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Experimental Study of Deep-Water Wave Instability :
Part 2. Evolution of The Initially-Modulated Wave Train
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Abstract

Experiment on the instability and breaking of the initially modulated deep-water wave train (in
wave amplitude or in wave frequency) is performed to investigate the effect of the initial modulation
on nonlinear wave evolution. Wave amplitude and frequency modulations are developed earlier
and larger than in the case of the uniform deep-water wave trains. However, for smalll wave steep-
ness in the initially amplitude-modulated wave train, the wave train becomes demodulated and
nearly returns to the original wave form at the end of the wave evolution far downstream from
the breaking region, with energy returning to the fundamental wave frequency.
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1. Introduction

After Benjamin and Feir(1967) discovered that
a uniform deep-water wave train with constant
wave frequency becomes unstable and finally
breaks far from its origin due to modulational
perturbations of side-band frequency components,
many studies(refer Part 1. Introduction’) have
been conducted to understand the evolution of
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nonlinear deep-water wave train. In 1977, Lake
et. al. performed an experimental work on the
evolution of the nonlinear continuous wave train
in deep water. Since their laboratory wave channel
was not long enough(40 feet) to observe the entire
evolution of a uniform wave trains, They genera-
ted two types of initially uniform wave train to
investigate the initial stage of wave evolution, and
used imposed initial amplitude modulations to in-
vestigate long-time wave evolution. In the initial
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stage of wave evolution, the wave field was chatac-
terized by the Benjamin-Feir instbility, so that a
single pair of side-band frequency components ap-
peared and an amplitude modulation developed
and grew exponentially. Later, side-band freque-
ncy components continued to grow and underwent
strong modulations, with a spreading of wave ene-
rgy over many frequency components. However,
at the end stage, the instability did not lead to
wave-train disintegration, but rather the wave
train demodulated and nearly returned to the ini-
tial wave form, showing the recurrence phenome-
non.

Since a uniform wave train in deep water is
modulated in its amplitude and frequency as the
wave train propagates downstream, in the present
study, we will investigate the instability of the
nonlinear deep-water wave train not only by mo-
dulating wave amplitude at the start(initially amp-
litude-moduaited wave train) but also by modula-
ting wave frequency at the start(initially freque-
ncy-modulated wave train).

2. Experiment

2.1 Experimental Apparatus

Experiments were performed at Davidson La-
boratory of Stevens Institute of Technology as
performed in Part l(refer Part 1. ‘Experiment’
for details).

2.2 Experimental parameters
2.2.1 Parameters of the initially amplitude-mo-
dulated wave train

Laboratory tests of the evolution of the initially
amplitude-modulated wave train were conducted
with a wave group composed of 7 waves with con-
stant wave frequency, 1.1 Hz, and wave amplitude
in a wave group was modulated by increasing and
decreasing wave amplitude(Fig. 1). Basic wave
amplitude from 1 inch to 3 inches were tested,
and the wave amplitude modulation rates of 0.1,
0.2, and 0.3 inches were used. A wave group was
generated repeatedly during the tests in following
way

ne=((k—Dai+a) sin(2nft) o
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Fig. 1. Initially amplitude-modulated wave train.

k=1,2,34
MNe=((7—K)a;+a) sin(Znft) @
k=567

where n, : wave surface elevation(inch)
a : wave amplitude(inch)
a; : wave amplitude modulation rate(in-
ch)

2.2.2 Parameters of the initially frequency-mo-
dulated wave train

A wave group of the initially frequency-modula-
ted wave train was produced by modulating wave
frequency from the first wave to the last wave
at the same frequency modulation rate(Fig. 2).
The wave frequency ranges, {=1.1-1.03 Hz, f=1.1-
0.925 Hz, and f=1.1-0.75 Hz, were used with the
wave frequency modulation rates, df=001 Hz
df=0.025 Hz, and df=005 Hz, respectively, and
the wave amplitude was used from 1.0 inch to
3.0 inches. A wave group with modulating wave
frequency is generated in following way :

mn=a sin(2nfit)
=a sin[2n(f—(k—1)dHit] (3)
k=123, 8

3. Results
3.1 Evolution of the initially amplitude-modu-
lated wave train

The average wave steepness is used for descri-
bing the wave steepness in a wave group in con-
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Fig. 2. Initially frequency-modulated wave train.

venient way. The average wave steepness is cal-
culated by multiplying average wave amplitude by
average wavenumber in a wave group.

