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CERTAIN CLASS OF ANALYTIC FUNCTIONS 
IN THE UNIT DISK 
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In this paper we introduce a class of analytic functions satisfying 
Re{(1 - β)f(z)jz + ßf' (Z)} > a (0 ::::: a < 1, 0 ::::: ß ::::: 1, Izl < 1). 
We study the integral representation formula, coefficient estimates and 
distortion theorems of such functions ‘ We also consider a. subcla.ss of th is 
class of a.nalytic functions . 

1. Introduction and Definitions 

Let A denote t he class of functions of t he form f (z) = z + ε품2 anzn 

which are analytic in the open unit disk E {z Izl < 1}. Also let 
B(ß , a) denote t he subclass of A whose members sat isfy the inequality 

Re{(1- ß)f(z)jz + ßf' (z)} > a( z E E) , 

where 0::::: a < 1, 0 ::::: ß::::: l. B(O ,a) = B(a) was studied in pa.pers [1]- [5] 
fully, B (1 ,a) = b(a) was a.lso studied in papers [5]- [7]. 

The purpose of this pa.per is to study some properties of the fun ct ions 
in B(ß, a) , such as integra.l representation formula, coe田cient inequalities 
and distortion theorems. We also consider a. subclass of B(ß, a) and study 
the corresponding coefficient inequalities a.nd distort ion theorems 

2. The Class B(ß,Ü'.) 
Lemma 1([9]). Lel ß ~ 0 and D(z) be a sta ,.[ike function in E. Let 
N(z) be analνtic in E and N(이 = D(O) = 0, N'(O) = D'(이 = 1. Then 
Re{N(z)jD(z)} > 0 for z in E whenever 

Re{(1- ß)N(z)jD(z) + ßN'( z)j D'( z )} > 0 
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14 Gao Chunyi and Shigeyoshi Owa 

for z in E 

Lemma 2. Under the same coπditioπs as Lemma 1, we haνe the conc/u­
sion: Re{N(z)jD(z)} > 0: fo r z in E 1뼈 

Re{(l- ß)N(z)jD(z) + ßN'(z)jD'(z)} > 0: 

for z in E. 

Proof From the condition , we have 

r늪Re{( 1 떼(z)jD(z) - 0:) + ß(N'(z)jD'(z) - o:)} > O(z E E) , 

let M(z) = (N(z) - o:D(z))j(l - 0:), this inequali ty becomes 

Re{(l - ß)M(z)j D(z) + ßM'(z)j D'(z)} > 0, (z E E) 

For M(z) and D(z) satisfy the conditions of Lemma 1, we can obtain ITom 
Lemma 1 that Re{M(z)j D(z)} > O( z E E) , this means Re{N(z)j D(z)} > 
o:(z E E) 

Theorem 1. Let f(z) E B(ß,o:) . Then f( z) E B(O , 0:) = B( o:) 
Proof From the definition, when f(z) E B( ß,o:), we have 

Re{( l - β)f(z)jz + βf’(z)} > o:(z E E) 
n 
9 

( 

Also for f(z) = z + ε::'=2 anZn is analytic in E, f(이 = 0 = 1'(0) - 1, 
D(z) = z is starlike in E , D(O) = 0 = D’(0) - 1, from Lemma 2 and (1) 
we have 

Re{j (z)jz} > o:(z E E). 

this means that f( z) E B(O ,o:) = B(o:). 

Theorem 2. Let 0 ::; , < β Then B( ß,o:) C Bh,o:) 
Proof If, = 0, we have proved B (ß ,o:) c B(O ,a) in Theorem 1, so we 
suppose , ￥ O 

When f (z) E B(ß,o:), we have inequali ty (1), and from Theorem 1 we 
also have Re{j (z)j z} > o:(z E E) , and 

f( z) , . "' .. \ ,,, ß , J (z) , /, o'!(z) (1 _ ,) " \"' + , 1'(z) = -，;{(~ _1)" \"' + (1- ß)" \"' + ß1'(z) }, 
p , 



Certain class of analytic fun ct ions in the unit di sk 15 

thus 

f( z) 
Re{(l- -y)二~ + -yf' (z)} 

? β f( z) , -Y ,, _(f , aJ(z) 
= ß(~ -l)Re그- ， + ßRe{( l - ß)τ-， + ßf' (z)} 

> ~(련 l)a+ ~a=a (zEE) 
p -Y P 

From the definition we know f (z) E B(γ ， a). That means B (ß ,a) C 
B {-t, a) . The proof is completed 

