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EXAMPLES OF HOLOMORPHIC SIEGEL 
MODULAR FORMS OF WEIGHT 3/2 

Young Ho Park 

In [KJ Kudla has generalized the Hecke’s construction [He] to produce 
holomorphic Siegel modular forms of genus n and weight Hn + 1) as an 
integral of a non-holomorphic theta-series. Even though the existence 
of nonzero such form s was proved, no concrete examples were given. In 
th is paper we conside l' the case n = 2 and construct non-t l'ivial examples 
corresponding to each prime p 프 3 (mod 4). 

1. Introduction 

Let V be a Q vector space with non-degenerate symmetric Q-bilineal' 

form (, ) of signature (n , 1). Let Lo C V be a lattice such that Lo C Lõ , 
where 

L~ = {v E VI(v, v') E Z fo r all v' E Lo} 

is the dual lattice. Let L = L~ and L" = (Lò)n . Let G = SO(V) viewed 
as an algebraic group defined over Q . Let 

EL = {g E G( Q)lgLo = Lo and 9 acts trivially in L~I Lo} 

be the group of units and let 

E = Et = EL n G(R )O’ 

、.vhel'e G(R)O is the connected component of identity. Let 

D = { Z E V(R)I(Z, Z) = _l}O 

be one component of t he hyperbolid o[ two sheets in \I(R) , and we will 
ident벼 the tangent space Tz( D) to D at Z with Z .L. We fìx an orientation 
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of V( R ) and determine an orientation of Tz(D) such that for every prop 
erly oriented basis {11ω1)ιl 

oriented f,“or V . Note that G(R)O preserv얹 the orientation . 
Let X E V(R )n such that (X , X) > O. Then span(X) .L intersects with 

D at a single point , say Zo. Define 
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if X is properly oriented basis for Tzo( D) 
otherwise 

An element h E L . / L is called πon-singular if, for any choice of repre
sentative h' E L' for h, the following condi tions hold: 

(1) (h' , h’) rf. Mn(Z ) 
(2) If M is the least positive integer sucb tbat M(h' , h') E Mn( Z) then 

M (h' ,h' ) is invertible modulo M 
For X E Mn(C ), we let en(X) = eηtr(X) If X E V k and Y E V 1, then 

we let (X , Y ) = ((X; , 간)) E Mk,t(Q)‘ The main result of [KJ is t hen the 
following. 

Theorem 1.1. For non-singu/ar h E L. / L and for r E 1ín, the Siegel 
space of genus n , 

θ (r ， h ， L ，(，))= ε ~(X)IEx 1-1 en( r(X , X)) 
X-hEL 

(X ,X) >O , mod E 

is a h%morphic Siegel r.lOdu/ar form of weight Hn + 1). 

In this paper, we take V to be the space of binary quadratic forms 

Ia, b, c}(z, y) = aax2 + bxy + icy2 

over Q . We choose the standard basis for Q and fix isomorphisms V ~ 
Q3 ~ S2(Q ) as follow s: 
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때2
 Here we view Q3 as a space of row vectors. VVe will use any of these 

isomorphisms to represent an element of V , whichever is proper at the 
given sit uation 

Define a form ( , ) on V of signature (2, 1) by 

(X , X) = ( discriminant of X) = b2 
- ac = - det(X) 
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where X = [a , b, c] E \f. We begin with the lattice Lo = 2Z x Z x 2Z so 
that L~ = Z3. Then for any positive integer ^ι we let 

(X , Y)M = M-1 (X , Y) , LO,M = MLo. 

Note that the duallatt ice to LO.M witb respect to (, )M is again Lõ = Z3 
Let L = L6 . For h E L* jM L, non-singular, let 

θ (T ， h ， M， L) θ (T， h, Lo，μ ， (, )M) 

ε t(X) IEx 1-1 en ( T(X , X )) 
X =h(M I..) 

(X ,X)>O , mod s 

2. Groups of units 

We will continue to use the notations as in ~1 so that we have G = 
SO(2,1). G(R ) has two connected c이l1ponents 

G(R ) = G(R )O U >'G(R )O ’ 

where >. E G such that [a, b, c]>. = [- a, b, -c]. We have the spinor norm 
map 

8: G(R ) • R X j(R X )2 

and that ker8 = G(R )o. 
The group S L2(R ) acts on V(R ) to the right via 

때 ( ~ '~ ) (x ,y) = [a ， b ， c](ax + ßy ， π + óy) 

See [GKZ]. If we use the isomorphism V(R ) ~ S2(R ), this action is stated 
as 

X'g = 'gXg 

for 9 E SLz(R) and X E S2(R). Thi s action preserves the form (, ) and 
we have an exact seqllence 

l • {土 1} • SLz( R ) • G(R )O -• 1. 

