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Investigation on R/C Hyperbolic Paraboloid (HP)
Saddle Shell Ultimate Behavior
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Abstract

Nonlinear inelastic behavior of an HP saddle shell has been examined by a finite element compu-
ter program developed on a Cray Y-MP. The mesh convergence is studied using three progressively
refined finite element mesh models, 16X 16, 32X 32 and 64 X 64, for the elastic and inelastic analyses.
It is shown that the 32X32 mesh model gives a solution that is very close to that given by the
64 X 64 mesh model, thus, showing a convergence. The inelastic analysis shows that the shell has
a tremendous capacity to redistribute the stresses. At the ultimate, the concrete cracks and the
reinforcement yieldings are spread out all over the shell, indicating that the stress distribution
in the shell is approaching that given by the classical membrane theory. The present computer
program provides a very useful tool for evaluating the nonlinear ultimate behavior of concrete
shells during the design process.
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1. Introduction inherent to most shells, ie., resisting the applied
loads primarily by membrane stresses. The sur-

Reinforced concrete hyperbolic paraboloid (HP) face of an HP saddle shell can be generated by
saddle shells have the same advantage that is  a system of two intersecting straight lines thus
X WY - AZYSR HISETHT 1B making the forms for the casting of cor}crete shel]'s

* % ABY . BROOT THUNY ELEHH 2 relatively easy. Interest in understanding the ulti-
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mate behaviors of HP saddle shells was accelera-
ted by the collapse of a saddle shell roof in Chey-
enne, Wyoming®, in 1975, 15 years after its const-
ruction. Like for other kinds of reinforced con-
crete shell structures, there are almost no experi-
mental studies for HP saddle shells. Major rea-
sons for the scarcity of the experimental studies
are problems in testing and in interpretation of
the results due to the extreme thinness of the
shells. ¥

Currently, reinforced concrete shells are design-
ed using a pointwise limit design method®?
based on stresses obtained from membrane or
linear elastic bending analysis.'® The lower
bound theorem of plasticity provides a possible
basis for such design practice-elastic analysis and
pointwise limit design-since the elastic analysis
or membrane analysis gives an equilibrium solu-
tion. This practice is quite common in other rein-
forced concrete structures.” However, reinforced
concrete is not an elastic-perfectly plastic material
as in the theorem. In other types of structures,
the present design practice has been confirmed
through years of analysis, testing, and experience.
For reinforced concrete shells or HP saddle shells
we have not yet established a general applicability
of such a design philosophy.

Several investigators®>™81% have studied the
same saddle shell that was first studied by Lin
and Scordelis."® Lin and Scordelis®® modeled a
quarter of the saddle shell using 48 triangular
bending elements. Muller and Scordelis™® modeled
the same problem with 105 triangular elements and
used a 25% higher concrete cracking strength than
that used by Lin and Scordelis. Both for the elastic
and inelastic analyses, the Muller and Scordelis
results were quite different from the Lin and Scor-
delis results. For example, the elastic tip displace-
ment due to dead load only, obtained by Muller
and Scordelis, was 38% higher than that obtained
by Lin and Scordelis, a difference that can be attri-
buted to a relatively refined model used by Muller
and Scordelis. Similar observations were also
made by Lin® and Akbar and Gupta.® Akbar and
Gupta® made an effort to establish the relation-
ship between the membrane reinforcement design

method for the shell*'” and the adequacy of the
design based on the ultimate behavior of the shell.
They reported ten cases of results by varying
design: parameters and concluded that the design
method gives a lower bound on the ultimate load
for the cases studied. Cervera et al.” used the
same problem to show the performance of the
developed finite element model, and argued that
an objective method of defining the softening
branch of the tensile model is necessary.