Theorem 3. Let f(z) = z + ε:':'=2 anzn E B(ß, a). Then we have Sha77J 
coefficient estimales: 

2(1 - a) 
|an| 5 rT7「「;， (n 으 2) 

Proof LeUing 

(1 - ß)f(z)jz + ßf' (z) = p( z) = 1 + ε c상 (2) 

we know Rep(z) > a(z E E) and 

Icnl :S 2(1 - a) (n = 1,2, .. ). (3) 

Substituting the power series expansion of f (z) in (2) , we obtain 

1 + ε[1+ (n - 1)데anzn - I = 1 + ε c써i 
n=2 n =l 

Comparing the coefficients, we have 

( 1+ (n -1)이an = μ-1 (n 으 2) . 

Using the estimate (3) , we can obtain the inequalities we need to prove 
lt is easy to know 

f( z) 1 .l- ~ {' A- 1 1 + (1 - 2a)( RZ β L μ -ττ~-_." d( 

‘ 응 2(1 - a) 
z 十 ) . • ., ~ Z (4) 
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(where powers are meant as principal v외ues) belongs to B(ß , a) , and it 
attains the equality in the theorem, so the results are sharp 

Let P denote the class of analytic functions p( z) = 1 + ε풍1 CnZ
n which 

satisfies Rep(z) > 0 (z E E) , i.e. , the well-known class of functions with 
positive real part. We have the following integral representation formula 
for f( z) E B( ß,a) . 

Theorem 4. A function f(z) 양 in B (ß , a) if and only i[ there exists 
p( z) E P such that 

f(z) = ~zl-~ r (융기(1 - a)p(() + aJd( 
P JO 

rl 

섬 â개1 - a)p(zt) + aJdt , (5) 

where ß ￥ O.1[β = 0, then 

f(z ) = z(( l - a)p(z) + a). (6) 

Powers in (5) are meant as pπncipal values. 

Proof Let [(z) E B(ß ,a). Then we have inequality (1) ‘ So there exis ts 
p(z) E P such that 

많{(1 - β)f(z)jz + βf싸 

that is, 

(1 - β) (f(z) - az)jz + ß(f’(z) - a) = (1 - a)p(z). (7) 

If ß f. 0, multiplying both sides of (7) by (ljß)z~- t， we obtain 

[z곰1 (f (Z) - az)]' = 념으z융-lp(Z) 

Integrating both sides of this equality from 0 to z , we have 

f(z ) = az+ 념으z1-바z 핸 -lp(()d( 

- 김-바Z 얘 -1[(1 - a)p(() + a Jd( 

- 싫l t&-l[(1 Q)P(zt) + a]dt (8) 



Certain class of analytic functions in the un it disk 17 

If β = 0, we can obtain (6) from (7) easiJy. 
Conversely, if f (z ) satisfies (5) or (6) , then it is easy to see that f (z) E 

B( ß, 0') . The proof of Theorem 4 is completed ‘ 

Theorem 5 . Let f( z ) E B(ß ,O'), then fo, Iz l = , < 1 we have the 
following sharp estimates: 

i) [f ß ￥ 0, 

: (1 래 1 1 (1 - 20')hdt < |f(z)| < E /1 래 1 1 + (1 - 20' )1, dt , (9) 
Jo ' 1+tr -- -'J\- n- ß Jo - l - t, 

the fu.π ction f( z) defin ed by μ) atlains the equ.ality of (9) 
ii) 1f ß = 0, 

1 - (1 - 2O' )r / " 1." / 1 + (1 - 2O')r 
l' ~ - ， -- , ::; If(z)l::; ,- ,,- --, 

1 + r - ,-' " " - 1 - r 
(10) 

the fu. nclion J (z) = z (1 + (1 - 2O' )z) /( 1 - z) altains the eq u.al때 oJ (1 이. 

