘b + 7 2(b=3) |f un(x)dx (1)

which can be reduced to
A+ Pr(QP-28Qb+ 0%+ B7Y)+ 5 B0+ ma(1-80b  (8)

In view of (6) and (8), it can be shown that the expected total cost per unit time satisfies the
equation
- Ad hd(Q- 8b)? hdo s
TCQb) =g 11- A% * 2d[Q"+Q(_1-B§b] * 2q[Q+(1- A 6]

7 18db? 7 o(1- 8)db
+Za[Q+ (1= BT * Q+ (1= B (9)

3. Optimal Inventory policy

In this inventory model, we assume that the standerd deviation of the quantity backordered is
proportional to the cumulative shortage, ie, 0xp = a b .

The expected total cost per unit time becomes as follows from equation (9)

- Ad hd(Q~ #b)? dlha®+ x,8]b°
TCQb) = g7 (1-7% * ﬁ%ﬁ* 2d[Q+(1-IB)F]

x2(1- 8 )b (10)
Q+(1-8)

+

As the cost function given by equation (10) is not convex, the optimal values of Q and b can be
determined by wusing decomposition by projection in a stepwise manner as described by
Rosenberg(5].

Hence, it follows from equation (10) that the expected total cost per unit time can be reduced to

2 2
m(Q,b)=_%_+_MQZ}I{Jb)=+ (ha ;df’;\xﬁ)b . xz(l—;ﬁ)b (n

where T is the mean cycle length given by (6).

A new inventory decision variable D , called the fictitious demand rate is then introduced in
accordance with the transformation

D__Q;rﬁtl.

to simplify the analysis.