1n particlllar, we have 

G(R )O ε SLz( R )j 土 1 = PSL 2(R ) 
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To simplify the notation, we “riJI frequently view an element 9 E S L2(R ) 
as an element of G(R ). Now let 

GL = {g ε G(R)ILg = L} = {g E G(R )I Log = Lo} 

be the stabilizer of the lattice L in G(R ). 

Lemma 2.1. GL n G(R)O = PSL2 (Z). 

Proof Suppose 9 = (~ ~) E GL n G(R )O Then 

(,2, O:ì ,^?, 20:ß ,0:8 + ßì, 2ì8,ß2 ,ß8,82 E Z 

If any of 0:, ß, ì , 8 is 0, then it is clear that 9 E S L2(Z). So suppose none 
of these are O. T hen write 

0: = k，;p， β = I! v껴， ì=m아， and 8 = n ..jS, 

where p, q, r , and s are square-free integers. Note thal o:ß, ì8 must be 
integers. Since 0:β is an integer, 、ve see that p = q. Simi larly p = r = s 
Since 1 = 0:8 - ßì = νp(kn -I!m) , we have p = 1. Hence 9 E PSL2(Z ). 

Corollary 2.2. GL = PSL2 (Z) U ;"PSL2 (Z) 

As in 31 , we let M > 0 be an inleger, and let (X ,Y ) = M - 1 (X ,Y ). 
Let LO.M = MLo , LM = (LO ,M )2. Let 

EL(M) = {g E GL lg acts trivially in L~/MLo} 

and let E(M) = EdM) n G(R )o. Observe that if M IN , then E(M) 그 
E(N) . As usual, let 

J[ 0: ß \ ~ C' , 1 '7\1 {o: ß \ _ (1 0 \ 1 __ _ .1 H \ 1 
r( M) = i \ ~ :5 ) E SL2 (Z)1 \ ~ :5 ) = \ ô î ) (mod M) r 

For any subgroup r SL2(Z) , we let r = (r u -r)1 士 1 ζ PSL2 (Z). RecaU 
that SL2(Z)/ r( M) ε SL 2(ZI MZ) , and ISL2(ZI MZ)I = M3 DpIM(1-랴) 
The crucial fact to our construction is the following. 

Proposition 2 .3. For any odd prime p, we have 

E(p) = r(2p). 
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Proof Let F (p) be the full inverse image of E(p) under the map SL2(Z) • 
PSL2(Z) . It is not difficult to show that 

g = ( # a ) e F(P) 야2 프 1, ß,ì 르 O뼈 2p) 

Thus we have a homomorphism 

F(p) • (Zj2pZ)~ ε {土 1}

(~ ~ ) ~ a , 

where the subscript 2 denotes the 2-torsion subgroup. This map is onto 
and has the kernel f(2p) . Thus F(p)jf(2p) ~ {土 1 }. The Proposition 
now follows. 

3. Examples 

We take D as in 31 such that 12 E D. First we determine the fomula 
for f. 

Lemma 3.1. Let X = (X"X2) such that (X ,X ) > O. Jf X ‘ = [a‘ , bi ， 이， 
then 

f(X) = sgn(b,c2 - b2c,). 

P1"oof Note that [x , ν ， zJ is orthogonal to [a , b, cJ if and only if yb - ~xc 
~za = 0 if and only if [x , y , zJ is Euclidean orthogonal to [ - ~ c ， b, • aJ 
Hence one vector which is orthogonal to X" X 2 is 

1 1 . . 1 1 
Z = [-~c" b， ， - ~ c， J X [ -~C2 ， 아 - C2] 2 ’ 2 ., 2 ’ 2 

= 김a，~ - b， a갚(a， c2 - c,a2) , b} C2 - Cl써 

Note that (Z, Z) < 0 since Z is orthogonal to span(X). Now Zo a 
sgn(b,c2 -C}b2)Z for some a > O. It is c1ear that ε(X ) = sgn(det(X，sgn(야C2-

c,b2)Z)) . Bu t det (X ，sgn ( b， c2 - C， ~ )Z) = sgn (b， c2-C，~)( -(Z, Z)) . Hence 
f( X ) = sgn(b,c2 - c, 아 ) . 

Note that E (M )x = 1. This follows from the fact that if U is a regular 
hyper plane of V , and <T is an isometry of U into V , then there are exactly 
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2 extensio따 of a to O(V) and one is a symme 
So E페(M)μx’ c {e, r }, where r is the syrnmetry with respect to the line 
orthogonal to the hyperplane span(X). But 8(r) = 1, where 8 denotes the 
spinor norm as before. Thus we have E(M)x = 1. 