P1"00f lf ß i' 0, from lhe integral representation formllla (5) we have 

1f(z)1 s R / l tS - ll(1 o)1p(zt)1 + a]dt 
O ν o 

Notice tbat Ip(z) 1 ::; (1 + r)/(1 - ,)(Izl = r < 1). So we obtain tbe 
righl-side ineqllality of (9) ‘ On the other hand , from (5) we bave 

f(2)/z = A /l j￡- l I(1 - Q)p(zt) + a]dt, 
D JO 

thlls 

R e(J (z)/z) = 싫1 얘기(1 - O' )Rep( zt ) + O' Jdt 

lt follows from Rep(z) ?: (1 - ,)/(1 + r) ( Iz l = l' < 1) thal 

rl J. , . . . 1 - t, 
R e(f (z)/z) 으 꺼 I t -'- '[(1 - O')~ + 떠dt 

(j Jo " ' l + t, 
{I ..);-1 1 - (1 - 2α)tT ..::, I (r' - ,- - - 1" ' dι 

β Jo 1 + t1' 

Noting thal If( z) /z l ?: Re(J (z)/ z) , we can obtain the lefl-side ineqllali ty 
of (9) at once. That the flln ct ion defined by (4) can attain the eqllality is 
obviolls. 
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If we start from (6), we can obtain (10) similarly. T be proof of Theorem 
5 is completed 

3. A subclass of B(ß , a) 

Owa [5] defìned the subclasses V(Bn) and V(Bn ， γ) of analytic functions, 
that is, if f(z) = z + ε품2 an zn E A and satisfies m.g( an) = Bn( n 으 2) , we 
call f(z) E V(On); if further there exists a constant "( such that 

Bn+(n-lh 드 π (mod 27r), 씨
 

( 

then we callJ(z) E V(B’,, "(). Let V denote the union of V(Bn,"() obtained 
by taking all admissible sequences {Bn} and all admissible real numbers 
"(. 

Let B~(ß) = B (ß ,o:) n V , it is a subclass of B (ß ,o:) . It is clear that 
B~(O) = B", and B",(l) = b，α which 、，vere introduced by Owa [5]. In t his 
section we study some coeffìcient inequalities, distort ion tbeorems of the 
class B", (ß) , etc. 

Theorem 6 . Let f (z ) = z + ε::"=2 anzn E B", (ß) , then 

ε(1 +(n- 1 )이 |μI :s 1 - 0:, 찌
 

( 

this inequality is sharp 

Proof When f (z) E B ", (ß) , f (z) E B(ß， α)， so we bave inequality (1) 
Putting the power series expansion of f(z) into (1), we have 

Re{1 + ε (1+ (n - 1 )β)anzn - 1 } > α 

Also, for f(z) E B~ (ß) ， we have f (z ) E V (Bn,"(), let z = reη and let 
T • 1- , we obtain 

Re{1 + ε ( 1 + (n - I )ß) l an l e싸+(π-lh} ~ 0: . 

Using (11 ) we have 

1 - ε(1 + (n - l )ß)lanl 으 a , 



Certain class of analytic functions in t he unit disk 19 

that is t he inequality we need to prove. T he sharpness of (12) can be seen 
from the following function 

f(z) = z + -」二으-.-. e‘On zn (n 으 2) 
1+(n-1)ß 

Remark. If we let ß = 0 and β = 1 in Theorem 6, we can obtain Theorem 
1 and Theorem 2 of paper [5] respectively. 

Theorem 7. Let f(z) = z + ε응2 a“n E B ", (ß) , then fOI'lz l < 1 we have 

Izl-느음 Iz 1 2 ::; If(z)1 ::; Izl + 느음I z l 2 
l 十 ß' 1 十 p

(13) 

and 

Izl- (1 - o:)lzl 2 
::; 1(1 - ß)f(z) + ßz f ’(z)l::; Izl + (1 - o:)lzl 2 (14) 

Th e fun ction f(z) = z+넓e;O， Z2 attains the equaliUes of these inequalities 

at z = 土 Iz le- ;o, respectiνely. 

Proof From Theorem 6 we have 

(1 + ß) ε lanl ::; ε (1+ (n - 1)β)1ι 1 ::; 1 - ι 

so ε뚱21an l ::; (1 - 0' )/(1 + ß) , hence we have 
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From these two inequalities we can obtain the i nequ떠녀때a찌.l i t 
For the inequali ty (14), because 

(1 - ß)f(z) + ßz f ’(z) = z + ε(1+ (n-1)이anZn ， 
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from Theorem 6 we can obtain 
。。

1(1 - ß)f(z) + ßzJ' (z) 1 ::; Iz l + ε [1+ (n-1)데|씨zln 
n=2 

::; Izl + (1 - 0')lz I2, 

and 
00 

1(1- β)f(z) + βzf’(z)1 즈 Izl- ε [1+(n-1)β]l anllzl n 
n=2 

2 Izl- (1 - 0' )l z1 2 

These are the inequality (14). The sharpness of (13) and (14) is obvious 

Remark. If we let ß = 0 and ß = 1 in Theorem 7, we can obtain Theorem 
3 and Thewem 4 of paper [5J respectively. 

