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Lateral-Torsional Buckling Analysis of the Circular Arches
Using Unsymmetric Thin-Walled Beam Elements
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Abstract

For the lateral-torsional buckling analysis of the thin-walled space frame and circular arch with
the unsymmetric cross section, the tangent stiffness matrices are derived by introducing Vlasov's
assumption for the thin-walled beam and using the principle of virtual displacement. In the cases
of the unrestrained torsion and the restrained torsion, the elastic and geometric stiffness matrices
corresponding to semitangential rotation and semitangential moment are evaluated by using the
Hermitian polynomials as the shape function. In order to illustrate the accuracy and convergence
characteristics of the derived formulations, numerical examples for the lateral-torsional buckling
analysis of the hinged circular arch under pure bending and uniform compression are presented
and compared with the analytic solutions of references.
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Fig. 3 The hinged circular arch under positive be-
nding moment

Fig. 4 The radially loaded, hinged circular arch
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Table 1. Critical moment of the circular

arch in pure bending

Number Thin-walled beam element Thin-walled beam element
of element with 6 degree of freedom with 7 degree of freedom
Method 1 Method 2 Method 1 Method 2
) +48.922358 +42.505442 + 35.556693 +28.558481
—0.688867 —-3.770803 —0.717541 —3.950991
5 +42.008055 +39.759413 +41.119593 + 38.406591
-0.290141 —4.067603 -(.292357 -4.131928
10 +41.125721 +39.391339 +40.947268 +39.245415
—0.147732 —4.104337 —0.147978 —4.124643
20 +40.910279 + 39.300207 +40.868286 +39.282369
— 0074641 —4,113302 —-{().074678 —4.118896
20 +40.870951 +39.283370 +40.841970 +39.272824
—0.049947 —4.114953 —0.048959 —4.117384
40 +40.857342 -+39.277479 -+ 40.842553 +39.273026
—0.037533 —-4.115530 —0.037539 —4.116935

Timoshenko's solution®: M. = +40.840705, 0.000000
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Table 2. Critical lateral bucking loads of the two-hinged circular arch subjected
to pure bending moment and uniform compression.

Lateral buckling by bending moment buckling by compression
a® Symmetric mode 1 Antisymmetric mode Il Symmetric Antisymm.

Mode 1 Mode 11

10° 496191 ~1528.62 7493.81 —4058.83 156.086 531.044
20° 7826.85 —960.266 9927.0 —3057.03 59.8803 382.319
30° 10974.3 —674.380 12687.8 —2382.78 29.1921 267.466
40° 142416 —508.355 15660.2 —1920.22 16,5003 189.789
50° 17566.9 —400.339 18766.4 —1591.36 10.2049 138.061
60° 20924.0 —324.013 21958.7 —1348.50 6.67377 103.029

(20920.4) (—323.226) (24341.0) (—1453.39) (6.71206) (122.000)
70° 24300.1 —266.687 25208.1 —1162.81 4.51648 78.6760
80° 27688.6 —221.587 28497.0 —1016.50 3.11580 61.2743
90° 31085.3 —184.790 31814.0 —898.233 2.16575 48.5136
100° 34488.1 —153.881 35151.6 —800.516 1.50121 38.9349
110° 37895.2 —127.294 38504.8 —718.261 1.02693 31.5948
120° 41305.7 —103.970 41869.9 —647.899 684878 25.8675

(41296.7) (—102.339) (46404.8) (—637.266) (.664286) (26.8483)
130° 447188 —83.1687 452445 —586.867 438132 21.3277
140° 48134.0 —64.3579 48626.6 —533.277 262294 17.6796
150° 51550.9 —47.1452 52014.8 —485.715 140716 14.7133
160° 54969.2 —31.2319 55408.1 ~443.099 061742 12.2765
170° 58388.7 —16.3920 58805.7 —404.590 017006 10.2573
180° 61809.3 —2.43336 62206.8 —369.526 000378 8.57159

(61791.5) (0.00000) (68937.7) (—305.390) (.000000) (8.57924)
190° 65230.7 10.7317 65611.0 —337.380 007291 7.15567
200° 68652.9 23.2809 69017.8 —307.726 034281 5.96037
210° 72075.9 35.2745 72426.9 —280.216 078673 4.94743
220° 75499.5 46.7900 75838.1 —254.567 .138395 4.08664
230° 78923.7 57.8917 79251.0 —230.539 211812 3.35395
240° 823484 68.6292 82665.6 —207.934 .297603 2.73004

(82316.8) (71.8779) (91600.5) (—126.109) (.326597) (2.65714)
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Table 2. Continued

Lateral buckling by -bending moment buckling by compression
a’ Symmetric mode I Antisymmetric mode I Symmetric Antisymm.

Mode 1 Mode 11

250° 857736 79.0486 86081.5 —186.584 394724 2.19922
260° 89199.3 89.1845 89498.8 —166.348 502313 1.74867
270° 92625.5 99.0683 929173 —147.103 619670 1.36781
280° 96052.1 108.729 96336.9 —128.746 146212 1.04789
290° 99479.1 118.188 99757.5 —111.188 881451 781563
300° 102907. 127.465 103179. —94.3498 1.02499 .562686

(102854.) (131.487) (114316.) (—30.5675) (1.09248) (.515254)

310° 106334. 136.580 106602, —78.1669 1.17647 .386055
320° 109763. 145.546 110025. —62.5836 1.33561 247248
330° 113191, 154.378 113449. —47.5575 150217 .142489
340° 116620. 163.088 116874. —33.0716 1.67591 068534
350° 120050. 171.685 120299. —19.1983 1.85667 022591
360° 123479. 180.180 123725. —7.28603 2.04426 002237

(123398.) (184.944) (137059.) (0.00000) (2.16089) (.000000)
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Table 3. Critical lateral bucking loads of the two-hinged circular arch subjected
to pure bending moment and uniform compression.