As we will see later, the results from each team
are widely scattered. These variations can be att-
ributed to the differences in the models used by
each team. Among many differences, as we will
show in the present study, the mesh size of the
finite element model contributes most significantly
to the behavior of the saddle shelis. None of the
previous teams performed a convergence study
on the finite element mesh size because perform-
ing several analyses by successively refining finite
element meshes would be practically impossible
using the conventional mainframe computers.
Nonlinear finite element analyses for such shells
are computationally quite intensive.

In the present study a reinforced concrete shell
finite elemert computer program is developed on
a Cray Y-MP supercomputer at the North Carolina
Supercomputing Center, North Carolina, USA. The
use of the vector pipelined supercomputer made
it possible to perform a mesh convergence study
that showed a significant effect of the mesh size
on the computed response of the HP saddle shell.

1.1 Descriptions of problem

The middle surface of a hyperbolic paraboloid
saddle shell planned on a square 2a by 2a having
a rise or sag s at the corners (Figure 1) is defined
by the equation

z= :—2xy:k XY, (¢))]

in which k=s/a’ is a constant which is called the
warping. When subjected to a uniform vertical
loading of q= —p, on the horizontal projections,
accodring to the classical membrane theory, the
shell develops a uniform membrane shear N,
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given by®:

_p

Ny= ‘2—5'*, 2
in which p, is a uniformly distributed vertical
load- ing of horizontal projection acting on the
shell. The other stresses, Ny and N, are based
on the boundary conditions and are often assumed
to be zero.

The problem chose for this study is the HP
saddle shell designed and analyzed by Lin and
Scordelis™® and later studied by other investiga-
tors. Table 1 shows the material properties of con-
crete and steel. The material properties are iden-
tical for all the previous investigators, except that
Lin-Scordelis used 375 psi (26.4 kg/cm?) for the
cracking strength of the concrete, and the others
have used 471 psi (33.1 kg/cm?). General views,
plans, elevations and shell reinforcements of the
Lin-Scordelis HP saddle shell is shown in Figure
1. Figure 2 shows the reinforcement and location
of the reinforcement for the edge beam.

1.2 Method of analysis

As stated above a finite element computer pro-
gram for reinforced concrete shells is developed
on the Cray Y-MP supercomputer. In addition to
the supercomputing vector algorithms that were
implemented, the present computer program dis-
cretized the 4-node superparametric shell ele-
ments into several concrete and steel layers to

Table 1. Material properties

account for the effect of bending on the cracking
of concrete and yielding of steel’®!® As did the
original Akbar-Gupta program, the present com-
puter program includes the rotating crack model
proposed by Gupta and AkbarP A selective inte-
gration algorithm®? is used for calculating the
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Fig. 1. The Lin-Scordelis HP saddle shell (ftX
0.3048=m, #4=5SD13 )
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elastic stiffness matrix before cracking of concrete,
and another selective integration algorithm is
used to calculate the stiffness matrix of cracked
concrete elements."” The biaxial .behavior of un-
cracked concrete and the uniaxial behavior of the
cracked element parallel to the ‘cracks are assum-
ed to be linear elastic in compression and in ten-
sion.

The shear retention factor(f) has been used
widely by other investigators in the past.®13161®
Different investigators have used different values,
and most of them have observed that the solution
is insensitive to the numerical values of B in the
Tange 1.02B>0. It has been pointed out by many
researchers®® that including a B factor impro-
ves the numerical stability of the solution process.
With the present crack model®™ in which the
crack direction is assumed to be perpendicular
to the principal strain direction, theoretically,
using a nonzero value of B should not change st-
rains and stresses. As shown by Min and Gupta®?,
the value of B does not change the behavior of
the structure. In the present study we are using
B=0.1.

Reinforcing steel is assumed as an elastic-per-
fectly plastic material both in tension and compre-
ssion, and is treated as a smeared equivalent
uniaxial material. The finite element program is
verified by nonlinear analysis on several example
problems and by comparison with experimental
results.*”

1.3 Finite element model
We have studied the mesh convergence using
three models. The first model is a 16X 16 mesh

Table 2. Parameters of the finite element models
representing one quadrant of the shell

model which was originally used by Akbar-Gupta.
By successively subdividing, we generate a 32X 32
mesh model and a 64 X 64 mesh model. The size
of a square element goes down from 5 ft (1524
cm) to 25 ft (76.2cm) and then to 125 ft (38.1
cm). The edge beams are modeled as a single
row of elements for all three models. Table 2
shows a summary of the finite element models
with two types of element: single-layer membrane
and multi-layer bending element.