For smaill average wave steepness, ka..=0.14
(wave frequency, f=1.1 Hz, wave amplitude, a=
1.0 inches, and wave amplitude modulation rate,
2;=0.1 inches), wave amplitude modulations were
developed with relatively large growth rate and
then two-dimensional breaking occurred in the
middle of evolution with weak breaking intensity.
However, this breaking disappeared soon after
short breaking distance and waves were gradually
demodulated to the nearly original wave form at
the final stage far after breaking region(Fig. 3).
The fundamental wave frequency is dominant in
the wave field, however, due to fast growing wave
instability with the effect of the initial amplitude
modulation, the upper side-band frequency at
fup=124 Hz and the lower side-band frequency
at fiw=0.96 Hz grow from the initial stage in sym-
metric form(Fig. 4). As the wave train propagates
breaking region, the upper and the lower side-
band frequencies grow rapidly, and during bea-
king process, the magnitude of the fundamental
frequency is decreased abruptly. The lower side-
band frequency grows larger than the upper side-
band frequency after breaking at downstream,
while the fundamental frequency begins to reco-
ver its energy and returns to the almost original
form at the end of evolution as the wave train
becomes demodulated, exhibiting the recurrence
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Fig. 3. Wave profiles of ka,.=0.14. Measuring
stations at 20, 70, 120, 170, and 220
ft from the wavemaker.

phenomenon. This phenomenon was first obser-
ved by Lake(1977) in his laboratory experiment
for investigation of the long-time wave train evo-
lution. There are shown another new small upper
and lower side-band frequency components at
fup=138 Hz and f,.=0.82 Hz, respectively.

At the average wave steepness of 0.23(f=1.1
Hz, a= 1.5 inches, and a,=0.3 inches), due to inte-
nsified nonlinear wave interaction, two-dimensio-
nal breaking was observed from upstream and co-
ntinued to midstream with relatively longer brea-
king distance. The frequency modulations, the up-
per side-band frequency at f,;,,=1.24 Hz and the
lower side-band frequency at f,,,=0.96 Hz, begin
from the early stage with the large growth rate
of the lower side-band frequency(Fig. 5). The lo-
wer side-band frequency dominates in the wave
field as the wave train propagates midstream and
develops more in its magnitude at downstream.
At the final stage of evolution, however, the lower
side-band frequency decreases rapidly but the fu-
ndamental frequency recovers its energy with
small magnitude. There is also shown new lower
side-band frequency at f,.=0.82 Hz with small
magnitude. Three-dimensional instability and
breaking were observed at large average wave
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Fig. 5. Evolution of energy density spectrum at ka,.=0.23.

steepness, ka,.=0.36(a=2.5 inches and a;=0.3 in-
ches). Moderate three-dimensional breaking ini-
tiated from upstream and turned to two-dimensio-
nal breaking as moving to midstream after several
three-dimensional breakings. The upper side-band
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frequency at f,,,=1.24 Hz and the lower side-band
frequency at fi,,=0.96 Hz are developed from the
initial stage again(Fig. 6). The lower side-band
frequency is developed very rapidly and almost
reaches the fundamental frequency from upst-
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Fig. 6. Evolution of energy density spectrum at ka,.=0.36.

ream. However, after breaking region at downst-
ream, the dominant lower side-band frequency at
fiw=096 Hz diminishes its magnitude, while
there appears another new lower side-band fre-
quency at f,,,=0.82 Hz with relatively large gro-
wth rate and becomes dominant in the wave evo-
lution at the final stage.

Compared to the evolution of the uniform wave
train, due to strong nonlinear wave interaction,
more rapid growth of the side-band frequencies
(especially in the lower side-band frequency), ac-
companied by earlier wave amplitude modulations
and breaking, were observed in the evolution of
the initially amplitude-modulated wave train. The
breaking process repeated every 7 waves of one
wave group periodicity. Wave amplitude modula-
tion rate may be irrelavant in deciding the type
of the wave instability and breaking since almost
similar breaking process occurred at the different
wave amplitude modulation rate with the same
basic wave amplitude, but dependent on the fre-
quency modulations, showing rapid growth of the
lower side-band frequency from the early stage
at large wave amplitude modulation rate. One no-
table characteristic is that the upper and the lower
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side-band frequency components always grow at
fup=124 Hz and at £,,=0.96 Hz. There is also
shown large growth of new lower sied-band fre-
quency after breaking process at f,,=0.82 Hz,
which becomes dominant in the wave evolution
at the final stage at large average wave steepness.
No second breaking was observed through the te-
sts.

3.2 Evolution of the initially frequency-modu-
lated wave train

We have watched rapidly growing wave ampli-
tude and frequency modulations in the wave evo-
lution of the amplitude-modulated wave train. The
large growth rate of the frequency and amplitude
modulations is also observed when a wave group
is initially modulated in its frequency. Since the
relatively strong wave-wave interaction started at
the generation of the wave train at the wave pad-
dle(the longer wave with the lower wave freque-
ncy overtaking the shorter wave with the high
frequency), the low fundamental wave frequency
was dominant in the wave field through the evo-
lution.