Lateral buckling by bending moment

buckling by compression

a’® Symmetric mode I Antisymmetric mode I Symmetric Antisymm.
Mode 1 Mode II
0° 3058.89 - 3058.89 764343 —7643.43 480.353 192141
10° 5221.00 —11786.73 9551.08 —6112.18 180.740 957.023
20° 8020.98 —1152.43 11809.8 —4931.97 71.7238 673.024
30° 111213 —818.447 14358.0 —4041.29 35.4082 474.249
40° 14357.3 —620.179 17125.8 —3370.12 20.1255 341.085
50° 17661.2 —489.734 20053.0 —2858.36 12.4826 251.285
60° 21002.9 -—397.004 23094.6 — 2460.90 8.17675 189.475
70° 243674 - 327.091 26218.6 —2145.80 553928 145.865
80° 27746.8 —271.956 29402.8 —1890.90 3.82399 114.317
90° 31136.3 ~226.900 326319 —1680.80 2.65925 90.9519
100° 345330 —189.011 35895.0 —1504.64 1.84392 73.2735
110° 37935.1 —156.393 39184.3 —1354.68 1.26167 59.6401
120° 41341.2 —127.762 424944 —1225.27 841595 48.9476
130° 44750.6 -102.217 45820.8 —1112.23 538475 40.4368
140° 48162.5 —79.1073 49160.7 ~1012.43 322404 33.5745
150° 51576.4 —57.9544 525114 —923.446 172981 27.9787
160° 54992.1 —38.3972 55871.2 —843.420 075906 23.3713
170° 58409.1 —20.1531 59238.7 —770.881 020908 19.5457
180° 618275 - 3.01453 62612.6 —704.661 000465 16.3467
190° 65246.9 13.1985 65992.0 —643.819 008967 13.6558
200° 68667.2 28.6288 69376.1 —587.590 042154 11.3815
210° 72088.4 43.3778 727644 —535.344 (96746 945217
220° 75510.3 57.5402 76156.4 —486.565 170189 7.81112
230° 78932.9 71.1947 79551.5 —440.815 .260479 6.41320
240° 82356.1 844014 82949.5 —397.730 365998 522199
250° 85780.0 97.2175 86350.1 —357.003 485447 4.20790
K+ AR HR %



Table 3. Continued

Lateral buckling by bending moment buckling by compression
a® Symmetric mode I Antisymmetric mode II Symmetric Antisymm.
Mode 1 Made 11
260° 89204.3 109.686 89752.9 —318.364 617783 334669
270° 92629.2 121.845 93157.8 ~—281.595 762137 2.61836
280° 96054.6 133.729 96564.5 — 246497 917787 2.00628
290° 99480.4 145.366 99973.0 —~212.905 1.08414 1.49655
300° 102907. 156.781 103383. —180.671 1.26071 1.07749
310° 106333. 167.994 106795. —149.672 1.44706 739208
320° 109761. 179.027 110208. —119.798 1.64283 473284
330° 113188. 189.894 113622. —90.9602 1.84773 272527
340° 116616. 200.611 117037. —63.1002 2.06147 .130764
350° 120044. 211.191 120454. —36.2552 2.28384 042664
360° 123473. 221.645 123871. —11.7411 2.51464 003605
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Fig. 6 Critical moments of the circular arch under positive bending moment
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Table 4. Critical buckling loads of the two-hinged mongsymmetric
circular arch subjected to pure bending moment.

Lateral buckling by bending moment

Symmetric buckling mode I Antisymmetric buckling mode II

This study 13604.4 —~3734.77 444456 —4967.20

0° Vlasov 13604.4 —-3734.77 444456 —4967.20
Trahair 13604 4 —3734.77 444456 —4967.20

This study 18703.5 —2785.56 51629.1 ~4476.71

30° Vlasov 18103.7 - 2728.60 494415 —~4434.27
Trahair 18278.7 —262741 49694 4 ~4381.07

This study 241488 - 2089.37 59151.8 -~ 4045.97

60° Vlasov 22856.6 -1975.96 54476.0 ~3940.04
Trahair 23150.5 —1734.11 54963.3 ~3796.63

This study 29831.1 —-1519.99 67043.2 -3653.89

90° Viasov 27759.0 —1372.78 59541.0 —3476.13
Trahair 28135.5 —1015.80 60247.0 —3220.68

This study 35705.1 —1010.74 75352.4 —3285.37

120° Vlasov 32753.6 —861.809 64630.0 —3036.37
Trahair 331891 —472.500 65541.4 —2661.46

This study 41759.4 —522.828 841494 —2928.96

150° Vlasov 37807.9 —410.629 69738.5 —2616.09
Trahair 38285.9 —123.904 70843.7 —2128.18

This study 48003.5 —30.4452 93530.4 —2575.37

180° Vlasov 42902.8 0.00000 74862.9 —2211.75
Trahair 43410.9 0.00000 761515 —1630.74
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