2. Membrane shell analysis

2.1 Convergence study : elastic and inelastic
analyses

We first start with the model which was origi-
nally used by Akbar and Gupta® The shell is
modeled by the membrane element that does not
have any bending stiffness. This type of analysis
was considered appropriate because an HP saddle
shell resists the applied forces primarily through
membrane stresses. To study the convergence
among three mesh models, we obtain the results
from the elastic analysis by applying dead load
only. The vertical tip displacements vary widely
from 0.19 ft (6.8 cm) to 0.35 ft (10.7 cm) and to
0.55 ft (16.8 cm) for the coarse to the refined mesh
models, The numerical results from the three me-
shes do not show any sign of convergence as we
refine the model from 16X 16 to 32X32 and then
to 64X64. From a practical stand point both the
32X32 and the 64X64 mesh models appear to
be quite fine, and we expect that the two should
give results that are quite close. A possible con-
clusion at this point would be that there is some-

Model 16X 16 32x32 64 <64
Number of elements 89 305 1,121
Number of nodes 133 389 1,285
Number of degrees of freedom 336(448)* 1,056(1,536)* 3,648(5,637)*
Semi-bandwidth 87 167 327
* for the bending models
—14~- K-+ ARk



thing inherently wrong in the element and the
overall model. That is the conclusion we finally
reached as explained in the next section.

For the inelastic nonlinear analysis, 100% of the
dead load is applied first followed by proportional-
ly increasing live load. The convergence tolerance
is taken to be 1% of the maximum applied nodal
force jat any load (displacement) step. As in the
elasti¢ analysis, the results from the inelastic ana-
lysis did not show any trend toward convergence
either."”” The crack and yield patterns of the shell
from the models are inconclusive (not shown
here). The present observation about the lack of
convergence reinforces our earlier observation in
conjuniction with the elastic analysis. It appears
that the problem with the model goes beyond the
possible rigid body motion numerically introduced
by weak supports. The present lack of convergen-
ce ma}y be arising due to the lack of bending stiff-
ness in the elements used to model the shell and
the consequent formation of spurious mechanisms
throughout the shell. As we will see later, the
modeis that include the bending stiffness of the
shell ido converge rather nicely.

3. Bending shell analysis

We will now analyze the saddle shell including
the bending stiffness in the elements both for the
shell and the edge beams. For the bending finite
element model, the edge beam elements are divi-
ded into ten concrete layers and three smeared
reinfq':rcement layers; and the shell elements are
divided into ten concrete layers and one smeared
reinfércement layer, both direction steels placed
at the center of the cross-section.

3.1 Convergence study : elastic analysis

Only the dead load (50 psf=244 kg/m’) of the
structure is applied for the elastic convergence
study, as in the membrane elastic analysis. The
verti¢al tip displacements vary from 0.120 ft (3.66
cm) to 0.152 ft (4.63 cm) and to 0.157 ft (4.79 cm)
for the coarse to the refined mesh models (16X
16, 32X 32, 64X64). Figures 3 (a) and (b) show
comparisons of the axial stresses and the bending
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moments in the edge beam, respectively. The 32X
32 mesh gives results that are very similar to
those from the 64X64 mesh. The 16X16 mesh
gives results that depart somewhat from the results
of the refined meshes, but are not too bad. The
only difference between the previous membrane
elastic analysis and the present bending elastic
analysis is that the former has bending stiffness
in the edge beam and not in the shell elements,
and the latter has bending stiffness both in the
edge beam and the shell elements. The tip deflec-
tions from the membrane and the bending models
clearly show that the lack of bending stiffness in
the membrane element makes the shell too flexi-
ble.