Next observe that 

n ” q J ( 
에 (r ， hg ， M) = 8(g)θ (r ， h ， M) 

for 9 E GL and 

(3.2) !’(r , h, M) = O(g) rJ (r , h, M) 

for 9 E EL(M). Recall that >'PSL(2,Z) C GL and O(시 = -1 

Proposition 3.2. Jf all prime facto rs of M are congruent to 1 mod 4, 
then θ (r ， h, M) is iden ticallν O. 

Pro뻐r 9 = (~ ~) E SL2(Z) , >.g E EL (M) if and only if 

(3.3) ci 三 -1 (mod 2M) , ,ß 三 7 三 o mod M') , 

where M' =lcm(2 , M). By assumption , 상 -1 has a so이이ltωu뼈1 
2M. Note that -a is a so이hωu따lt띠tion ，’ also. Take 5 = -a , and ,ß = "1 = O. This 
choice of a , ß, " 5 satisfies (3.3) and a5 - ß, = _a2 三 1 mod 2M. Since 
SL2(Z )jf(2M) ::: SL2(Z j2MZ ), there exists a 9 E SLμ2 ( Z끽)， 9 cong망ru뼈l 

。(~ ~) mod 2M so이tl미ha와t“A샤g“핸E댄태EL떼뺑Lμ때뼈(M)찌) . Th따le p야ro얘pos잉lα띠tμlon no…m빠。m이싸‘”“‘나fo이에IIμ10 , 5 
from (3.2) 

Now let M = p 르 3 (mod 4) be a prime so that -1 is a nonsquare 
rnod p. Take e) = [0, 1 ， 이 ， e2 = [l ,O,-lJ E V , and let ho = [e),e2J . Let 

L\ = {X E Lï(X,X) = (ho ,ho) ,X 르 ho(pL )} 

Lemma 3.3. L) = hor(p). 

Proof For any X E L\ , there exists an element 9 E G(Q ) such that 
hog = X. Since G(R) = PSLz(R) u >.PSLz(R) , there exists an ele-

ment (~ ~ ) E PSL싸uch that 9 = (~ ~ ) or 9 = >. ( ~ ~ ) 
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Suppose 9 = À ( ~ ~ ). Then hog 三 h야o (mo여d pL디) im빼n 

2cq 三 o (mod 2p) , 0:8 + ß, 三 1 (mod p) , 2ß8 프 o (mod 2p) , 

_0:2 +,2 드 1 (mod 2p) ,-o:ß+ , 8 三 o (mod p) , _ß2+82 三 - 1 (mod 2p) , 

5ince 0:8 - ß, = 1, we have 0:8 프 1 (mod p) , β7 三 o (mod p). Thus 
0:2, ß2,,2,82 and o: ß ,ß" , 8,80: are all integers. 50 0:， β" ， 8 E Z. Since 
0:8 三 1 (mod p) and ß8 三 o (mod p) , we have ß 三 o (mod p끼1샤). But 

t야t뼈2 프 -1 (미(mo뼈뼈뼈o얘ψ뼈d얘얘p까) ，새페배w삐뻐h빠1 

9 E PSL2

“
(Z) by the similar argument a싫s abo\i、ve. N‘ ov、w ho얘g 드 hμ10 (mod pL) 

if and only if 

0:/ 三 o (mod p), 0:8 + ß/ 三 1 (mod p) , ß8 프 o (mod p) , 

0:2 - , 2 三 1 (mod 21'), o: ß - /8 르 o (mod p) ， β2 _ 82 르 -1 (mod 2p) 

5ince 0:8 -ß, = 1, we have 0:2 _/2 三 ß2 - 82 프 1 (mod 2). Hence hog 르 ho 
(mod pL) if and only if 

0:/ 프 o (mod 1'),0:8 + ß, 드 1 (mod ]J), ß8 르 o (mod p) , 

0:2 _/2 프 1 (mod p),o:ß- /8 드 o (mod 1')， β2 _ 82 三 1 (mod p) 

Again, 0:8 - ß/ = 1 shows lhal 0:8 드 1 (mod p). Hence ß 프 7 프 o (mod 
p) and α 三 6 三 土 1 (mod p) . Therefore 9 E r(p). Tbe inverse inclusion is 
clear. 

Theorem 3 .4. Lel el = [0,1,0], e2 = [1 ,0, -1 ] E V , and ho = [et, e2] 
Then for anν przme p 프 3 (mod 4) , we have θ (r ， ho ， p) =f. 0 

Proof Let β (r ， ho ， ]J) = ε9>0 a(g )e( rg) be the Fourier expa찌。11 of θ 
Then, by the Propositio l1 2.3 and Lemma 3.3, we have 

a(1 2 ) = ε i(X) = 
XEL1 

mod r(2p) 

ε i(hogtl = -1 l'(p)jr(2]J) 1 = - 6. 
9' εr(p)/r(2p) 
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