At the low average wave steepness of .12(wave
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amplitude, a=1.0 inch, wave frequency range, f=
1.1-1.03 Hz, and wave frequency modulation rate,
df=0.01 Hz), small amplitude and frequency mo-
dulations with small growth rate of the upper and
the lower side-band frequency components were

observed in the wave evolution, but

no breaking

occurred. As the average wave steepness was in-
creased 0.17(a=1.5 inches, f=11-1.03 Hz, and
df==0.01 Hz), the wave train began to be modula-
ted from the early stage and wave amplitude mo-
dulations became active as approaching midstream
with two-dimensional breaking. The frequency
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Fig. 7. Evolution of energy density spectrum at Kkam.=0.17.
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modulations start from the early stage, spreading
small energy to the upper and the lower side-band
frequencies(Fig. 7). The magnitude of the low fun-
damental wave frequency is significantly reduced
as the lower side-band frequency is rapidly deve-
loped in the middle of the evolution, and the lo-
wer side-band frequency becomes dominant in the
wave evolution as approaching downstream. Al-
most two-dimensional but sometimes weak three-
dimensional instability appeared at the early stage
at the average wave steepness of 0,29 (a=25 in-
ches, f=1.0-0.93 Hz, and df=0,01 Hz) and brea-
king proceeded through long distance from upst-
ream to downstream. Two-dimensional weak
breaking initiated from upstream and deformed
to three-dimensional breaking with increasing
breaking intensity due to strong nonlinear wave
interaction as propagating midstream, and then
turned to two-dimensional breaking again at dow-
nstream as dissipating wave energy by breaking
process. Wave frequency modulations are develo-
ped from the early stage with small growth of
the upper and the lower sied-band frequencies
(Fig. 8). The side-band frequencies grow during
breaking process and the lower side-band freque-
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ncy becomes dominant frequency as moving to
downstream.,

At the average wave steepness of 0.25(a=3.0
inches, f=11-0.75 Hz, and df=0.05 Hz), owing
to strong wave-wave interaction, wave amplitude
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Fig. 9. Wave profiles of ka..=0.25. Measuring
stations at 20, 70, 120, 170, and 220
ft from the wavemaker.
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modulations were developed very rapidly and a
steep wave profile was observed before breaking,
and then couple of spilling-type breaking waves
were generated in the middle of evolution(Fig.
9). However, at the final stage far after breaking
region, the wave train was demodulated and retu-
rned to the almost original wave form. The upper
and the lower side-band frequency becomes domi-
nant in the wave frequency range in the middle
of evolution after spilling breaking(Fig. 10). Howe-
ver, as moving to downstream after breaking eve-
nts, the low fundamental frequency recovers its
energy as waves are demodulated and becomes
dominant again, but the lower side-band freque-
ncy still remains in large magnitude.

4. Conclusion

Since the uniform deep-water wave train is mo-
dulated in its amplitude and frequency in the mi-
ddle of evolution, initially amplitude and freque-
ncy-modulated wave trains are also examined to
see the effects of the initial wave modulations.
Compared with the wave evolution of the uniform
wave train, in the evolution of the initially ampli-
tude-modulated wave train, more rapidly growing
wave amplitude and frequency modulations are
observed from the early stage at large average
wave steepness, and from the middle of the evo-
lution at smaller average wave steepness. The lo-
wer side-band frequency is rapidly developed
irom the early stage and becomes dominant in
the middle of evolution. The lower side-band fre-
quency is always developed at fi.==0.96 Hz, ho-
wever, at large average wave steepness, there ap-
pears another growth of new lower side-band fre-
quency at fi.=0.82 Hz. One remarkable feature
is observed that at small average wave steepness
of 0.14(f=1.1 Hz, a=1.0 inch, and ai=0.1 inches},
the dominant fundamental wave frequency dimi-
nishes its magnitude greatly as wave train propa-
gates downstream. However, at the final stage af-
ter breaking, the fundamental wave frequency re-
covers and reaches the original magnitude as the
wave train is demodulated, showing a recurrence
phenomenon.
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Wave amplitude and frequency modulations are
also developed earlier than the evolution of the
uniform wave train in the initially frequency-mo-
dulated wave train. At the largest wave frequency
modulation rate, df=0.05 Hz, due to strong wave-
wave interaction, several large spilling breaking
waves occur in the middle of evolution. The lower
side-band frequency is developed rapidly from the
early stage and becomes domonant in the wave
evolution at the final stage after breaking. From
the tests of the initially frequency-modulated wave
train, it is inferred that the onset of wave instabi-
lity and breaking of the deep-water wave train
does not depend on the initial wave frequency
modulation rate, but on the initial wave steepness.
However, once the initial wave steepness exceeds

-the critical point, the characteristic of breaking

varies according to the initial frequency modula-
tion rate.
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