3.2 Convergence study : inelastic analysis
Figure 4 shows the load-deflection curves obtain-
ed from the inelastic bending analysis using the
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three mesh models. It also shows the occurrence
of the initial concrete cracks and the initial rein-
forcement yieldings for the three models. The
analyses are stopped after the models gained a
relatively large vertical tip displacement, 2 ft (61
cm), without an apparent failure. The slope of
the load-deflection curves toward the end is quite
small. Therefore, the HP saddle shell must be
close to failure. The present model does not con-
sider the effect of large deformations. Therefore,
it is considered prudent to not go beyond the pre-
sent 2 ft tip displacement. The load resisted by
the shell at the 2 ft tip displacement is taken to
be the ultimate load, which is 172 psf (840 kg/m?),
162 psf (792 kg/m? and 156 psf (762 kg/m?) for
the 16X 16, the 32X 32 and the 64X64 mesh mo-
dels, respectively. When the model is refined from
a 16X16 mesh to a 32X32 mesh, the ultimate
load is decreased by 5.8%. When the model is
refined from a 32X32 mesh to a 64X64 mesh,
the ultimate load is decreased by 3.7%.

The load-deflection curves for the 32 X 32 mesh
and the 64X64 mesh models reveal some loading
stages with negative loads, which is unrealistic.
This phenomenon happens because the present
computer program uses the displacement incre-

ment drive’” When the shell develops a rather
large number of initial cracks and consequently
loses some of its stiffness quite suddenly, the
computer program tries to find the matching load
for the pre-defined displacement which does not
exist in the real world: Thus, the computer pro-
gram ends up picking a negative load for the
equilibrium with that pre-defined displacement.
The curves regain a positive load after a few more
steps with increased displacement.

In Figure 4, the applied loads which cause the
initial cracks are quite different for the three mo-
dels, which indicates that an accurate representa-
tion of concrete cracks is highly dependent on
the size of the mesh. As we refine the model,
it can represent more accurately the peakness of
the stresses and consequently can develop the
initial cracks earlier. The live loads (psf) and the
tip displacement (ft) at the initial yielding from
the three models are: [72, 0.52] (351 kg/m? 15.8
cm), [73, 0.83] (357 kg/m? 253 cm), (80, 0.99]
(391 kg/m? 30.2cm). The reinforcement yielding
is primarily governed by the inplane shear in the
shell which is relatively uniform throughout the
shell. Thus, refinement of the model does not
change the distributions of the shear stresses (and
the live load at which the initial yielding occurs)
significantly. On the other hand, as we refine the
model, more cracks are developed making the
model more flexible and causing higher displace-
ments at about the same applied load.

Figures 5 (a) and (b} show the distributions of
the axial stresses and the bending moments in
the edge beam at the ultimate, respectively. The
distributions for the 16X 16 mesh model are quite
different from those for the other two models,
particularly the moment distribution. On the other
hand, the distributions for the 32X 32 mesh model
are very close to those for the 64X64 mesh mo-
del. Figures 6 and 7 show the crack patterns for
the top concrete layer and the reinforcing steel
vield patterns, respectively, for the three models
at the ultimate. The figures show that the three
models have similar crack and yield patterns.

4. Comparison with other results

K ARBRINIE
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The HP saddle shell studied here was originally
studied by Lin and Scordelis'® and subsequently
by several other investigators.#™® As discussed
earlier, the results reported by Akbar and Gupta
are obtained from a model that has a numerical
problem associated with the lack of bending stiff-
ness in the shell, which is not related to the actual
behavior. Therefore, we drop the Akbar and Gupta
® results from the comparison. The ultimate loads
and the initial vertical tip displacement (due to
dead load alone) predicted by various studies are
given Table 3. The initial vertical tip displace-
ments vary from 0.004 ft (0.12cm) for Cervera
et al to 0157 ft (4.79 cm) for the present study.
(We suspect that Cervera et al”” may have an
error in printing. Their initial tip displacement
is too small to be realistic.) As discussed earlier,
the initial vertical tip displacement due to the
dead load only is very sensitive to the mesh size.
We did find that the mesh size is a major parame-
ter influencing the behavior of the HP saddle shell
because of rapid changes in stress-strain gradients
near the edge beams.