From (13) we can obtain the covering theorem of class Bo(β) 

Corollary. If f (z) = z +ε~=2 anzn E Bo{β) ， then the unit disk E = {z : 
Izl < 1} is mapped by f( z) onto a region which contains the disk Iwl < 뽑 
This resu lt is sharp, the extremal function is given in Theorem 7. 

Theorem 8. Let f( z) = z + ε품2 anzn E Bo(ß) , then we have f( z) E 
S‘(펀뿜) (Izl < 1) if ß 츄 o and 20' + ß 즈 1, that is, f (z) is starlike 에 
0며er 으뽑 in E, thus f (z) is univaleπt in E 

Proof It is sufficient for us to prove that 

f' (z) "., 20' + ß- 1 
l - 1| < 1 - ------

f( z ) -,-- O' +ß (15) 

It is easy to know 

f ’(z) " ,1 + ε응2 nan zn- 1 ε웅2(n - 1)lanl 
|--- - 1| = | - l| < ( |zl = r < l), 

f (z) -, '1+ ε품2 a“
n- I -1 - 1 ε응21an l 

so for ß f 0 we have 

f' (z) ε뚱2[1 + (n - 1 )이 lan l- 1 
β|--- - 1| - 1 < 

f( z) -, - 1 - L풍2 1an l 

and from Theorem 6 we obtain 

f' (z) " ' '"" 1 - 0' - 1 -0'(1 + ß) 
a |-- - 1| - l < --「- = ----f( z) -, - - 1- 펴 o. +ß 
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that is 
/, (z) ,, _ 1-0 20+ ß- 1 

|--- - 1| < --- = 1 - ------
f( z) -, - o +ß o+ß 

The proof of Theorem 8 is completed 

Definition. The fractional integral of order À of 1(z) is defined by 

(' f ( () 
간f(z) = n:" I r (시 Jo (z _ ()1 - .\ 

(16) 

where À > 0, f (z) is analytic in a simply con nected region containing the 
origin in the z-p lane, the power in (υ16에6이) i생s meant a잃s pr띠r미띠‘' 1 

TheOI아r‘e히m 9. Let f(z) = z + ε~=2 an zn E Ba(ß) , then 101' À > 0 and 
z E E we have 

Izl l+.\ (, 2(1 - 0) 
ID;.\ f( z) 1 ~ n~~I ， , \ {1 - ï 、 Iz l} (17) 

- r (2 + À) 

and 
Izl l+.\ (" 2(1- 0) 

ID;.\ f( z)1 :::: n~~1 , " {1 + ï 、 Iz l}. (18) 
- r(2 + À) 

In equalit ies μ η and (18) a1'e sharp 

Proof We consider the function 

F(z) = 1'(2 + À)z-.\D;.\ f (z) , 

by the aid of Gauss geometric fu nction . T hen we can obtain the foUowing 
power series expansion of F(z): 

∞ r(n + 1)[(2 + À) 
F(z) = z + ε 

~ r(n+ l+ À) 

z+ ε Anzn , 
n=2 

where An = ( r(π + 1)r (2 + 시/[(n+l+ 시)an . For À > 0, n ~ 2, 

0 < r (n + l )r (2 + À) < 2 
• 

[(11. + 1 + À) - 2 + À 

and f(z) E Ba(ß) , s。

∞ 2 ∞ 2( 1 - 0) 
E2|Anl S 생활nl :::: • _ .. 
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Thùs 

∞ 2 ∞ 2(1 - a) 
IF(z)l:::: Izl - ε IAnllzln 으 Izl- Izl ε |Anl E |z| / 1 i @ / 0 • Jz|2 

We Ca.n obtain (17) from this inequality, and 

∞ 2 ∞ 2(1 - a) 
IF(z)l::; Izl + ε IAnllzln::; Izl + IzI ε IAnl ::; Izl + ï 끼 (n ‘ 、 Iz12, 

50 we ca.n obtain (18) . The 5harpness of the resu lts can be seen from the 

function f( z) defined by 

A Z1+A 2(1 - a ) iO 
D;Af(z) = ----{1 + /1 1 U 

f (2 + À) 

that is, by f(z) = z + 뽑ei02 z2. 
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