The load factors in Table 3 are the ultimate
applied live loads predicted by the nonlinear
analysis divided by the design live load, 20 psf
(97.7 kg/m®). The load factors are more than 7.6
for all the analysis by the previous investigators,
except Lin-Scordelis 5.5.%9 Figure 8 shows the
load-deflection curves reported by the previous
investigators and that obtained from the present

Table 3. Comparison of the ultimate and the initial vertical tip displacement from various studies

Number of Element Initial Vertical Ultimate Load
Elements Type Tip Displacement, Load, Factor*
ft {cm) psf(kg/m?)
Lin and
Scordelis®? 48 Triangle 0.104 (31D 110 (538) 55
Muller and
Scordelis"® 105 Triangle 014 (4.27) 163 (797) 8.1
Cervera et al” 14 9-node 0.004 (0.12) 151 (738) 76
Present study 1,121 4-node 0.157 (4.79) 156 (762) 7.8

* ultimate applied live load / design live load, 20 psf (97.7 kg/m?).
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bending analysis with the 64X64 mesh model.
The load-deflection curve for the present bending
analysis is different from all the other curves,
even though the ultimate loads are quite close.
The present bending analysis needs around 2 ft
of vertical tip displacement to exert the ultimate
stage. As suggested by Muller and Scordelis"?,
the mesh size used by Lin and Scordelis"® was
too coarse to represent the HP saddle shell ade-
quately. In the case of Cervera et al.'” the model
has only ten 9-node elements for the shell, which
is also very coarse. Then there is only the Muller
and Scordelis™ result left. We believe that a con-
vergence study of the type reported here might
bring the Muller-Scordelis and our results into
closer agreement.

5. Conclusions
Ultimate behavior of the HP saddle shell under

uniformly distributed vertical loading has been
examined by inelastic finite element analyses

P34 H29-1993F 5 4

using a 4-node superparametric membrane-bend-
ing shell element. We begin with the convergence
study with the same element model used by
Akbar and Gupta.? The shell is modeled by the
membrane elements without bending stiffness,
and the edge beams are modeled by the
single-layer bending elements. As we refined the
model from the 16X 16 mesh to the 32 X 32 mesh
and then to the 64X64 mesh, we were not able
to achieve convergence among the meshes either
for the elastic analysis or for the inelastic analy-
sis. We later realized that the lack of bending stiff-
ness in the elements used to model the shell may
be causing numerical instabilities. As we intro-
duced the multi-layer bending model, we success-
fully showed the convergence among the three
mesh models both for the elastic and the inelastic
analyses. The displacements and stresses from the
32X 32 mesh model are very close to those from
the 64X64 mesh model.

The inelastic analysis with the 64X64 mesh
model shows that the shell has a tremendous ca-
pacity to redistribute the stresses through the
membrane action. The ultimate load achieved by
the 64X 64 mesh is 156 psf (762 kg/m* (D+7.8L)
at 2 ft (61 cm) vertical tip displacement. At the
ultimate, the concrete cracks and the reinforce-
ment yieldings are spread out practically all over
the shell, indicating that the stress distribution
in the shell is approaching that in the classical
membrane theory. A comparison of the present
results with the results by the previous investiga-
tors*7%® shows the significance of the conver-
gence study performed by us. The present com-
puter program provides a very useful tool for eva-
luating the nonlinear ultimate behavior of concrete
shells. It is possible for a designer to perform
this type of an analysis on a routine basis-to
assure structural strength and to accomplish eco-
nomy in form and material.
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